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CHAPTER XL 



AERIAL VIBRATIONS. 



236. Since the atmosphere is the almost universal vehicle of 
Bound, the investigation of the vibrations of a gaseous medium 
has always been considered the peculiar problem of Physical 
Acoustics; but in all, except a few specially simple questions, 
chiefly relating to the propagation of sound in one dimension, the 
mathematical difficulties are such that progress has been very slow. 
Even when a theoretical result is obtained, it often happens that 
it cannot be submitted to the test of experiment, in default of 
accurate methoiU of measuring the intensity of vibrations. In 
some parts of the subject all that we can do is to solve those 
problems whose mathematical conditions are sufficiently simple to 
admit of solution, and to trasi to them and to general principles 
not to leave us quite in the dark with respect to other questions in 
which we may be interested. 

In the present chapter we shall regard fluids as perfect, that is 
to say, we shall assume that the mutual action betWteen any two 
portions separated by an ideal surface is normal to that surface. 
Hereafter we shall say something about fluid friction ; but, in 
general, acoustical phenomena are not materially disturbed by 
such deviation from perfect fluidity as exists in the case of air 
and other gases. 

The equality of pressure in all directions about a given point 

is a necessary consequence of perfect fluidity, whether there be 

rest or motion, as is proved by considering the equilibrium of a 

small tetrahedron under the operation of the fluid pressures, the 

E. II. 1 



2 EQUATIONS OP FLUID MOTION. [236. 

impressed forces, and the reactions against acceleration. In the 
limit, 'when the tetrahedron is taken indefinitely small, the fluid 
pressures on its sides become paramount, and equilibrum requires 
that their whole magnitudes be proportional to the areas of the 
faces over which they act The pressure at the point x, y, z will 
be denoted by p, 

237. If pXdV, pYdV, pZdV, denote the impresBed forces 
acting on the element of maaa pdV, the equation of equili- 
brium 19 

dp=p (Xdx + Ydy + Zdz). 

where dp denotes the variation of pressure corresponding to 
changes dx, dy, dz in the co-ordinates of the point at which the 
pressure is estimated. This equation is readily established by con- 
sidering the equilibrium of a small cylinder with flat ends, the 
projections of whose axis on those of co-ordinates are respectively 
dx, dy, dz. To obtain the equations of motion we have, in accordance 

with D' Alembert's Principle, merely to replace X, &c by X—yr- , &c., 

where -ttt , &c. denote the accelerations of the particle of fluid con- 

. sidered. Thus 
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In hydrodynamical investigations it is usual to express the veloci- 
ties of the fluid «, v, w in terms of sc, y, z and t. They then 
denote the velocities of the particle, whichever it may be, that at 
the time t is found at the point x, y, z. After a small interval of 

time dt, a new particle has reached x,y,z; -yiAt expresses the 

excess of its velocity over that of the first particle, while -^ dt on 
the other hand expresses the change in the velocity of the original 
particle in the same time, or the change of velocity at a point, 
which is not fixed in space, but moves with the fluid. To this 

notation we shall adhere. In the change contemplated in ■^, the 



237.] EQUATION OF OONTINtriTY. 3 

position in space (determined by the values of x, if, e) ia retained 

invariable, while in ■=- it is a certain particle of the fluid on -which 

attention is fixed. The relation between the two kinds of differ- 
entiation with respect to time is expressed by 

D d d d d 

Bt=dt + ''di + ''dy + '"dz (2). 

and must be clearly conceived, though in a large class of important 
problems with which we shall be occupied in the sequel, the dis- 
tinction practically disappears. Whenever the motion ia very 

small, the terms m -5- , &c. diminish in relative importance, and 
ultimately ^.|. 

238. We have further to express the condition that there is 
no creation or annihilation of matter in the interior of the fluid. 
If a, yS, 7 be the edges of a small rectangular parallelepiped 
parallel to the axes of co-ordinates, the quantity of matter which 
passes out of the included space in time dt in excess of that which 

and this must be equal to the actual loss sustained, or 

Hence 

dp d{pu) d(pv) d(pw) _ ■ 

dt'*' dx ^ dy ^ ds "" ^^>' 

the so-called equation of continuity. When p is constant (with 

respect to both time and space), the equation assumes the simple 

form 

*? + *! + *?.o (2). 

ax ay dz 

In problems connected with sound, the velocities and the varia- 
tion of density are usually treated as smcJl quantities. Putting 
p = p„(l+ s), where s, called the condensation, is small, and neglect- 

ing the products u -j- , &c., we find 

is dv. dv dm _ , 

^+d^ + ^+dF-** '^'■ 



4 STREAM-FUNCTION. [238. 

In special cases these equations take even simpler forms. In 
the case of an incompressible fluid whose motion is eutirely 
parallel to the plane of a-y, 

£+!=» (*i 

from which we infer that the expression udi/~vdx is a perfect 
differential Calling it d^, we have as the equivalent of (4) 

»-f- — S (^). 

where -^ is a function of the co-ordinates which so far is perfectly- 
arbitrary. The function -^ is called the rfream-function, since the 
motion of the fluid is everywhere in the direction of the curves 
■^ = constant. When the motion is steady, that is, always the 
same at the same point of space, the curves ^ = constant mark 
out a system of pipes or channels in which the fluid may be sup- 
posed to flow. Analytically, the substitution of one function -^ 
for the two functions u and v is often a step of great consequence. 

Another case of importance is when there is symmetry round 
an axis, for example, that of x. Everything is then expressible in 
terms of x and r, where r = Ji/' + z', and the motion takes place 
in planes passing through the axis of symmetry. If the velocities 
respectively parallel and perpendicular to the axis of symmetry be 
« and q, the eqiiation of continuity is 

^+^=» » 

which, as before, is equivalent to 

d-Jr d^ 
"'--$. rj.-£ (7), 

^ beii^ the stream-function. 

239. In almost all the cases with which we shall have to 
deal, the hydrodynamical equations undergo a remarkable sim- 
plification in virtue of a proposition first enunciated by Lagrange. 
If for any part of a fluid mass udx + vd^ + wdz be at one moment 
a perfect differential d^, it will remain so for all subsequent 
time. In particular, if a fluid be originally at rest, aad be then 



239.] Lagrange's theorem. 5 

set in motion by conservative forces and pr'eBsuree transmitted 
from the exterior, the quantities 

dv dw dw du du dv 
dz dy' dx ds' dy dx' 

(which we shall denote by f, -q, S) can never depart from zero. 

We assume that p is a function of p, and we shall write for 

brevity 






..(1). 



The equations of motion obtained &om (1), (2), § 237, are 

dia _ "„ dv, du _ 

^ dt dx dy ds 

with two others of the same form relating to y and z. By 
hypothesis, 

dy dx ' 

80 that by differentiating the first of the above equations with 
respect to y and the second with respect to x, and subtracting, 
we eliminate w and the impressed forces, obtaining equations 
which may be put into the form 






Dt 

with two others of the same form giving 



Dt' Df 



In the case of an incompressible fiuid, we may substitute for 
^ + -J- its equivalent — -r-, and thus obtain 



or 



M ^ , tin . aw J, . f.-y 



which are the equations used by Helmholtz as the foundation 
of his theorems respecting vortices. 

If the motion be continuous, the coefficients of f, if, ^ in 

the above equations are all finite. Let L denote their greatest 
numerical value, and fl the sum of the numerical values of f, ij, f. 
By hypothesis, O, \b initially zero; the question is whether in 



6 Lagrange's theobem. [239. 

the course of time it can become finite. The preceding equa- 
tions shew that it cannot; for its rate of increase for a given 
particle is at any time less than SLil, all the quantities con- 
cerned being positive. Now even if its rate of increase were 
as great as SLil, SI would never become finite, as appears from 
the solution of the equation 

f-5^" (=)• 

A fortiori in the actual case, fi cannot depart from zero, 
and the same must be true of f, «;, ^ 

It is worth notice that this conclusion would not be disturbed 
by the presence of frictional forces acting on each particle pro- 
portional to its velocity, aa may be seen by substituting X— leu, 
Y-KV, Z-KW, for X, Y, Z in (2)'. But it is otherwise with 
the frictional forces which actually exist in fluids, and are de- 
pendent on the relative velocities of their parts. 

The first satisfactory demonstration of the important pro- 
position now under diacusaion was given by Cauchy; but that 
sketched above is due to Stokes'. It is not sufiBcient merely to 
shew that if, and whenever, f, jj, f vanish, their differential 

coeflScients -jjt , &o. vanish also, though this is a point that is 
often overlooked. When a body falls from rest under the action 
of gravity, i x «» ; but it does not follow that s never becomes 
finite. To justify that conclusion it would be necessary to prove 
that 8 vanishes in the limit, not merely to the first order, but 
to all orders of the small quantity t ; which, of course, cannot 
be done in the case of a falling body. If, however, the equation 
had been i qc a, all the differential coefficients of a with respect 
to ( would vanish with t, \S a did so, and then it might be in- 
ferred legitimately that s could never vary from zero. 

By a theorem due to Stokes, the moments of momentum about 
the axes of co-ordinates of any infinitesimal spherical portion 
of fluid are equal to f, t], f, multiplied by the moment of 
inertia of the mass ; and thus these quantities may be regarded 

^ By introdaoing sach foroes and neglecting the terms dependent on inertia, we 
ehonld obtain equations applicable to the motion of electricity throngh nniform 
condnctoni. 

* Cambridge Tram. Vol. Tin, p. 307. B. A. Report on HydrodynamiiM, 1647. 
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239.] BOTATORT VELOCITIES. 7 

88 the component rotatory Tclocities of the fluid at the point to 
which they refer. 

If f, 1], ^ vanish throughout a space occupied by moving 
fluid, any small spherical portioa of the fluid if -suddenly solidified 
would retain only a motion of translation. A proof of this 
proposition in a generalised form will be given a little later. 
Lagrange's theorem thus consists in the assertion that particles 
of fluid at any time destitute of rotation can never acquire it. 

240. A somewhat different mode of investigation has been 
adopted by Thomson, which affords a highly instructive view 
of the whole subject'. 

By the fundamental equations 

Now Xdx + Ydy + Zcbs = dB, if the forces be conservative. 



Da , Z>» , Dw J 




D , -, , , , Ddx Ddy 




wbich 

Ddx ,I>x , . 




Thus, if fT* =«• + «■ + lo', we have 




di^-dB-^lucU + vdn+wizj + idW 


...(1), 


^(»(b + »ij + «i<fe) = i(-S + iF'-^) .... 


,...(2). 



Integrating this equation along any finite arc P,i^, moving 
with the fluid, we have 

~jiudx + vdy+todz)=(B + ^IP'-^),-(B + ^TP-'BfX.-{S). 

in which sufiBxes denote the values of the bracketed function 
at the points P, and P, respectively. If the arc be a complete 
circuit, 

^({udx + vd>,+ wdz)^0 (4); 

> Vortex Motion. Edinburgh Traruactiotu, 1369. 



8 CIECULATION. [240. 

or, in words. 

The Une-int^ral of the tan^entiat component velociiy round 
any closed curve of a moving fluid remains constant throughout all 
time. 

The line-integral in question is appropriately called the circu- 
la^on, and the proposition may be stated : — 

The circulation in any closed line moving with the fluid re- 
tnains constant. 

In a state of rest the circulation is of course zero, so that, 
if a fluid be set in motion by pressures transmitted from the 
outside or by conservative forces, the circulation along any closed 
line must ever remain zero, which requires that udx + vdy + tods 
be a complete differential. 

But it does not follow conversely that in irrotational motion 
there can never be circulation, unless it be known that (p is single- 
valued; for otherwise fdtf) need not vanish round a closed circuit. 
In such a case all that can be said is that there is no circu- 
lation round any closed curve capable of being contracted to 
a point without passing out of space occupied by irrotationally 
moving fluid, or more generally, that the circulation is the same 
in all mutually reconcilable closed curves. Two curves are said 
to he reconcilable, when one can be obtained from the other 
by continuous deformation, without passing out of the irrota- 
tionally moving fluid. 

"Within an oval space, such as that included by an ellipsoid, all 
circuits are reconcilable, and therefore if a mass of fluid of that 
form move irrotationally, "there can be no circulation along any 
closed curve drawn within it. Such spaces are called simply- 
connected. But in an annular space like that bounded by the 
surface of an anchor ring, a closed curve going round the ring is 
not continuously reducible to a point, and therefore there may be 
circulation along it, even although the motion be irrotational 
throughout the whole volume included. But the circulation is 
zero for eveiy closed curve which does not pass round the ring, and 
has the same constant value for all those that do. 

241. When udx + vdy + wdz is an exact differential d^, the 
velocity in any direction is expressed by the corresponding rate 
of change of <f>, which is called the velocity-potential, and 
du dv dw 
dx dy dz 
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241.] VELOCITY-POTENTIAL. 9 

may be replaced by 

^ d*^ ^ 

If 5 denote any closed surface, the rate of flow outwards across the 
element dS is expressed by ^ d8, where -~ ia the rate of varia- 
tion of in proceeding outwards along the normal. In the case of 
coust-ant density, the total loss of fluid in time dt ia thus 



//: 



i^ds.di, 



the int^ration ranging over the whole surface of 8. If the space 
S be full both at the beginning and at the end of the time di, 
the loss must vanish; and thus 



in 



dS=0 (1). 



The application of this equation to the element dxdydz gives for 
the equation of continuity of an incompressible fluid 

^ + «+|t.O (2), 

d3? uy dz* ^ •" 

or, as it is generally written, 

vV = o (3): 

when it is desired to work with polar co-ordinates, the trans- 
formed equation is more readily obtained directly by applying (1) 
to the corresponding element of volume, than by transforming (2) 
in accordance with the analytical rules for efiecting changes in the 
independent variables. 

Thus, if we take polar co-ordinates in the plane oaf, so that 

x = T cos 6, y = T sin 6, 
we find 

d^^ \d^ Xd?4> d^^ 
"d^'^rdr'^r'de''^d&*- 



v>=i^ + £^ + ^i^ + z; W: 



or, if we take polar co-ordinates in space, 

^ = reindcoSci(, ^=:rEiiidsina>, B = r cos 6, 

„ d-d, id^ , 1 dr. ,<i+N , 1 <f* ,,, 
7*-j5 + iX+;?^i^Sfl "'"^S +?lS^flJ;^■•■■(5)• 



■ (ir- * I- ir '^,'tmede\ del^r'sm-Sd< 
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10 PROPERTY OP IRBOTATIONAl MOTION. [241. 

Simpler forms are assumed in special cases, such, for example, as , 
that of symmetry round z in (5). 

When the fluid is compressible, and the motion such that the 
squares of small quantities may be neglected, the equation of con- 
tinuity is by (3), § 238, 

a+v*.o (6), 

where any form of 7*0 may he used that may be most convenient 
for the problem in hand. 

242. The irrotational motion of incompressible fluid within 
any simply-connected closed space 8 is completely determined by 
the normal velocities over the surface of jS.. If iS be a material 
envelope, it is evident that an arbitrary normal velocity may be im- 
pressed upon its surface, which normal velocity must be shared 
by the fluid immediately in contact, provided that the whole 
volume inclosed remain unaltered. If the fluid be previously at 
rest, it can acquire no molecular rotation under the operation of 
the fluid pressures, which shews that it must be possible to de- 
termine a function 0, such that vV — ** throughout the space 

inclosed by S, while over the surface -^ has a prescribed value, 

limited only by the condition 

Wfj^-" m- 

An analytical proof of this important proposition is indicated 
in Thomson and Tait's Natural Philosophy, § 317. 

There is no difliculty in proving that but one solution of the 
problem is possible. By Green's theorem, if ^"0 = 0, 

j!m-'4*'£:)^^'lht^ (^'' 

the integration on the left-hand side ranging over the volume, 
and on the right over the surface of S. Now if <j) and ^ + A^ 
be two fanctions, satisfying Laplace's equation, and giving 

prescribed surface-values of ^ , their difference A^ is a function 
also satisfying Laplace's equation, and makiDg -^ — vanish 



242.] MTTLTIPLY-CONNECTED SPACES. 11 

over the surface of 8. Under these circumstances the double 
integral in (2) vanishes, and we infer that at every point of S 

- ^ - , - , - , —J — must be equal to zero. In other words A^ 

must be constant, and the two motions identical. As a par- 
ticular case, there can be no motion of the irrotational kind 
within the volume S, indepeuilently of a motion of the surface. 
The restriction to simply connected spaces is rendered necessary 
by the failure of Green's theorem, which, as was first pointed 
out by Helmholtz, is otherwise possible. 

When the space iS is multiply-connected, the irrotational 
motion is still determinate, if besides the normal velocity at 
every point of S there be given the values of the constant cir- 
culations in all the possible irreconcilable circuits. For a 
complete discussion of this question we must refer to Thomson's 
original memoir, and content ourselves here with the case of 
a doubly-connected space, which will suffice for illustration. 

Let ABCD be an endless tube within which fiuid moves 
irrotationally. For this motion there must exist a velocity 



@ 



potential, whose differential coefficients, expressing, aa they do, 
the component velocities, are necessarily single-valued, but 
which need not itself be single-valued. The simplest way of 
attacking the diflSculty presented by the ambiguity of ^, is to 
conceive a barrier AB taken across the ring, so as to close the 
passage. The space ABGDBAEF is then simply continuous, 
and Green's theorem applies to it without modification, if allow- 
ance be made for a possible finite difference in the value of ^ 
on the two sides of the barrier. This difference, if it exist, is 



12 MULTIPLT-CONNECTED SPACES. [243. 

necessarily the same at all points of AB, and in the hydro- 
dynamical application expresses the drcutatwn round the ring. 
In applying the equation 



+f^S>^-/>S<'* (^>- 



we have to calculate the double integral over the two faces of 
the barrier as well as over the original surface of the ring. Now 

since -^ has the same value on the two sides, 
an 

jU ^ dS (over two faces of AB) = JT^ >cdS = «JT^ dS. 

if K denote the constant difference of <^. Thus, if k vanish, 
or there be no circulation round the ring, we infer, just as for 
a simply-connected space, that is completely determined by 

the surface- values of ^. If there be circulation, is etill 

determined, if the amount of the circulation be given. For, 
if and + A0 be two functions satisfying Laplace's equation 
and giving the same amount of circulation and the same normal 
velocities at S, their difference A<ft also satisfies Laplace's equa- 
tion and the condition that there shall be neither circulation 
nor normal velocities over S. But, as we have just seen, under 
these circumstances A0 vanishes at every point. 

Although in a doubly-connected space irrotational motion 
is possible independently of surface normal velocities, yet such 
a motion cannot be generated by conservative forces nor by 
motions imposed (at any previous time) on the bounding surface, 
for we have proved that if the fluid be originally at rest, there 
can never be circulation along any closed curve. Hence, for 
multiply-connected as well as simply-connected spaces, if a 
fluid be set in motion by arbitrary deformation of the boundary, 
the whole mass comes to rest so soon as the motion of the boun- 
dary ceases. 

If in a fluid moving without circulation all the fluid outside 
a reentrant tube-like surface of uniform section become instan- 
taneously solid, then also at the same moment all the fluid 
within the tube comes to rest. This mechanical interpretation, 
liowever unpractical, will help the student to understand more 

n,.i,i ■....::. v.. tK»y-IC 



242.J ANALOGY WITH HEAT AND ELECTRICITY. 13 

clearly what is meant by a fluid having no circulation, and it 
leads to an extension of Stokes' theorem with respect to mole- 
cular rotation. For, if all the fluid (moving subject to a 
velocity- potential) outside a spherical cavity of any radius be- 
come suddenly solid, the fluid inside the cavity can retain no 
motion. Or, as we may also state it, any spherical portion of 
an irrotationally moving fluid becoming suddenly solid would 
possess only a motion of translation, without rotation^. 

A similar proposition wUl apply to a circular disc, or cylinder 
with flat ends, in the case of fluid moving irrotationally in two 
dimensions only. 

The motion of an incompressible fluid which has been once 
at rest partakes of the remarkable property (§ 79) common to that 
of all systems which are set in motion with prescribed velocities, 
namely, that the energy is the least possible. If any other 
motion be proposed satisfying the equation of continuity and 
the boundary conditions, its energy is necessarily greater than 
that of the motion which would he generated from rest. 

243. The fact that the irrotational motion of incompressible 
fluid depends upon a velocity-potential satisfying Laplace's 
equation, is the foundation of a far-reaching analogy between 
the motion of such a fluid, and that of electricity or heat in 
a uniform conductor, which it is often of great service to bear 
in mind. The same may be said of the connection between 
all the branches of Physics which depend mathematically on 
a potential, for it often happens that the analogous theorems 
are far from equally obvious. For example, the analytical 
theorem that, if ^*<p = 0, 

over a closed surface, is moat readily suggested by the fluid 
interpretation, but once obtained may be interpreted for electric 
or magnetic forces. 

Again, in the theory of the conduction of heat or electricity, 
it is obvious that there can be no steady motion in the interior 
of S, without transmission across some part of the hounding sur- 
face, but this, when interpreted for incompressible fluids, gives an 
important and rather recondite law. 

' Thomson oa Vortex Motion, loe. eit. 
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14 EQUATION OP PEES8UEE. [244. 

244. When a velocity-potential exists, the equation to deter- 
mine the pressure may l>e put into a flitnplei form. We have from 
(1), § 240, 

da = dS-^d<f> + ^dU' CO. 

whence by integration 

SO tbat 



-n 



n 



^-t-^^- 



dt 
which is the form ordinarily given. 

If p be constant, / — is replaced, of course, by - . 

The relation between p and ^ in the case of impulsive motion 
from rest may be deduced from (2) by integration. We see that 



-Ipdi^^ — tf) ultimately. 



The same conclusion may be arrived at by a direct apphcation of 
mechanical principles to the circumstances of impulsive motion. 

JSp = xp, equation (2) takes the form 

.l„gp = ij_#.jp. (3). 

If the motion be such that the component velocities are always the 
same at the same point of space, it is called steady, and ift becomes 
independent of the time. The equation of pressure is then 



(i 



I 



f-E-iU- .....(1), 

or in the case when there are no impressed forces, 

'^ = C-HP (5). 

In most acoustical applications of (2), the velocities and condensa- 
tion are small, and then we may neglect the term J U*, and sub- 
stitute -^ for / ~i- , if Sp denote the small variable part of ^ ; thus 



244.] PLANE WAVES. 15 

?2.JJ-t (6), 

which with 

l + V*-0 (7) 

are the equations by means of which the small vibrations of an 
elastic fluid are to be investigated. 



= -T- 1 80 that 5p = oVo*' (6) becomes 



..(8), 



and we get on eliminatioii of 

de dt 



+ «'VV (9). 



245. The simplest kind of wave-motion is that in which the 
excursions of eveiy partide are parallel to a fixed line, and are the 
same in all planes perpendicular to that line. Let us therefore 
(assuming that B = 0) suppose that is a function of x (and t) 
only. Our equation (9) § 244 becomes 

d?-" d^ t*^' 

the same as that fJready considered in the chapter on Strings. 
We there found that the general solution is 

<l,=f{x-ai)+F{x + at) (2), 

representing the propagation of independent waves in the positive 
and negative directions with the cotomon velocity a. 

Within such limits as allow the application of the approximate 
equation (1), the velocity of sound is entirely independent of the 
form of the wave, being, for example, the same for simple waves 

^ = A cos -^ (k — at), 

whatever the wave-length may be. The condition satisfied by the 
positive wave, and therefore by the initial disturbance if a posi- 
tive wave alone be generated, is 

dx dt ' 



dtv Google 



16 TLASB PBOaRESSSIVE WAVES. [245. 

or by m) § 244 

«-a» = (3). 

Similarly, for a negative ware 

u+o«=iO (4). 

Wfmtcver the initial distnrbaoce ma; be (and u ami s are both 
arbitrary), it can always be divided into two parts, satisfying 
re«pectively C3) and (4), which are propagated undisturbed. In 
each component wave the direction of prop^ation is the same as 
that of the motion of the condensed parts of the fluid. 

The rate at which energy is transmitted across unit of area of 
a plane parallel to the front of a progressive wave may be re- 
garded as the mechanical measure of the intensity of the radiation, 
la the case of a simple wave, for which 

f = Acoa—(x-ai) (5), 

the velocity f* of the particle at x (equal to^J is given by 

f — ^^.m2^(.-«) (6), 

and the disfdacement ^ is given by 

^ = --coB~(x-at) (7). 

Tlio proaauro p — p^^+Sp, where by (6) § 244 

Sp~ — ~p^aA sin — (2!-a() (8). 

Honoo, if W denote the work transmitted across unit area of the 
plane x in time t, 

'/tt'^^o"^ ^P^ ^~ ^P"''' iir] ■'I'+P^^odic terms. 

If the integration with respect to time extend over any number of 
oomplote periods, or practically whenever its range ia sufficiently 
long, the periodic terms may be omitted, and we may take 

Tf' ■■ t-ip.a[^)'j.' (9), 

nK!,i,....::..\.AK)'^ie 



245.] BNBRQY OF PI^ANE WAVES. 17 

or by (6), if ;3 denote the maziaiuiQ value of f, 

w=if,fi^at ao). 

Thus the work consumed in generatiiig waTes of h&rmoDic type 
is the same as would be required to give the maximum velocity j8 
to the whole mass of air through which the waves exteud*. 
In terms of the maximum excursion a by (7) and (9) 

W=2^p^^cH=2^p,at^ (11)', 

where t(=\-j-o) is the periodic time. In a given medium the 
mecbaAical measure of the intensity is proportional to the square 
of the amplitude directly, and to the square of the periodic time 
inversely. The reader, however, must be on his guard against 
supposing that the mechanical measure of intensity of undulations 
of different wave lengths is a proper measure of the loudness of 
the corresponding sounds, as perceived by the ear. 

In any plane progressive wave, whether the type be harmonic 
or not, the whole energy is equally divided between the potential 
and kinetic fcoms. Perhaps the simplest road to this result is 
to consider the formation of positive and negative waves from an 
initial disturbance, whose energy is wholly potential*. The total 
energies of the two derived progreBBtv« waves are evidently equal, 
and make up together the eneigy of the original disturbance. 
Moreover, in each progressive wave the ctrndensation (or rare- 
faction) ia one-half of that which existed at the corresponding 
point initially, so that the potential energy of each progressive 
wave is tme-qwirter of that of the original disturbanee. Since, as 
we have just seen, the iohole energy is cne-hcd/ of the same 
quantity, it follows that in a progressive wave of any type one- 
half of the «nergy is potaitial and one-haJf is kinetic. 

The same ' conclusion may also be drawn from the general 
expressions for the potent!^ and kinetic energies and the relations 
between vdocity and condensation expressed in (3) and (4). 
The potential enei^ of the element of volume dV ia the work 

' The wrlieet Btfttement oi the piisdple emliodied in equation (10) OuA I bftT« 
met «ith ia in a pftper by Sir W. Thomson, " On the poesible duuity of tha 
Inminiferotu medium, and on the mechanieal talne of a oobie mile of smi>ll^t>'* 
Phil. Mag. ix. p. 36. IBfiE. 

* Bosanqnet. PhU. Ua^. xlt. p. 178. 1873. 

' Phil. Mag. (5) i. p. 260. IB76. 
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18 Newton's iNTEsnGAiiON. [245. 

thai woold be gained during the expaosioit c^ the oonespODdiDg 
qoantity of gas &cmi its actnal to its nonnal Tolnme, the expanraoa 
being opposed throughont by the nonnal pressore p^ At a.nj 
stage of the ezpansion, 'when the condensation is »', the effective 
■pmeaaie ipishy % Hi cfp, «', which pressure has to be mnlttpjied 
by the corresponding increment of volume dV.dt'. The whole 
work gained during the expansion £rom dV to dV (1 + s) is 

thoefore <^p,dV, j d34 or ^a'p,dV. f. The general expressions 

for the potential and kinetic energies are accordingly 

potential tsDaigs^\t^pA\[fdV (12}, 

kinetic energy = ■iP*///'***'^* C^^)- 

and these are equid in the case of plane progressive waves for 
which 

W = ± (M, 

If the plane progressive waves be of harmonic type, it and s 
at any moment of time are circular functions of one of the space 
co-ordinates (tc), and therefore ihe mean value of their squares 
is one-half of the maximum value. Hence the total energy of 
the waves is equal to the kinetic energy of the whole mass of 
air concerned, moving with the maximum velocity to be found in 
the waves, or to the potential eneigy of the same mass of air 
when condensed to the maximum density of the waves. 

246. The first theoretical investigation of the velocity of 
sound waa made by Newton, who assumed that the relation be- 
tween pressure and density was that formulated in Boyle's law. If 
we assume p™ >ep,yt& see that the velocity of sound is expressed 
by V«, or t/p + ijp, in which the dimensions of p (= force -;■ area) 
are [if] [i]"* [2^"*, and those of p (= mass -;- volume) are [Jf] [Z]"*. 
Newton expressed the result in terms of the ' height of the homo- 
geneous atmosphere,' defined by the equation 

gph=p ■. (1), 

where p and p refer to the pressure and the density at the earth's 
surface. The velocity of sound is thus VjfA, or the velocity which 
would be acquired by a body falling freely under the action of 
gravity through half the height of the homogeneous atmosphere. 



246.] Laplace's correction. ' 19 

To obtain a numerical result we require to know a pair of 
simultaneous values of p and p. It is found by experiment that 
at 0° Cent, under a pressure of 1033 grammes per square centi- 
metre, the density of dry air is ■001293 grammes per cubic centi- 
metre. If we take tbe centimetre, gramme, and second as the 
fundamental units the (CG.S. system), these data give 

p = 1033 X 3 = 1033 X 981, 
whence 



a=y- 



1033 X 



■001293 -■'"'"' 
so that the velocity of sound at 0° would be 27995 metres per 
second, falling short of the result of direct observation by about 
a sixth part. 

Newton's investigation established that the velocity of sound 
should be independent of the amplitude of the vibration, and also 
of the pitch, but the discrepancy between his calculated value 
(published in 1687) and the experimented value was not explained 
until Laplace pointed out that the use of Boyle's law involved 
the assumption that in the condensations and rarefactions ac- 
companying sound the temperature remains constant, in contra- 
diction to the known fact that, when air is suddenly compressed, 
its temperature rises. The laws of Boyle and Charles suf^ly only 
one relation between the three quantities, pressure, volume, and 
temperature, of a gas, viz, 

pv = m (2), 

where the temperature & is measured from the zero of the gas 
thermometer ; and therefore without some auxiliary assumption it 
is impossible to specify the connection between p and v (or p), 
Laplace considered that the condensations and rarefactions con- 
cerned in the propagation of sound take place with such rapidity 
that the heat and cold produced have not time to pass away, and 
that therefore the relation between volume and pressure is sensibly 
the san^e as if the ^r were confined in an absolutely non-con- 
ducting vessel Under these circumstances the change of pressure 
corresponding to a given condensation or rarefaction is greater 
than on the hypothesis of constant temperature, and the velocity 
of sound is accordingly increased. 

In equation (2) let v denote the volume and p the pressure of 
the unit of mass, and let 6 be expressed in centigrade degrees 
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reckonetl from tlie absolate zero'. The condition of the gas (if 
vautorm) u defined by anj two of the three qnantities p, v, 6, aad 
the third nuiy be expresBed in termfl of iJiem. The rdation 
between the ritnoltaneoas Tariations of the tiiree quantities is 

f=f+? (')• 

In order to effect the change specified by dp and dv, it is 
in general necessary to commanicate heat to tbe gii& Calling 
the necessary quantity of heat dQ, we may write 

^«-(^^'+(f)* «• 

Sappoie Qow (a) that dp^O. I^jnations (3) and (4] giro 

where -;i^(i> const) expresses the specific beat of the gas under 
a constant pressure. This being denoted by «,, we have 

-=©^ (=>• 

Again, suppose (t) that (fv<= 0. We find in a similar manner 
that, if K, denote the specific heat under a constant volume, 

-■ = (f)l (»)■ 

In order to obtain the relation between dp and dv when 
there is no communication of heat, we have only to put dQ = 0. 
Thus 



©"-S 



)dp = 0, 



or, on substituting for the differential coefficients of Q their values 
in terms of «,, «^, 

.,l%..^.0 (7). 



» -J. ?-?. 




--li?-?-- 


(8). 




n ia ^btMt - S7S*. 


r 
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246.] EXPEBIMENT OF CLEMENT AND DBSOBMES. 21 

. if, as usual, the ratio of the specific heats be denoted by y, 
Laplace's value of the velocity of sound is therefore greater than 
Newton's in the ratio of Jy ; 1, 

By int^ration of (8), ve obtain for the relation between 
p and p, on the supposition of no conununication of heat, 

i'^J <~^y- 

where p^, p^ are two simultaneous values. Under the same 
circumstances the relation between pressure and temperature is 
by (3) 



= ©-• 



■•(H>> 



The magnitude of 7 cannot be determined with accuracy by direct 
experiment, but an approximate value may be obtained by a 
method of which the following is the principle. Air is compressed 
into a reservoir capable of being put into communication with 
the external atmosphere by opening a wide valve. At first the 
temperature of the compressed air is raised, but after a time 
the superfluous heat passes away and the whole mass assumes 
the temperature of the atmosphere d. Let the pressure (measured 
by a manometer) be p. The valve is now opened for as short 
a time as is sufficient to permit the equihbrium of pressure to 
be completely established, that is, until the internal pressure 
baa become equal to that of the atmosphere P. If the experiment 
be properly arranged, this operation is so quick that the air in 
the vessel has not sufficient time to receive heat ham, the sides, 
and therefore expands nearly according to the law expressed in 
(9). Its temperature 6 at the moment the operation is complete 
is therefore determined by 



■(f)"' (")• 



The enclosed air is next allowed to absorb heat until it has re- 
gained the atmospheric temperature Q, and its pressure {p") a 
then observed. During the last change the volume is constant, 
and therefore the relation between pressure and temperature 
gives 

, ?=1 (U); ■ 

P & ■ 

1 It ie hera uBOmed (hat y u eonstant. This eqnatioti iqipMun (0 luve bean 

given fliat by FoiBBon, 
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BO that by elimination of d : 6, 



P \P) 



whence 

^ logp-logP 
^ log^-logp' tl3J. 

By experiments of this nature Clement and Desormes de- 
termined y = 1'3492 ; bat the method is obriously not susceptible 
of «iy great accuracy. The value of 7 required to recondle 
the calculated and observed velocities of sound is 1-408, of the 
substantial correctness of which there caa be little doubt. 

We are not, however, dependent on the phenomena of sound 
for our knowledge of the magnitude of 7. The value of «, — 
the specific beat at constant pressure — ^has been determined 
experimentally by Regnault; and although on account of in- 
herent diflficulties the experimental method may fail to yield 
a satisfactory result for «,, the information sought for may be 
obtained indirectly by means of a relation between the two spe- 
cific heats, brought to light by the modem science of Thermo- 
dynamics, 

If from the equations 

5 ~ *" » "^ *• p 
d0 dv 



we eUokinftte dp, there results 

dq«{K,-K.f-f-\-K.d0 (16). 

Let U0 suppose that dQ = 0, or that there is no communication 
of heat It is known that the heat developed during the com- 
pression of an approximately perfect gas, such as air, is almost 
exaotly the thermal equivalent of the work done in compressing 
it. This important principle was assumed by Mayer in his 
celebrated memoir on the dynamical theory of heat, though 
on grounds which can hardly be considered adequate. However 
that may be, the principle itself is very nearly true, as has since 
been proved by the experiments of Joule and Thomson. 

If we measure heat in dynamical units, Mayer's principle 
may be expressed K,d6=pdv on the understanding that there 



..(14) 



ttyn. 
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is Qo commnnicatiou of heat. Comparing this with (15), ve i 
that 

K^-K,= S (16), 

and therefore 

(17)- 



The value of pv ia gravitation meaeure (gramme, centimetre) 
is, as we saw, 1033 -i- '001293, at 0* Oent. ao that 

R 1033 

■001293x272-85' 

By Kegnaulfa exporimenta the specific teat of air is '2379 
of that of water ; and in order to raise a gramme of water one 
degree Cent., 42350 gramme-centimetres of work most be dono 
on it. Hence with the same units as for M, 

«, = '2379 X 42350. 

Calculating from these data, we.find 7= 1*410, agreeing almost 
exactly with the value deduced from the velocity of souad. This 
investigation ia due to Rankine, who employed it in 1850 to 
calculate the apccific heat of air, taking Joule's equivalent and 
the observed velocity of sound as data. In this way he antici- 
pated the result of Eegnault'a experiments, which were not 
publiahed until 1853, 

247. Laplace's theory has often been the aubject of mis- 
apprehension among students, and a stumblingblock to those 
remarkable persons, called by De Morgan, ' paradoxers,' But there 
can be no reasonable doubt that, antecedently to all calculation, 
the hypothesis of no communication of heat is greatly to be 
preferred to tbe equally special hypothesis of constant temperature. 
There would be a real difficulty if the velocity of sound were 
not decidedly in excess of Newton's value, and the wonder is 
rather that the cause of the excess remained so long undiscovered. 

The only question which can possibly be considered open, 
is whether a small part of the heat and cold developed may not 
escape by conduction or radiation before producing its full effect. 
Everything must depend on the rapidity of the alternations. 
Below a certain limit of slowness, the heat in excess, or defect, 
would have time to adjust itself, and the temperature would 
remain sensibly constant. In this case the relation between 

n,.i,i....::.v.AK»'^H. 
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pre^re and density would be that which leads to Newton's value 
of the velocity of aouad. On the other hand, above a certain limit 
of quickness, the gas would behave as if confined in a non-con- 
ducting vessel, as supposed in Laplace's theory. Now although 
the circumstances of the actual problem are better represented 
by the latter than by the former supposition, there may still 
(it may be said) be a sensible deviation from the law of pressure 
and density involved in Laplace's theory, entailing a somewhat 
slower velocity of propagation of sound. This question has been 
carefully discussed by Stokes in a paper published in 1851*, 
of which the followii^ is an outline. 

The mechanical equations for the small motion of air are 

i-^m^- a). 

with the equation of continuity 

$-|4>£=« (^)- 

The temperature is supposed to be uniform except in so far 
as it is disturbed by the vibrations themselves, so that if 6 denote 
the excess of temperature, 

p=Kp(l+8+ae) (3). 

The effect of a small sudden condensation a is to produce an 
elevation of temperature, which may be denoted by j8«. Let 
dQ be the quantity of heat entering the element of volume in 
time di, measured by the rise of temperature that it would 
produce, if there were no condensation. Then (the distinction 

between jr: and -jr being neglected) 

d0 f,ds dQ . 

dt ^dt^ dt • ^ -'' 

•—■ being a function of 6 and its differential coefficients with 

respect to space, dependent on the special character of the 
dissipation. Two extreme cases may be mentioned; the first 
when the tendency to equalisation of temperature is due to 
conduction, the second when the operating cause is radiation, 
and the transparency of the medium such that radiant heat is 
1 Phil Mag. (4) i. 306. 
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not sensibly absorbed wtthtn a distance of severed wave-lengths. 

In the former case -^ oc v'^i BSid in the latter, which is that 

selected by Stokes for analytical investigation, ~ oc (— 5), Newton's 

law of radiation being assumed as a sufficient approximation to 
the truth. We have then 

1t = ^dt-^^ f^5- 

In the case of plane waves, to which we shall confine onr 
attention, v and w vanish, while u, p, s, 9 are functions of x (and t) 
only. Eliminating p and u between (1), (2) and (3), we find 

(fa _ /(Ta d}&\ 

from which and (5) we get 

fd , \d^s / d , \d*8 



fd , \^s f d \d*8 ,„. 



if 7 be written (in the same sense as before) f ot 1 + a^. 

If the vibrations be harmonic, we may suppose that s varies 
as ff**, and the equation becomes 

q + iyn' 



-f-Mf- ■ - . .8=-0. (7). 



Let the coefficient of « in (7) be pat into the form /**«-***, 
where 

"-^'■^ w. 

and 

2t = t*n-'5:5-tan-'?!=tan-'f^l^:#52 (9). 

Equation (7) is then satisfied by terms oi the f<am 

bat {n being positive, and ■<^ less than ^n-] if we wish for the 
expression of the wave travelling in the positive direction, we 
must take the lower sign. Discarding the imaginary part, we 
find as the appropriate solution 

9 = ^e-'"'«*«co8(7rf->tcos-^») (10). 
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The first thing to be noticed is tliat the sound cannot be 
propi^ted to a distance unless ein ^^ be insensible. 
The velocity of propagation ( V) is 

F = «/*-'Bec^ (11), 

which, when sin ^ is insensible, reduces to 

r=»/t-' (12). 

Now from (9) we see that ■^ cannot be insensible, unless 
q : n JB either very great, or very small. On the first supposition 
from (11), or directly from (7), we have approximately, V=Jlc 
(Newton) ; and on the second, V = Jk^, (Laplace), as ought 
evidently to be the case, when the meaning of g in (5) is con- 
sidered. What we now learn is that, if q and n were comparable, 
the efiect would be not merely a deviation of V from either of 
the limiting values, but a rapid stifling of the sound, which fce 
know does not take place in nature. 

Of this theoretical result we may convince ourselves, as 
Stokes explains, without the use of analysis. Imagine a mass 
of air to be confined within a closed cylinder, in which a piston 
is worked with a reciprocating motion. If the period of the 
motion be very long, the temperature of the wr remains nearly 
constant, the heat developed by compression having time to 
escape by conduction or radiation. Under these circumstances 
the pr^sure is a function of volume, and whatever work has 
to be expended in producing a given compression is refunded 
when the piston passes through the same position in the reverse 
direction ; no work is consumed in the long run. Next suppose 
that the motion is so rapid that there is no time for the heat 
and cold developed by the condensations and rarefactions to 
escape. The pressure is still a function of volume, and no work 
is dissipated. The only difference is that now the variations 
of pressure are more considerable than before in comparison 
with the variations of volume. We see how it is that both on 
Newton's and on Laplace's hypothesis, the waves travel without 
dissipation, though with different velocities. 

But in intermediate cases, when the motion of the piston 
is neither so slow that the temperature remains constant nor ' 
so quick that the heat has no time to adjust itself, the result 
is different. The work expended in producing a small condensa- 

n,.i,i.... ::.v..tK»yiC, 
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tion is no longer completely refunded during the corresponding 
rarefaction on account of the diminiahed temperature, part of 
the heat developed by the compression having in the meantime 
escaped. In fact the passage of heat by conduction or radiation 
from a warmer to a fiuitely colder body always invoivea dissipa- 
tion, a principle which occupies a fundamental position in the 
science of Thermodynamica In order therefore to maintain the 
motion of the piston, energy must be supplied from without, 
and if there be only a limited store to be drawn from, the motion 
must ultimately subside. 

Another point to be noticed is that, if g and n were com- 
parable, F" would depend upon n, viz. on the pitcH of the sound, 
a state of things which from experiment we have no reason to 
suspect. On the contrary the evidence of observation goes to 
prove that there is no such connection. 

From (10) we see that the fallii^ off in the intensity, esti- 
mated per wave-length, is a maximum with tan-^, or ■^■, and 
by (9) ^ is a maximum, when q : n = J^. In this case 

/* = ««"* 7"*, 2^ = tan"' 7* — tan"* 7-' (13), 

whence, if we take y = 1'36, 2^^ = 8" 47'. 

Calculating from these data, we find that for each wave- 
length of advance, the amplitude of the vibration would be 
diminished in the ratio '6172. 

To take a numerical example, let 

T = sjTTT of a second, \ = wave-length = 44 inches. 

In 20 yards the intensity would be diminished in the ratio 
of about 7 millions to one. 
Corresponding to this, 

5 = 2198.1 (14). 

If the value of q were actually that just written, sounds of 
the pitch in question would be very rapidly stifled. We there- 
fore infer that ^ is in fact either much greater or else much less. 
But even so large a value as 2000 is utterly inadmissible, as 
we may convince ourselves by considering the significance of 
equation (5). 
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Suppose ttat by a rigid envelope transparent to radiant heat, 
the volume of a small mass of gas were maintained constant, 
then the equation to determine its thermal condition at any 
time is 

whence 

6 = Ae-9* O-S). 

where A denotes the initial excess of temperature, proving that 
after a time g~* the excess of temperature would fall to leas than 
half its ori^nal value To suppose that this could happen in a 
two thousandth of a second of time would be in contradiction to 
the most superficial observation. 

We are therefore justified in assuming that q is very small 
in comparison with n, and our equations then become ap- 
proximately 



= Ae-' 









The effects of a small radiation of heat exe to be sought 
for rather in a damping of the vibration than in an altered 
velocity of propagation. 

Stokes calculates that if 7 = 1-414, V= 1100, the ratio 
(iT : 1) in which the intensity is diminished in passing over a 
distance x, is given by log^^='0001166ga: in foot-second meii- 
Bure. Although we are not able to make precise measurements 
of the intensity of sound, yet the fact that audible vibrations 
can be propagated for many miles excludes any such value of 
q as could appreciably affect the velocity of transmission. 

Neither is it possible to attribute to the air such a conducting 
power as could materially disturb the application of Ijaplace's 
theory. In order to trace the effects of conduction, we have only 

to replace j in (5) by — j" Tp ■ Assuming as a particular solution 

we find 

wt'tn«7 = in' + g'n'm' — Kq'm*, 
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whence, if g' be relatively small, 

Thus the solution in real quantities is 

-^M-'-^^^-i."-'^) (-). 

leaving the velocity of propagation to this order of approximation 
still equal to tfpf. 

From (18) it appears that the first effect of conduction, as 
of radiation, is on the amplitude rather than on the velocity of 
propagation. In truth the conducting power of gases is so 
feeble, and in the case of audible sounds at any rate the time 
during which conduction can take place is so short, that dis- 
turbance &om this cause is not to be looked for. 

In the preceding discussions the waves are supposed to be 
prop^ated in an open space. "When the air is confined within 
a tube, whose diameter is small in comparison with the wave- 
length, the conditions of the problem are altered, at least in 
the case of conduction. What we have to say on this head 
will, however, come more convenientlj in another place. 

248, From the expression i/(py)-T-'/p, we see that in the 
same gas the velocity of sound is independent of the density, 
because if the temperature be constant, p varies as p {p=Sp0], 
On the other band the velocity of sound is proportional to the 
squaxe root of the absolute temperature, so that if a, be its 
value at 0" Cent. 



"-'"/''■m ("' 



where the temperature is measured in the ordinary manner &om 
the ireezing point of water. 

The most conspicuous effect of the dependence of the velocity 
of sound on temperature is the variability of the pitch of organ 
pipes. We shall see in the following chapters that the period 
of the note of a flue organ-pipe is the time occupied by a pulse 
in running over a distance which is a definite multiple of the 
length of the pipe, and therefore varies inversely as the velocity 
of propagation. The inconvenience arising from this alteration 
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of pitcli is aggravated b; the fact that the reed pipe» are not 
similarly affected ; so that a chaoge of temperature puts an 
oi^D out of tune with itself. 

Prof. Mayer' has proposed to make the connection between 
temperature and wave-length the foundation of a pyrometric 
method, but I am not aware whether the expeiiment has evei> 
been carried out. 

The correctneBB of (1) as regards air at the temperatures of 0* 
and lOiy has been verified experimentally by Kundt. See § 260. 

In different gases at given temperature and pressure a is 
inversely proportional to the square roots of the densities, at 
least if 7 be constant'. For the non-condensable gases 7 does 
not sensibly vary from its value for air. 

The velocity of sound is not entirely independent of the 
degree of dryness of the air, since at a given pressure moist air 
is somewhat lighter than dry air. It is calculated that at 50° F., 
air saturated with moisture would propagate sound between 
2 and 3 feet per second faster than if it were perfectly dry. 



of sound in liquids, or, if that be known, to infer conversely 
the coefBcient of compreesibility. In the case of water it is 
found by experiment that the compression per atmosphere is 
■0000457. Thus, if dp = 1033 x 981 in absolute cas. units, 

dp = -0000457, since p = 1. 
Hence 

a = 1489 metres per second, 

which does not differ much from the observed value (1435). 

249. In the preceding sections the theory of plane waves 
has been derived &om the general equations of motion. We 
now proceed to an independent investigation in which the motion 
is expressed in terms of the actual position of the layers of air 
instead of by means of the velocity potential, whose aid is no 
longer necessary inasmuch as in one dimension there can be 
no question of molecular rotation. 

' On an Aoowtio PTromatw. Phil. Hag. ilt. p. 18, 1873, 

■ Aooordlne to ths kmetio theorj ol gasM, the yelocit? of Boimd is detemuiied 

Bolely by, and i> pH^rtion»l to, tbe tuefti' velooit? of the molecnleB. Preatoq, Phil, 

i/iij. (6) III. p. Ml. 1877. 
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If y, y + -^ dx, define tlie actual positions at time ( of 

neighbouring layers pi air whose equilibrium positions are defined 
by (C and x + dx, the density p of the included slice is given by 

'■■■^•-'■■% w. 

whence by (9) § 246, 

p-^--'--(£) (2). 

the expansions and condensations being supposed to take place 
according to the adiabatic law. The mass of unit of area of 

the slice is p,dx, and the corresponding moving force is — j^ dx, 

giving for the equation of motion 

^.S+l=» ■ (=)■ 

Between (2) and (3) p. is to be eliminated. Thus, 

\dxj de . p, da? ^*J- 

Equation (4) is an exact equation defining the actual abscissa 
y in terms of the equilibrium abscissa x and the tima If the 

motion be assumed to be small, we may replace f-^] , which 

occurs as the coefficient of the small quantity ~^, by its ap- 
proximate value unity ; and (4) then becomes 

de p. (*»■ ^ '' 

the ordinaiy approximate equation. 

If the expansion be isothermal, as in Newton's theory, the 
equations corresponding to (4) and (5) are obtained by merely 
putting 7 = 1, 

Whatever may be the relation between p and p, depending on 
the constitution of the medium, the equation of motion is by 
(1) and (3) 

\dxj dt*~dp d.:<? "■ ^' 
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from which p, occurring in -^ , is to be eliminated by means of 

the relation between p and -^ expressed in (1). 

250. In the preceding investigations of aerial waves we 
have supposed that the air is -at rest except in so far as it is 
disturbed by the vibrations of sound, but we are of course at 
liberty to attribute to the whole mass of air concerned any 
common motion. If we suppose that the air is moving in the 
direction contrary to that of the waves and with the same actual 
velocity, the wave form, if permanent, is stationary in space, 
and the motion is eteady. In the present section we will con- 
sider the problem under this aspect, as it is important to obtain 
all possible clearness in our views on the mechuiics of wave pro- 



If a,, p^, p^ denote respectively the velocity, pressure, and 
density of the fluid in its undisturbed state, and iS u, p, p be 
the corresponding quantities at a point in the wave, we have 
for the equation of continuity 

P« = P.w. (1). 

and by (5) § 244 for the equation of energy 



/. 



'f-K'-}«' (2). 

p. p 



Mimiaating u, we get 

/:?-K(-^) ("■ 

determining the law of pressure under which alone it is possible 
for a stationary wave to maintain itself in fluid moving with 
velocity «,, From (3) 

f-u:i (4), 

dp ' p" ^ I' 

or 

p =oonBtant — *-^ (5). 

Since the relation between the pressure and the density of 
actual gases is not that expressed in (5), we conclude that a self- 
maintaining stationary aerial wave is an impossibility, whatever 

r ■■ .v..l.K)4IL' 
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may be the velocity w, of the general current, or in other words that 
a wave cannot be propagated relatively to the undisturbed parts 
of the gas without undergoing an alteration of type. Nevertheless, 
when the changes of density concerned are small, (5) may be 
satisfied approximately; and we see from (4} that the velocity 
of stream necessary to keep the wave stationary is given by 

'(D '«). 

which is the same as the velocity of the wave estimated relatively 
to the fluid. 

This method of regarding the subject shews, perhaps more 
clearly than any other, the nature of the relation between velocity 
and condensation. § 245 (3), (4). In a stationary wave-form a loss 
of velocity accompanies an augmented density according to the 
principle of energy, and therefore the fluid composing the con- 
densed parts of a wave moves forward more slowly than the 
undisturbed portions. Relatively to the fluid therefore the 
motion of the condensed parts is in the same direction as that 
in which the waves are propagated. 

When the relation between pressure and density is other than 
that expressed in (5), a stationary wave can be maintained only 
by the aid of an impressed force. By (1) and (2) § 237 we have, 
on the supposition that the motion is steady, 

„ du Idp „. 

X=u-j--¥--j- (7), 

da pax ^ ' 

while the relation between u and p is given by (1). If we suppose 
that p = a'p, (7) becomes 

1^ dlogu 
dx 



x.(.--«r-^ (8). 



shewing that an impressed force is necessary at every place where 
u is variable and unequal to a. 

251. The reason of the change of type which ensues when a 
wave is left to itself is not difficult to understand. From the 
ordinary theory we know that an infinitely small disturbance is 
propagated with a certain velocity a, which velocity is relative 
to the parts of the medium undisturbed by the wave. Let us 
consider now the case of a wave so long that the variations of 
K. Q. 3 
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velocity and density are insensible for a considerable distance 
aloDg it, and at a place where the velocity (w) is finite let ub 
imagine a small secondary wave to be BUperposed. The velocity 
with which the secondary wave is propagated through the 
medium is a, but on account of the local motion of the medium 
itself the whole velocity of advance is a + u, and depends upon 
the part of the long wave at which the small wave is placed. 
What has been said of a secondary wave applies also to the parts 
of the long wave itself, and thus we see that after a time t the 
place, where a certain velocity u is to be found, is in advance of 
its original position by a distance equal, not to at, but to (a 4 «) ( ; 
or, as we may express it, M is propagated with a velocity a + u. 
In symbolical notation u=f[x + (a + u) (j, where /is an arbitrary 
function, an equation first obtained by Poisson'. 

From the argument just employed it might appear at first 
sight that alteration of type was a necessary incident in the progress 
of a wave, independently of any particular supposition a.s to the 
relation between pressure and density, and yet it was proved in 
§ 250 that in the case of one particular law of pressure there 
■would be no alteration of type. We have, however, tacitly 
assumed in the present section that a is constant, which is tanta- 
mount to a restriction to Boyle's law. Under any other law of 

pressure \/ {•J^j 'a * function ot p, and therefore, aa we shall see 

presently, of u. In the case of the law expressed in (5) § 250, the 
relation between u and p for a progressive wave is such that 

[-^l + M is constant, as much advance being lost by slower 

propf^ation due to augmented density as is gained by superposi- 
tion of the velocity u. 

So far aa the constitution of the medium itself is concerned 
there is nothing to prevent our ascribing arbitrary values to both 
u and p, but in a progressive wave a relation between these two 
quantities must be satisfied. We know already (§ 245) that this 
is the case when the disturbance is small, and the following 
argiiment will not only shew that such a relation is to be expected 
in cases where the square of f^^ motion must be retained, but 
will even define the form ^e ^\xe relation. 

p. 819. 1808. "1 ^ 
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Whatever may be the law of pressure, the velocity of propi^a- 

tion of small disturbancea is by § 245 equal to . /f-3^], and in a 
positive progressive wave the relation between velocity and con- 



densation is 



V(l) ; «■ 



If this relation he violated at any point, a wave will emerge, 
travelling in the negative direction. Let iis now picture to our- 
selves the case of a positive progreasive wave in which the changes 
of velocity and density are very gradual but become important by 
accumulation, and let us inquire what conditions must be satisfied in 
order to prevent the formation of a negative wave. It is clear that 
the answer to the question whether, or not, A negative wave will be 
generated at any point will depend upon the state of things in the 
immediate neighbourhood of the point, and not upon the state of 
things at a distance from it, and will therefore be determined by 
the criterion applicable to small disturbances. In applying this 
criterion we are to consider the velocities and condensations, not 
absolutely, but relatively to those prevailing in the neighbouring 
parts of the medium, so that the form of (1) proper for the present 
purpose is 

"-vd)* <^'^ 

whence 



-iV®-? • w. 



which is the relation between u and p necessary for a positive 
progressive wave. Equation (2) was obtained analytically by 
Eamshaw', 

In the case of Boyle's law, ./ [rf^j is constant, and the rela- 
tion between velocity and density, given first, I believe, by 
Helmholtz', is 

«-<.Iog^_ (*). 

if /T„ be the density corresponding to w = 0. 

In this case Poisson's integral allows us to form a definite idea 
of the change of type accompanying the earlier stages of the 

' Phil. Trajui. 1869, p. 146. 

* Forttchritte der Physik, it. p. 106. 1863. 
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progress of the wave, and it finally leads us to a difficulty wbich 
has not as yet been surmounted'. If we draw a curve to represent 
the distribution of velocity, taking x for abscissa and it for 
ordinate, we may find the corresponding curve after the lapse of 
time t by the following construction. Through any point on the 
original curve draw a straight line in the positive direction parallel 
to X, and of length equal to (a + m) (, or, as we are concerned with 
the shape of the curve only, equal to u t. The locus of the ends of 
these lines ia the velocity curve after a time t. 

But this law of derivation cannot hold good indefiDitely. The ■ 
crests of the velocity curve gain continually on the troughs and 
must at last overtake them. After this the curve would indicate 
two values of w for one value of x, ceasing to represent anything 
that could actually take place. In fact we are not at liberty to 
push the application of the integral beyond the point at which the 
velocity becomes discontinuous, or the velocity curve has a vertical 
- tangent. In order to find when this happens let us take two 
neighbouring points on any part of the curve which slopes down- 
■wards in the positive direction, and inquire after what time this 
part of the curve becomes vertical. If the difference of abscissae 
be dx, the hinder point will overtake the forward point in the 
time dx-i-{—du). Thus the motion, as determined by Poisson's 
equation, becomes discontinuous after a time equal to the reci- 
procal, taken positively, of the greatest negative value of -5- . 

For example, let us suppose that 



■where Vie the greatest initial velocity. When ( = 0, the greatest 
negative value of t- is — r- U; so that discontinuity will com- 
mence at the time t=\-i-2TrU. 

When discontinuity sets in, a state of things exists to which 
the usual differential equations are inapplicable ; and the subse- 
quent progress of the motion has not been determined. It ia 
probable, as suggested by Stokes, that some sort of reflection would 
ensue. In regard to this matter we must be careful to keep 

' Btokes, " On a diffioultf in the Tbeoi? of Sound." Phil. Mag. Nov. 18^. 
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purely mathematical questions distinct from physical ones. In 
practice we have to do with spherical waves, whose divei^ncy 
may of itself be sufficient to hold in check the tendency to discon- 
tinuity. In actual gases too it is certain that before discontinuity 
could enter, the law of pressure would begin to change its form, 
and the influence of viscosity could no longer be neglected. But 
these considerations have nothing to do with the mathematical 
problem of determining what would happen to waves of finite 
amplitude in a medium, free from viscosity, whose pressure is 
under all circumstances exactly proportional to its density ; and 
this problem has not been solved. 

It is worthy of remark that, although we may of course conceive 
a wave of finite disturbance to exist at any moment, there is a 
limit to the duration of its previous independent existence. By 
drawing lines in the negative instead of in the positive direction 
we may trace the history of the velocity curve; and we see that 
as we push our inquiry further and further into paat time the for- 
ward slopes become easier and the backward slopes steeper. At a 

dx 
time, equal to the greatest positive value of t- , antecedent to that 

at which the curve is first contemplated, the velocity would bo 
discontinuous. 

252. The complete integration of the exact equations (4) and 
(6) § 249 in the case of a progressive wave was first effected by 
Earnshaw'. Finding reason for thinking that in a sound wave the 
equation 

,.(1) 



di \dxl'' 



must always be satisfied, he observed that the result of differen- 
tiating (1) with respect to t, viz. 

i-M^^FS <^>' 

can by means of the arbitrary function F be made to coincide 
with any dynamical equation in which the ratio of ^Jf and ^ 
is expressed in terms of -r^. The form of the function F being 

1 Prottedingt oj the Royal Society, Jm 6, 1B69. PML Traiu. 1860, p. 133. 
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thus determiDed, the solution ma; be completed by the usual 
process applicable to auch cases'. 

Writing for brevity a in place of -j^ , we have 

and the integral is to be found by eliminating a between the equa- 
tions 

0- a: + F (a) ! + <!,■{,)! ™ 

a being equal io p^-i-p, and ifi being an arbitrar; function. 
li p = aV. the exact equation (6 § 249) is 

/*Y *V. jA (4, 

by comparison of whicli with (2) we see that 

Ji-(«) = ^ (5). 

or on integration 

F{a) = 0±ahgOi (6), 

as might also have been inferred from (4) § 251. The constant G 
vanishes, if F {a), viz, u, vanish when a =1, or /) = />„; otherwise 
it represents a velocity of the medium as a whole, having nothing 
to do with the wave aa auch. For a positive progressive wave the 
lower signs in the ambiguities are to be used. Thus in place of 
(3), we have 

y=ax-a\ogat + <i> (a)> 



and 



= ax-at +af (a)J ^'^' 

u = — alogei = alog — (8). 



If we subtract the second of equations (7) from the first, we get 
i/-at + at logo = 0(a) — o0'(a), 
from which by (8) we see that y - (o + m) i is an arbitrary function 
' Boole's Sifferentia^ Equation; Ch. wr, 

DKi.iizcdtvGooj^lc 
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of a, or of u. Conversely therefore u is an arbitrary function of 
y--{a + u)t, and we may write 

»=fy-(a + u)t} (9). 

Equation (9) is Poisson'a integral, considered in tlie preceding 
section, where the symbol x has the same meaning as here attaches 
toy. 

253. The problem of plane waves of finite amplitude attracted 
also the attention of Kiemann, whose memoir was communicated 
to the Royal Society of Gottingen on the 28th of November, 1859 '. 
Eiemann's investigation is founded on the general hydrodynamical 
equations investigated in §§ 237i 238, and is not restricted to any 
particular law of pressure. In order, however, not unduly to ex- 
tend the discussion of this part of our subject, already perhaps 
treated at greater length thaa its physical importance would 
warrant, we shall here confine ourselves to the case of Boyle's law 
of pressure. 

Applying equations (1), (2) of § 237 and (1) of § 238 to the 
circumstances of the present problem, we get 

du ^ _ _ » dlogp ,- . 

dt dx dx ■ ^ '' 

d}osp d\ogp_ du ,,, 

~rfr+""da; ^ ^'^'■ 

If we multiply (2) by ±a, and afterwards add it to (1), we 
obtain 

dP , , .dP dQ , .dQ ,„, 

where P = alogp + u, Q = alogp — u (4). 

Thus 

dP=^^[dx~{u + a)dt] (5), 



dQ = ^{dis-{u-a)d 



1 Ueber die Fortpflanznng ebener Lnftwellen von endlicher Schwingnnga- 
weite. GQttingeti, Abhandbaigen, t. mt. 1660, Bee also an excellent abstrost 
in the Fortieltritte der Fhytik, xv. p. 123. 

n,.i,i.... ::.v..tK»yie 



40 LIMITED mrCIAL DI8TUBBANCE. [253. 

These equationa are more general tbaa Poieson's and Eanishaw'a 
in that they are not limited to the case of a single positive, or 
negative, progressive wave. From (6) we learn that whatever 
may be the value of P corresponding to the point x and the time 
(, the same value of P correspooda to the point x+{u + a)dt at 
the time t + dt; and in the same way from (6) we see that Q re- 
mains unchanged when x and t acquire the increments {u — a)dt 
and dt respectively. If P and Q be given at a certain instant of 
time as functions of x, and the representative curves be drawn, we 
may deduce the corresponding value of u by (4), and thus, as in 
§ 251, construct the curves representing the values of P and Q 
after the small interval of time dt, from which the new values 
of u and p in their turn become known, and the process can be 
repeated. 

The element of the fluid, to which the values of P and Q at 
any moment belong, is itself moving with the velocity m, bo that 
the velocities of P and Q relatively to the element are numerically 
the same, and equal to a, that of P being in the positive direction 
and that of Q in the n^ative direction. 

We are now in a position to trace the consequences of an 
initial disturbance which is confined to a finite portion of the 
medium, e.g. between x=a and x=^, outside which the medium 
is at rest and at its normal density, so that the values of P and Q 
are a log p^ Each value of P propagates itself in turn to the ele- 
ments of fluid which lie in front of it, and each value of Q to those 
that lie behind it. The hinder limit of the region in which P is 
variable, viz. the place where P first attains the constant value 
a logp,, comes into contact first with the variable values of Q, and 
moves accordingly with a variable' velocity. At a definite time, 
requiring for its determiuation a solution of the differential equa- 
tions, the hinder (left hand) limit of the region through which P 
varies, meets the hinder (right hand] limit of the region through 
which Q varies, after which the two regions separate themselves, 
and include between them a portion of fluid in its equilibrium 
condition, as appears from the fact that the values of Pand Q are 
both a log Pi,. In the positive wave Q has the constant value 

a log/j„ so that u = a log—, as in (4) § 251 ; in the negative wave 

' At thiB point an error eeems to hare crept into Biemaon's voik, irliieh b ooi- 
rected in the abBtraot of tb« Fortsckritu der Pkgiik. 
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P has the same constant value, giving as the relation between u 

and p, u = — a log - . Since in each progressive wave, when iso- 

Pa 
lated, a law prevails connectir^ the quantities u and p, we see 
that in the positive wave du vanishes with dP, and in the negative 
wave du vanishes with dQ. Thus from (5) we learn that in a 
positive progressive wave du vanishes, if the increments of x and 
t be such as to satisfy the equation (ic — (u + o) d( = 0, from which 
Poisson's integral immediately follows. 

It would lead us too far to follow out the analytical develop- 
ment of Biemaun's method, for which llie reader must be referred 
to the original memoir; but it would be improper to pass over in 
silence an error on the subject of discontinuous motion into which 
Eiemann and other writers have fallen. It has been held that a 
state of motion is possible in which the fluid is divided into two 
parts by a surface of discontinuity propagating itself with constant 
velocity, all the fluid on one side of the surface of discontinuity 
being in one uniform condition as to density and velocity, and on 
the other side iu a second uniform condition in the same respects. 
Now, if this motion were possible, a motion of the same kind 
in which the surface of discontinuity is at rest would also be 
possible, as we may see by supposing a velocity equal and 
opposite to that with which the surface of discontinuity at first 
moves, to be impressed upon the whole mass of fluid. In order to 
find the relations that must subsist between the velocity and 
density on the one side (u^, pj and the velocity and density on the 
other side (m„ pj, we notice in the first place that by the principle 
of conservation of matter p,M, = p,Mi- Again, if we consider the 
momentum of a slice bounded by parallel planes and including the 
surface of discontinuity, we see that the momentum leaving the 
slice in the unit of .time is for each unit of area (p^u, = p^u^) «,, 
while the momentum entering it is p^u'. The difference of mo- 
mentum must be balanced by the pressures acting at the boundaries 
of the slice, so that 

Pi ^, («i - ".) =Pi -P> = a' (p. - P^> 
whence 

«.-yfe)' "■="v/© (^- 

The motion thus determined is, however, not possible ; it satisfies 

n,.i,i.... ::.v..tK»yiC 
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indeed tte conditions of mass and momentum, but it violates the 
condition of energy (§ 244) expressed by the equation 

i<-iM/=oMogp,-oMog;j, (8). 

This argument has been already given in another form in § 250, 
which would alone justify us in rejecting the assumed motion, since 
it appears that no steady motion is possible except under the law of 
density there determined. From equation (8) of that section we 
can find what impressed forces would be necessaTy to maintain the 
motion defined by (7). It appears that the force X, though con- 
fined to the place of discontinuity, is made up of two parts of 
opposite signs, since by (7) u passes through the value a. The 
whole moving force, viz. JXp da;, vanishes, and this explains how 
it is that the condition relating to momentum is satisfied by (7), 
though the force X be ignored altogether. 

254. The exact experimental determination of the velocity 
of sound is a matter of greater difficulty than might have been 
expected. Obsei-vations in the open air are liable to errors from 
the effects of wind, and from uncertainty with respect to the 
exact condition of the atmosphere as to temperature and dryness. 
On the other hand when sound is propagated through air con- 
tained in pipes, disturbance arises from friction and from transfer 
of heat; and, although no great errors from these sources are 
to be feared in the case of tubes of considerable diameter, such 
as some of those employed by ^egnault, it is difficult to feel 
sure that the ideal plane waves of theory are nearly enough 
realized. 

The following Table' contains a list of the principal experi- 
mental determinations which have been made hitherto. 

Names of Obaervers, Telooity of Sonnd at 
0° Cent, in Metres. 
Acad^mie des Sciences (1738) 332 

Benzenberg (1811) j^gj 

Goldingham (1821) 3311 

Bureau des Longitudes (1822) 3306 

Moll and van Beek 3322 

■ Bosanqoet, Phil. Hag. AprO, 1877. 

n,„i,z.dt, Google 
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Kamea of ObBerreis. Telocity ol Sound ftt 

0° Cent, in Metiee. 

Stampfer and Myrback 332-4 

BravaiB and Martins (1844} 332-4 

Wertheim 331-6 

Stone {1871} 332'4 

LeRoux 330-7 

Eegnault 330 7 

In Stone's experiments' the course over which the sound 
was timed commenced at a distance of 640 feet from the source, 
BO that any errors arising from excessive disturbance were to 
a great extent avoided. 

A method has been proposed by Bosscha' for determining 
the velocity of sound without the use of great distances. It 
depends upon the precision with which the ear is able to decide 
whether short ticks are simultaneous, or not. In Konig's' form of 
the experiment, two small electro-magnetic counters are controlled 
by a fork-interrupter (§ 64), whose period is one-tenth of a second, 
and give synchronous ticks of the same period. When the 
counters are close together the audible ticks coincide, but as one 
counter is gradually removed from the ear, the- two series of ticks 
fall asunder. When the difference of distances is about 34 metres, 
coincidence again takes place, proving that 34 metres is about 
the distance traversed by sound in a tenth part of a second. 

» Phil. Trant. 1872, p. \. " Fogg. Ann. Mil. 486. 1854. 

* Fogg. Ann. csviu. 610. 1863, 
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CHAPTER Xir. 

VIBEATIONS IN TITBES. 



255. We have already (§ 245) considered the solution of our 
fundamental equation, when the velocity-potential, in an unlimited 
fluid, is a function of one space co-ordinate only. In the absence 
of friction no change would be caused by the introduction of any 
number of fixed cylindrical surfaces, whose generating hnea are 
parallel to the co-ordinate in question ; for even when the surfaces 
are absent the fluid has no tendency to move across them. If one 
of the cylindrical surfaces be closed (in respect to its transverse 
section), we have the important problem of the axial motion of air 
within a cylindrical pipe, which, when once the mechanical condi- 
tions at the ends are given, is independent of anything that may 
happen outside the pipe. 

Considering a simple harmonic vibration, we know (§ 245) 
that, if <f> varies as e*"', 

S+''*-» (1). 

where 

'=?=! (^)- 

The solution may be written in two forms — 
.i> = (Aco3Kx + BsmKx)e^\ 

of which finally only the real parts will be retained. The first 
form will be moat convenient when the vibration is stationary, or 
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nearly so, and the Becood when tbe motion reduces itself to a 
positive, or negative, progressive undulation. The constants A 
and B in the symbolical solution may be complex, and thus the 
final expression in terms of real quantities will involve ybur arbi- 
trary constants. If we wish to use real quantities throughout, we 
must take 

if> = {A cos KX + B sin kx) cos nt 

■i- {G COB KX + D BinKx) amnt (4), 

but the analytical work would generally he longer. When no 
ambiguity can arise, we shall sometimes for the sake of brevity 
drop, or restore, the factor involving the time without express 
mention. Equations such as (1) are of course equally true whether 
the factor be understood or not. 

Takiug the first form in (3), we have 

= A cos K1X+ B sinKx'] 

d4> A ■ . -D \ (5)- 

■T- = — I' A Sin KX + KB COS KX J 

If there be any point at which either ^ or -^ is permanently zero, 

the ratio A : B must be real, and then the vibration is ataiionary, 
that is, the same in phase at all points simultaneously. 

Let us suppose that there is a node at the origin. Then when 

ai=0, -j^ vanishes, the condition of which is S = 0. Thus 
ax 

0=^cos«aTe'-'; ^ = -«^8inrae*** (6), 

from which, if we substitute P&* for A, and throw away the 
ima^nary part, 

= P cos KiC cos (nt + 6 
kP ein kx cos (nt + O 

From these equations we leam that j- vanishes wherever 

8inK3! = 0; that is, that besides the origin there are nodes at the 
points x = ^m\, m being any positive or negative integer. At any 
of these places infinitely thin rigid plane barriers normal to x 
might be stretched across the tube without in any way alter- 

n,.i,i.... ::.v..tK»yHJ 
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ing the motion. Midway between each pair of consecutive nodes 
there is a loop, or place of no pressure variation, since 8p = — /w^ 
(6) § 244. At any of these loops a communication with the 
external atmosphere might be opened, without causing any disturb- 
ance of the motion from air passing in or out. The loops are the 
places of maximum velocity, and the nodes those of maximum 
pressure variation. At intervals of X everything is exactly re- 
peated. 

If there be a node at a:= ^, as well as at the origin, siEA:7= 0, 
or \=2l-7-m, where m is a positive integer. The gravest tone 
which can be sounded by air contained in a doubly closed pipe 
of length I is therefore that which has a wave-length equal to 21. 
This statement, it will be observed, holds good whatever be the 
gas with which the pipe is filled ; but the frequency, or the place 
of the tone in the 'musical scale, depends also on the nature of 
the particular gas. The periodic time is given by 

.-^-^ (8). 

The other tones possible for a doubly closed pipe have periods 
which are submultiples of that of the gravest tone, and the whole 
system forms a harmonic scale. 

Let us now suppose, without stopping for the moment to in- 
quire how such a condition of things can be secured, that there is- 
a loop instead of a node at the point x = l. Equation (6) gives 
coa kI= 0, whence \ = 4i-=- (2m -I- 1), where m is zero or a positive 
integer. In this case the gravest tone has a wave-length equal 
to four times the length of the pipe reckoned from the node to 
the loop, and the other tones form with it a harmonic scale, from 
which, however, all the members of even order are missing. 

256, By means of a rigid barrier there is no difficulty in 
securing a node at any desired point of a tube, but the condition 
for a loop, i.e. that under no circumstances shall the pressure vary, 
can only be realized approximately. In most cases the variation 
of pressure at any point of a pipe may be made small by allowing 
a free communication with the external air. Thus Euler and 
liagrange assumed constancy of pressure as the condition to be 
satisfied at the end of an open pipe. We shall afterwards return 
to the problem of the open pipe, and investigate by a rigorous 
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process the conditions to be satisfied at the end. For our im- 
mediate purpose it will be sufficient to know, what is indeed 
tolerably obvious, that the open end of a pipe may he treated as 
a loop, if the diameter of the pipe be neglected in comparison 
with the wave-length, provided the external pressure in the neigh- 
bourhood of the open end be not itself variable from some cause 
independent of the motion within the pipe. When there is an 
independent source of sound, the pressure at the end of the pipe 
is the same as it would be in the same place,- if the pipe were 
away. The impediment to securing the fulfilment of the condition 
for a loop at any desired point lies in the inertia of the machinery 
required to sustain the pressure. For theoretical purposes we may 
overlook this difficulty, and imagine a massless piston backed by 
a compressed spring also without mass. The assumption of a 
loop at an open end of a pipe is tantamount to neglecting the 
inertia of the outside air. 

We have seen that, if a node exist at any point of a pipe, 
there must be a series, ranged at equal intervals ^X, that midway 
between each pair of conseciitive nodes there must be a loop, and 
that the whole vibration must be stationary. The same conclusion 
follows if there be at any point a loop ; but it may perfectly well 
happen that there are neither nodes nor loops, as for example in 
the case when the motion reduces to a positive or negative pro- 
gressive wave. In stationary vibration there is no transference of 
energy along the tube in either direction, for energy cannot pass 
a node or a loop. 

257. The relations between the lengths of an open or closed 
pipe and the wave-lengths of the included column of air may also 
be investigated by following the motion of a pulse, by which ia 
understood a wave confined within narrow limits and composed 
of uniformly condensed or rarefied fluid. In looking at the matter 
from this point of view it ia necessary to take into account care- 
fully the circumstances under which the various reflections take 
place. Let us first suppose that a condensed pulse travels in the 
positive direction towards a barrier fixed across the tube. Since 
the energy contained in the wave cannot escape from the tube, 
there must be a reflected wave, and that this reflected wave is 
also a wave of condensation appears from the fact that there is no 
loss of fluid. The same conclusion may be arrived at in another 
way. The effect of the barrier may be imitated by the introduc- 
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tion of a similar and equidistant wave of condensation moving in 
the negative direction. Since the two waves are both coadensed 
and are propi^ted in contrary directions, the velocities of the 
fluid composing them are equal and opposite, and therefore neu- 
tralise one another when the waves are superposed. 

If the progress of the negative reflected wave be interrupted 
by a second barrier, a similar reflection takes place, and the wave, 
still remaining condensed, regains its positive character. When a 
distance has been travelled equal to twice the length of the pipe, 
the original state of things is completely restored, and the same 
cycle of events repeats itself indefinitely. We learn therefore that 
the period within a doubly closed pipe is the time occupied by a 
pulse in travelling twice the length of the pipe. 

The case of an open end is somewhat different. The supple- 
mentary negative wave necessary to imitate the effect of the open 
end must evidently be a wave of rarefaction capable of neutralizing 
the positive pressure of the condensed primary wave, and thus in 
the act of reflection a wave changes its character from condensed 
to rarefied, or from rarefied to condensed. Another way of con- 
sidering the matter is to observe that in a positive condensed 
pulse the momentum of the motion is forwards, and in the 
absence of the necessary forces cannot be changed by the reflec- 
tion. But forward motion in the reflected negative wave is 
indissolubly connected with the rarefied condition. 

When both ends of a tube are open, a pulse travelling back- 
wards and forwards within it is completely restored to its original 
state after traversing twice the length of the tube, suffering in the 
process two reflections, and thus the relation between length and 
period is the same as in the case of a tube, whose ends are both 
closed ; but when one end of a tube is open and the other closed, 
a double passage is not sufficient to close the cycle of changes. 
The original condensed or rarefied character cannot be recovered 
until after two reflections from the open end, and accordingly in 
the case contemplated the period is the time required by the pulse 
to travel over four times the length of the pipe. 

258. After the full discussion of the corresponding problems 
in the chapter on Strings, it will not be necessary to say much on 
the compound vibrations of columns of air. As a simple example 
we may take the case of a pipe open at one end and closed at the 
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other, which is suddenly brought to rest at the time = 0, after 
being for some time in motion with a uniform velocity parallel to 
its length. The initial state of the contained air is then one of 
uniform velocity w, parallel to x, and of freedom from compression 
and rarefaction. If we suppose that the origin is a,t the closed 
end, the general solution is by (7) § 255, 

<^ = {A^ cos Kji + 5, sin n,t) cos k^x 

+ (A^ cos nji + 5j sin «,() cos k^ 



.(I), 



where «, = — ^ — j, i^ = a«,, and A^, B^, A^, B^.., are arbitrary 
constaats. 

Since ^ is to be zero iikitially for all values of x, the coeffi- 
cients B must vanish ; the coefficients A are to be determined 
by the condition that for M values of x between and I, 

%K^A^ sinK^x — — u^ (2), 

where the summation extendi to all integral values of r from 
1 to a>. The determination of the coefficients A from (2) is 
effected in the usual way. Multiplying by sin K^xdm, and inte- 
grating from to ?, we get 

^."a ("• 



The complete solution is therefore 

, 2w, -r"" cos «, X 



cosn^t (4). 



259. In the case of a tube stopped at the origin and open at 
x—l,\et =: cos nt be the value of the potential at the open end 
due to an external source of sound. Determining P and 6 in 
equation (7) § 255, we find 



coaKl 



..(1). 



It appears that the vibration within the tube is a minimum, 
when cos «i =■ ± 1, that is when Hs a multiple of JX, in which case 

"^"- n,,„.=^A)Oglc 
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there is a node at x = l. When ? is an odd multiple of JX, cos kI 
vanifihes, and then according to (1) the motion would become 
infinite. Id this case the supposition that the pressure at the 
open end is independent of what happens within the tube breaks 
down ; and we can only infer that the vibration is very large, in 
consequence of the isochrouism. Since there in a node at 2! = 0, 
there must be a loop when a: is an odd multiple of ^ X, and we 
conclude that in the case of isochronism the variation of pressure 
at the open end of the tube due to the external cause is exactly 
neutralised by the variation of pressure due to the motion within 
the tube itself. If there were really at the open end a variation 
of pressure on the whole, the motion must increase without limit 
in the absence of dissipative forces. 

If we suppose that the origin is a loop instead of a node, the 
solution is 

BiriKX ,„, 

* = -; — f cosn/ (a), 

^ SID kI ^ ' 

where ^ = cc« n£ is the given value of at the open end m=l. 

In this case the expression becomes infinite, when kI = trvr, or 

l = \ m\. 

We will next coBsider the case of a tube, whose ends are both 

open and exposed to disturbances of tlie same period, making ^ 

equal to jffe'"*, Ke^^ respectively. Unless the disturbances at the 

ends are in the same phase, one at least of the coefficients S, K 

must be complex. 

Taking the first form in (3) § 255, we have as the general 
expression for ^ 

= e*"* {A cos Kx+S sin kx). 

If we take the origin in the middle of the tube, and assume that 
thei values H e*"', Ke'*' correspond respectively to x = l, x = ~ I, 
we get to determine A and B, 

H=A cosW+5sinW, 

K^Aoo&Kl-BauKl, 
whence 



,, .g sin X (f + x) + ^ sin k(^ — x) 
sin 2k! ' 



c*). 
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This result might also be deduced from (2), if we conBider that 
the required motion arises from the superposition of the motion, 
which is due to the disturbance He*^ calculcited on the hypothesis 
that the other end x = ~l is a loop, on the motion, which is 
due to K^ on the hypothesis that the end x = lisa. loop. 

The vibration expressed by (4) cannot be stationary, unless the 
ratio H : K\ie real, that is unless the disturbances at the ends be 
in similar, or in opposite, phases. Hence, except in the cases 
reserved, there is no loop anywhere, and therefore no place at 
which a branch tube can be connected along which sound will not 
be propagated'. 

At the middle of the tube, for which a; = 0, 



is«r 



..(5), 



shewing that the variation of pressure (proportional to ^) vanishes 
if £r+ K = (i, that is, if the disturbances at the ends be equal and 
in opposite phases. Unless this condition be satisfied, the expres- 
sion becomes infinite, when 2i = ^ {2m + 1) X. 

At a point distant i\ from the middle of the tube the 
expression for ^ is 

4> = ^^^je'" (6). 

vanishing when H= K, that is, when the disturbances at the ends 
are equal and in the same phase. In general ^ becomes infinite,' 
when BinKZ=0, or2^ = m\. 

If at one end of an unlimited tube there be a variation of 
pressure due to an external source, a train of progressive waves 
wUl be propagated inwards from that end. Thus, if the length 
along the tube measured from the open end be y, the velocity- 
potential is expressed by i^ = cos[ni— n-l, corresponding to 

1 An arrangement of this kind baa been proposed li; Piof. Hayer ifiaX. Mag. 
XI.V. p. 90, 1BT3) for Qomparing the intensitiei ol Boniaea of sound of tike Bome 
pitch. Each end ol the tube is «qH)wd to the action ol one ol the Bonnea to be 
oompored, and the diatances are adjasted until tbe ampliindee of the vibrations 
denoted by H and K are equal. The branch tnbe is led to a manomeino capsule 
(9 963), and the method aaEomea that V Tatying the point of jnnctiou the distnrb- 
anee of the flame can be stopped. From the disaaBsion in the text it appears that 
this assnmption is not theoietioally correct. 

4—2 [ 
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<f)= coant at y = ; so that, if the cause of the disturbaiice within 
the tube be the passage of a train of progressive wares across the 
open end, the intensity within the tube will be the same as in the 
space outside. It must not be forgotten that the diameter of the 
tube is supposed to be inSnitely small in comparison with the 
length of a wave. 

Let us next suppose that the source of the motion is within the 
tube itself, due for example to the inexorable motion of a piston 
at the origin'. The constants in (5) § 255 are to be determined 

by the conditions that when a! = 0, -3- = cosKi (say), and that, 

when x = l, <^ = 0. Thus kA=s— tan kI, kB = I, and the ex- 
pression for ^ is 

sin «(»-;) 

"^ K COS Ki ^ ' 

The motion is a minimum, when cos kI = ±1, that is, when the 
length of the tube is a multiple of ^\. 

When { is an od<l multiple of ^\, the place occi^ied by the 
piston would be a node, if the open end were really a loop, but ia 
this case the solution falls. The escape of energy from the tube 
prevents the energy &om accumulating beyond a certain point ; 
but no account can be taken of this so long as the open end is 
treated rigorously as a loop. We shall resume the question of 
resonance after we have considered in greater detail the theory of 
the open end, when we shall be able to deal with it more satis- 
factorily. 

In like manner if t^e point x=l be a node, instead of a loop, 
the expression for is 



cos /eg -a;) 
^ K sivikI '^ ■' ' 



and thus the motion is a minimum when I is an odd multiple of JX, 
in which case the origin is a loop. When I is an even multiple of 
W the origin should be a node, which is forbidden by the condi- 
tions of the question. In this ease accordiug to (8) the motiou 
becomes infinite, which means that in the absence of dissipative 
forces the vibration would increase without limit. 

' These problems are considered bj' FoiaaoD, Slim, de Vliutitat, t. n. p. 30o. 

r,i.:il ■...■:. v.. HUWIC 
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260. The experimental investigation of aerial waves within 
pipes has been effected with considerable success by M. Kundt'. 
To generate waves is easy enough; but it is not so easy to invent a 
method by which they can be effectually examined. M. Kundt 
discovered that the nodes of stationary waves can be made evident 
by dust. A little fine sand or lycopodium seed, shaken over the 
interior of a glass tube containing a vibrating column of air, 
disposes itself in recurring patterns,, by means of which it is easy 
to determine the positions of the nodes and to measure the 
intervals between them. In Kundt's experiments the origin of 
the sound was in the longitudinal vibration of Bt glass tube called 
the sounding-tube, and the dust-figures were foamed in a second 
and larger tube, called the wave-tube, the latter being provided 
with a moveable stopper for the purpose of adjusting its length. 
The oth«r eud of the wave-tube was fitted wi^ a cork through 
which the sounding-tube passed half' way^ By suitable friction 
the sounding-tube was caused to vibrate in its gravest mode, so 
that the ceutral point was nodal, and its interior extremity (closed 
with a cork) excited aerial vibrations in the wave-tube. By means 
of the stopper the length of the column of air could be adjusted so 
as to make the vibrations as vigorous as possible, which happens 
when the interval between the stopper and the end of the 
Bounding-tube Is a multiple of half the* wave-length of the 
sound. 

With thia apparatus Kundt was abFe to compare the wave- 
lengths of the same sound' in various gases, from which the rela- 
tive velocities of prop^ation are at once deducible, but the results 
were not entirely satisfiictory. It was found that the intervals 
of recurrence of the dust-patterns were not strictly equal, and, 
what was worse, that the pitch of the sound was not constant 
from one experiment to another. These defects were traced to a 
communication of motion to' the wave-tube through the cork, by 
which the dust-figures were disturbed, and' the pitch made irregular 
in consequence of unavoidable variations in the mounting of the 
apparatus. To obviate them, Kundt replaced the cork, which 
formed too stiff a connection between the tubes, by layers of sheet 
indiarubher tied round with silk, obtaining in this way a flexible 
and perfectly air-tight joint; and in order to avoid any risk of the 
comparison of wave-lengths being vitiated by an alteration of pitch, 

' Pogg. Ann. t. cxiiv. p. 337. 1868. 

, n,„iz..Jt,G00glc 
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the apparatus was modified so as to make it possible to excite 
the two systems of dust-figures simultaneously and in reBpouse to 
the same sound. A collateral advantage of the new method con- 
sisted in the elimination of temperature-corrections. 

In the improved "Double Apparatus" the sounding-tube was 
caused to vibrate in iia second mode by friction applied near 
the middle; and thus the nodes were formed at the points distant 
from the ends by one-fourth of the length of the tube. At each 
of these points connection was made with an independent wave- 
tube, provided with an adjustable stopper, and with branch tubes 
and Btop-cocks suitable for admitting the various gases to be 
experimented upon. It is evident that dust-figures formed in the 
two tubes correspond rigorously to the same pitch, and that there- 
fore a comparison of the intervals of recurrence leads to a correct 
determination of the velocities of propagation, under the circum- 
stances of the experiment, for the two gases with which the tubes 
are filled. 

The results at which Eundt arrived were as follows:— 

(a) The velocity of sound in a tube diminishes with the 
diameter. Above a certain diameter, however, the change is not 
perceptible. 

(b) The diminution ©f velocity increases with the wave- 
length of the tone employed. 

(c) Powder, scattered in a tube, diminishes the velocity of 
sound in narrow tubes, but in wide Mies is without effect. 

(d) In narrow tubes the effect of powder increases, when 
it is very finely divided, and is strongly ajj^tated in consequence. 

{e) Boughening the interior of a narrow tube, or increasing 
its surface, diminishes the velocity. 

(/) In wide tubes these changes of velocity are of no im- 
portance, 30 that the method may be used in spite of them for 
exact determinations. 

(g) The influence of the intensity of sound on the velocity 
cannot be proved. 

(h) With the exception of the first, the wave-lengths of a 
tone as shewn by dust are not affected by the mode of excitation. 

(i) In wide tubes the velocity is independent of pressure, 
but in small tubes the velocity increases with tbe pressure. 
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(j) All the observed changes in the velocity were due to 
friction, and especially to exchange of heat between the air and 
the sides of the tube. 

(k) The velocity of sound at 100° agrees exactly with that 
given by theoiy'. 

We shall return to the question of the propagation of sound in 
narrow tubes as affected by the causes mentioned above (j), and 
shall then investigate the formulse given by Helmholtz and 
Kirchhoff. 

261, In the experiments described in the preceding section the 
aerial vibrations are forced, the pitch being determined by the 
external source, and not (in any appreciable degree) by the length 
of the column of air. Indeed, strictly speaking, all sustained 
vibrations are forced, as it is not in the power of free vibrations 
to maintain themselves, except in the ideal case when there is 
absolutely do friction. Nevertheless there is an important prac- 
tical distioction between the vibrations of a column of air as 
excited by a longitudinally vibrating rod or by a tuning-fork, and 
such vibrations as those of the organ-pipe or chemical harmonicon. 
In the latter cases the pitch of the sound depends principally on 
the length of the aerial column, the function of the wind or of the 
flame* being merely to restore the energy lost by friction and by 
communication to the external air. The air iu an organ-pipe is to 
be considered as a column swinging aJmost freely, the lower end, 
across which the wind sweeps, being treated roughly as open, and 
the upper end as closed, or open, as tfce ease may be; Thus the 
■wave-length of the principal tone of a stopped pipe is four times 
the length of the pipe; and, except at'the extremities, there is 
neither node nor loop. The overtones of the pipe are the odd 
harmonics, twelfth, higher third, &c., corresponding to the various 
subdivisions of the column of air. In the caae of the twelfth, for 
example, there is a node at the point of trisection nearest to the 

< Fioio some expresBiona in tha memoir already cited, from which the notioe 
in the text ia principally deriyed, M. Kundt appears to have contemplated a con- 
tinuation of bia inTeatigationa ; bat I am onable to find any later publication on 
the sabject. 

> Iha BDbject of Benaitlve flames with and withoat pipes is tieated in eon. 
siderable detail by Prol Tjndall in his work on Sonnd; but tbe mecbanicB of 
this doBS of phenomena ie still ver; imperfeotl; understood. We shall retnin to 
it in a subsequent chapter. 



56 EXPBBIMENTS OF SAVAET AND KONIG. [261. 

open end, and a loop at the other point of trisection midway 
between the first and the stopped end of the pipe. 

In the case of the open organ-pipe both ends are loops, and 
there must be at least one internal noda The wave-length of the 
principal tone is twice the length of the pipe, which is divided 
into two similar parts by a node in the middle. From this we see 
the foundation of the ordinary rule that the pitch of an open pipe 
is the same as that of a stopped pipe of half its length. For reasons 
to be more fully explained in a subsequent chapter, connected 
with our present imperfect treatment of the open end, the rule is 
only approximately correct. The open pipe, differing in this re- 
spect from the stopped pipe, is capable of sounding the whole series 
of tones forming the harmonic scale founded upon its principal 
tone. In the case of the octave there is a loop at the centre of the 
pipe and nodes at the points midway between the centre and the 
extremities. 

Since the frequency of the vibration in a pipe is proportional 
to the velocity of propagation of sound in the gas with which the 
pipe is filled, the comparison of the pitches of the notes obtained 
from the same pipe in different gases is an obvious method of 
determining the velocity of propagation, in cases where the impos- 
sibility of obtaining a sufficiently long column of the gas precludes 
the use of the direct method. In this application Chladni with his 
usual s^acity led the way. The subject was resumed at a later 
date by Dulong' and by Wertheim*, who obtained fairly satisfac- 
tory results' 

262, The condition of the air in the interior of an organ-pipe 
was investigated experimentally by Savart', who lowered into the 
pipe a small stretched membrane on which a little sand was 
scattered. In the neighbourhood of a node the sand remained 
sensibly undisturbed, but, as a loop was approached, it danced with 
more and more vigour. But by far the most striking form of the 
experiment is that invented by Konig. In this method the vibra- 
tion is indicated by a small gas flame, fed through a tube which 
is in communication with a cavity called a manometric capsule. 

' Becherclieii snr lee ehaleuis Bpfioifiqnes dea flnidea anBtiqueB. Ann. d. Chim., 
t. lu. p. lis. 

■ Ann. de Chin., 8l™o Bine, t. wii. p. 434. 
* Ann. de Chim., t, ixiv. p. 66. 1823, 
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Tbis cavity is bounded on one side by a membrane on which 
the vibrating wr acts. As the membnme vibrates, rendering the 
capacity of the capsule variable, the supply of gas becomes un- 
steady and the flame intermittent. The period is of course top 
small for the intermittenee to manifest itself as such when the 
flame is looked at steadily. By shaking the head, or with the aid 
of a moveable mirror, the resolution into more or less detached 
images may be effected; but even without resolution the altered 
character of the flame is evident from its general appearance. In 
the application to organ-pipes, one or more capsules are mounted 
on a pipe in such a manner that the membranes are in contact 
with the vibrating column of air; and' the difference in the flame 
is very marked, according as the associated ca3)8ule is situated at 
a node or at a loop. 

263. Hitherto we have supposed the pipe to be straight, but 
it will readily be anticipated that, when the cross section is small 
and does not vary in area, straightness b not a matter of impor- 
tance". Conceive a curved axis of x running along the middle of 
the pipe, and let the constant section perpendicular to this axis 
be 8. When the greatest diameter of 8 is veiy small in comparison 
with the wave-length of the sound, the velocity-potential ^ 
becomes nearly invariable over the section ; applying Green's 
theorem to the space bounded by the interior of the pipe and by 
two cross sections, we get 



///' 



v-*<ir.s,A(|), 



Now by the general equation of motion 

and in the limit, when the distance between, the sections is made 
to vanish, 



lie"" die'' 



••(1). 



shewing that ^ depends upon x in the same way as if the pipe 
were straight. By means of eqiiation (1) the vibrations of air in 
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curved pipe* of uniform section may be easily investigated, and the 
results are tbe rigorous consequences of our fundamental equations 
(which take no account of friction), when the section is supposed to 
be infinitely em&lL In the case of thin tubes such as would be 
used in experiment, they suffice at any rate to give a very good 
representation of what actually happens. 

S64r. We now pass on to the consideration of certain cases of 
connected tubes. In the accompanying figure AD represents a 
thin pipe, which divides at 2) into two branchea DB, DC. At E 
the branches reunite and form a single tube UF. The sections 
of the single tubes and of tbe branches are assumed to be uniform 
OS well as very small. 

Pig. 66. 



In the first instance let ns suppose that a positive wave of 
arbitrary type is advancing in ^. On its arrival at the fork D, ift 
will give rise to positive waves in B and G, and, unless a certain 
condition be satined, to a negative reflected wave in A. L^ the 
potential of the positive waves be denoted hyf^,ft,/e, /being in 
each case a functifxi of ts — cU; and let the reflected wave be 
F{x + (U). Then the conditions tcbe satisfied at i> are first that 
the pressures shall be the same for the three pipes, and secondly 
that the whole velocity of the fliuid in A sbaH be equal to the sum 
of the whole velocities of the fluid in B and C. Thus, using 
A,B,Cto denote the ai«&3 of the sections, we have, § 214, 

^(/:+i")=-B/;+c/:S '•'' 

whence 

^-s^^' (^)' 

f-'f-'-STcTAf' (')'• 

* ThSM faniiQl*s u ■iipli«d lo delennine tbe reflected and rabaeted waves 
at Dm juuMioa «f t\ro tobc^ ttl stelions B + r, and A respecliTclj, are giTen 1^ 



ttyn. 
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It appears ihaA/g and/, are always the same. There is no refle(}< 
tion, if 

B + G=A (4), 

that is, if the combined sections of the branches be equal to the 
section of the trunk ; and, when this condition is satisfied, 

/.-/.-/. (5)- 

The wave then advances in B and exactly as it vould have 
done in A, had there been no break. If the lengths of the 
branches between D and E be equal, and the section of F be equal 
to that of A, the waves on arrival at E combine into a wave pro- 
p^^ated along F, and again there is no reflection. The division 
of the tube has thus been absolutely without effect ; and since the 
same would be true for a negative wave passing from F to Ai 
we may conclude generally that a tube may be divided into two, 
or more, branches, aU of the same length, without in any way 
influencing the law of aerial vibration, provided that the whole 
section remain constant. If the lengths of the branches from D 
to F be unequal, the result is different. Besides the positive wave 
in F, there will be in general negative reflected waves in S and O. 
The most interesting case is when the wave is of harmonic type 
and one of the branches is longer than the other by a multiple of 
5 X, If the difference be an even multiple of J \, the result will be 
the some as if the branches were of equal length, and no reflection 
will ensue. But suppose that, while B and C are equal in section, 
one of them is longer tiian the other by an odd multiple of ^X. 
Since the waves arrive at £ in oppc^te phases, it follows from 
symmetry that the positive wave in J^must vanish, and that the 
pressure at F, which is necessarily the same for all the tubes, 
must be constant. The waves in B and C are thus reflected as 
from an open end. That the conditions of the question are thus 
satisfied may also be seen by supposing a barrier taken across the 
tube F in the neighbourhood of ^ in such a way that the tubes 
B and C communicate without a change of sectioiL The wave in 
each tube will then pass on into the other without interruption, 
and the pressure-variation at F, being the resultant of equal and 
opposite components, will vanish. This being so, the barrier may 
be removed without altering the conditions, and no wave will be 
propagated along F, whatever its section may be. The arrange- 

Foianoa, Mfm. d. I'lmtitul, t. n. p. 805. The leadei will not forget that both 
diameteni most be Hmall in oompariBOn "with the vaTe-leugth. 

n,.i,i'....::.v.AH.»'^lC 
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ment now under consIdetatioD was invented by Herscbel, and has 
been employed by Quincke and others for experimental purposes, — 
an application that we ehall afterwards have occasion to describe. 
The phenomenon itself is often referred to as an example of inter- 
ference, to which there can be no objection, but the same cannot 
be said when the reader is led to suppose that the positive waves 
neutralise each other in F, and that there the matter ends. It must 
never be forgotten that there isno loss of energy in interference, 
but only a different distribution; when energy is diverted from 
one place, it reappears in another. In the present case the positive 
wave in A conveys energy with it. If there is no wave along F, 
there aje two possible alternatives. Either energy accumulates 
in the branches, or else it passes bact along A in the form of a 
negative wave. In order to see what really happens, let us trace 
the progress of the waves reflected back aX E, 

These waves are equal in magnitude and start from E in 
opposite phases ; in the passive from E ia D one has to travel 
a greater distance than the other by an odd multiple of \\; and 
therefore on arrival at D they will be in complete accordance. 
Under these circumstances they combine into a single wave, which 
travels negatively albng A, and there is no reflection. When the 
negative wave reaches the end of the tube A, or is otherwise dis- 
turbed in its course, the whole or a part may be reflected, and then 
the process is repeated. But however often this may happen there 
will be no wave along F, unless by accumulation in consequence of 
a coincidence of periods, the vibration in the branches become bo 
great tbat a small fraction of it can no longer be neglected. 

Tig. 66. 




! may reason thus. Suppose the tube F cut off by a 
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barrier as before. The motion in the ring being due to forces 
acting at B is necessarily symmetrical with respect to D, and ly — 
the point which divides DBCB into equal parts. Hance 7)' is a 
node, and the vibration is stationary. This being the case, at a 
point E distant J\ from D' on either side, there must be a loop; 
and if the barrier be removed there will still be no tendency to 
produce vibration in F. If the perimeter of the ring be a multiple 
of X, there may be vibration within it of the period in question, 
independently of any lateral openings. 

Any combination of connected tubes may be treated in a similar 
manner. The general principle is that at .any junction a space 
can be taken laige enough to include all the region through which 

Fig. 67. 




the want of uniformity affects the law Of the waves, and yet so small 
that its longest dimension may be neglected in compaiison with X. 
Under these circumstances the fluid within the space in question 
may be treated as if the wave-length were infinite, or the fluid 
itself incompressible, in which case its velocity-potential would 
satisfy v'^ = 0, following the same laws as electricity. 

265, When the section of a pipe is variable, the problem of the 
vibrations of air within it cannot generally be solved. The case 
of conical pipes will be treated on a future p^e. At present we 
will investigate an approximate expression for the pitch of a nearly 
cylindrical pipe, taking firat the case where both ends are closed. 
The method that will be employed is similar to that used for a string 
whose density is not quite constantj §§ 91, 140, depending on the 
principle that the period of a free vibration fulfils the stationary 
condition, and may therefore be calculated from the potential and 
kinetic energies of any hypothetical motion not departing far from 
the actual type. In accordance with this plan we shall assume that 
the velocity normal to any section S is constant over the section, 
as must be very nearly the case when the variation of S is slow. 
Let X represent the total transfer of fluid at time ( across the 
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section at tc, reckoned from the equilibrium condition; then JC 
represents the total velocity of the current, and X-i-S represents 
the actual velocity of the particles of fluid, so that the kinetic 
energy of the motion within the tube is expressed by 

'^T^r (!)■ 



^-i'/l 



The potential energy § 245 (12) is expressed in general by 

jr, since dF«S(ic, by 

r-JaV.fe.'ie (2). 



Again, by the Condition of continuity, 

IdX 

'Sdw 



-'4!l m. 



and thus 

^-i'-^IKT)^ w 

Tf we now assume for X an expression of the same form as 
would obtain, if S were constant, viz. 

X=8in-j- cosni (5), 

we obttun from the values of T and V in (1) and (4), 

, oV f' .wxdx f . ,irxdx ,„. 

''"rJrT-s-*lrT-s w- 

or, if we write 5 = *?, + AS and neglect the square o[ AS, 

„.._|l-2j», — -^-j-j (7). 

The result may be expressed conveniently in terms of J^I, the cor- 
rection that must be made to ! in order that the pitch may be 
calculated from the ordinary formula, as if <$ were constant. For 
the value of Al we have 

fli= I cos— J — q-dx (8;. 
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The effect of a Tariatjon of section is greatest near a node or near 
a loop. An eolargement of section in the first caee lowers the 
pitch, and in the second case raises it. At the points midway 
between the nodes and loops a slight variation of section is without 
effect. The pitch is thus decidedly altered by an enlargement or 
contraction near the middle of the tube, but the influence of a 
slight couicality would be much less. 

The expression for Al in (8) is applicable as it stands to the 
gravest tone only; hut we may apply it to the to** tone of the har- 
monic scale, if we modify it by the substitution of cos — j — 

. 2irar 

forces-^-. 

In the case of a tube open at both ends (5) is replaced by 

X=oo8 -I- coent (9), 

which leads to 

A; = -J'co,?^^<fa (10), 

instead of (8). The pitch of the sound is now rused by an 
enlargement at the ends, or by a contraction at the middle, of the 
tube ; and, as before, it is unaffected by a slight general couicality 
(§ 281). 

266. The case of progressive waves moving in a tube of vari- 
able section is also interesting. In its general form the problem 
would be one of great difficulty; but where the change of section 
is very gradual, so that no considerable alteration occurs within a 
distance of a great many wave-lengths, the,principle of energy 
will guide us to an approximate solution. It is not difficult to see 
that in the case supposed there will be no sensible reflection of the 
wave at any part of its course, and that therefore the energy of the 
motion must remain unchanged'. Now we know, § 245, that for 
a given area of wave-front, the energy of a train of simple waves 
is as the square of the amplitude, from which it follows that as 
the waves advance the amplitude of vibration varies inversely as 
the square root of the section of the tube. In all other respects the 
type of vibration remains absolutely unchanged. From these re- 
sults we may get a general idea of the action of an ear-trumpet, 
' Phil. Mag. (E) 1. p. 261. 
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It appears that accordiog to the ordinary approximate equations, 
there is no limit to the conceiitratioD of sound producible in a 
tube of gradually diminishing section. 

The same method is applicable, when the density of the 
medium varies slowly from point to point. For example, the 
amplitude of a sound-wave moving upwards in the atmosphere 
may be determined by the condition that the energy remains 
unchanged. From § 245 it appears that the amplitude is in- 
versely as the square root of the density'. 

' & delicate qneation ariaes as to the oJtiniale (ate of BonoroiiB vaves propagated 
apwarda. It Bhonld be lemarXed that ia rare air the deadening inflDeoce of viscadty 
IB maoh iaareased. 
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CHAPTER XIII. 

BPECIAL PROBLEMS. BEPLECTION AND RfiFRAdldN' OP 
PLANE WAVES. 

267. Before tiDdertaking the dlBCiissioD of the general equa- 
tions for aerial vibrations we may conveniently turn our attention, 
to a few special problems, relating principally to motion in two 
dimensions; which are susceptible of HgorOus and yet compara- 
tively simple solution. In this way the reader, to whom the 
subject is new, will acquire some familiarity with the ideas and 
methods employed before attacking more formidable dif&culties. 

In the previous chapter (§ 255) we investigated the vibrations in 
one dimension, which may take place parallel to the aada of a tube, 
of which both ends are closed. We will now inquire what vibrations 
are possible within a closed rectangular box, dispensing with the 
restriction that the motion is to be in one dimension only. For 
each simple vibration, of which the system is capable, varies as 
a circular function of the time, say Cos xat, where it is some 
constant ; hence = — «'a*0, and therefofe by the general different 
tial equation (9) § 244 

V** + *'* = (1). 

Equation (1) must be satisfied throughout the whole of the 
included volume. The surface condition to he satisfied oveT the 
six ndes of the box is simply 



dn 



..(2), 



where dn represents an element of the normal to the surface. It 
is only for special values of x that it is possible to satisfy (1) and 
(£) simultaneously. 

B. II. 5 
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Taking three edges wbicb meet as axes of rectangular co-ordi- 
nates, and supposing that the lengths of the edges are respectively 
a. A 7f we know (§ 255) that 

^=COB^p^), = 003(2^), = CO8^r^), 

where ^, q, r are integers, are particular solutions of the problem. 
By any of these forms equation (2) is satisfied, and provided 

that K be equal tojj-jj-sjorr-.aa the case may be, (1) is also 

satisfied. It is equally evident that the boundary equation (2) is 
satisfied over all the surface by the form 



.{ifjc 



■J) <')• 

a form whioh alao satit^ea (1), if x be taken such that 

-■-'■(l'+|+^ w. 

where as before p, <;, r are integers. 

The general solution, obtained by compounding all particular 

solutions included under (3), is 

^ 1= S X S (.il cos teat + £ sin xat) 

" «•» (pt) "» («t) «" ('t) <"'• 

in which A and B are arbitrary constants, and the summation is 
extended to all integral values of ^, q, r. 

This solution is sufficiently general to cover the ease of any 
initial state of things within the box, not involving molecular 
rotation. The initial distribution of velocities depends upon the 
initial value of 0, or {(u„dx + v^dy + w^dz), and by Fourier's 
theorem can be represented by (5), suitable values being ascribed 
to the coefficients A. In like manner an arbitrary initial distribu- 
tion of condensation (or rarefaction), depending on the initial 
value of ^, can be represented by ascribing suitable values to the 
coefficients B. 

The investigation might be presented somewhat differently 
by commencing with assuming in accordance with Fourier's 
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theorem that the general value of ^ at time t can be expressed in 
the form 



^=SXSCco. (y^) CM ({S) coB(r' 



in which the coefficients may depend upon *, but not upon 
w, y, z. The expressions for T and V would then be formed, and 
shewn to involve only the squares of the coefficients C, and from 
these expressioua would follow the normal equations of motion 
connecting each normal co-ordinate G with the time. 

The gravest mode of vibration is that in which the entire 
motion is parallel to the loi^est dimension of the box, and there 
is no internal node. Thus, if a he the greatest of the three sides 
*j /S, 7, we are to take p = \, q = Q,r = <i. 

In the case of a cubical box, S( = /3^7, and then instead of 
(4) we have 

«'-J(p*+s'+0 • (6), 

or, if \ be the wave-length of plane wares of the same period, 

X = 2a + V(p' + 2*+0 (7). 

For the gravest mode p-s 1, js=0, »" = 0, orp^O, ?=*!. r=0, &c., 
and \ = 23. The next gravest is when ^ = 1, g = 1, r = 0, &c., and 

thenX = V2a. When p=\, q~l, r = \, ^ = -7^<^ ^or the 

fourth gravest modGp = % y=>0, »' = 0, &o., and then X = 4!2. 

As in the case of the membrane (§ 197), when two or more 
primitive modes have the same period of vibration, other modes 
of like period may be derived by composition. 

The trebly infinite series of possible simple component vibra- 
tions is not necessarily completely represented in particular cases of 
compound vibrations. If, for example, we suppose the contents of 
the box in its initial condition to be neither condensed nor rarefied 
in any part, and to have a uniform velocity, whose components 
parallel to the axes of co-ordinates are respectively «,, w,, «!„, 
no simple vibrations are generated for which more than one of 
the three numbers p,q,ris finite. In fact each component initial 
velocity may be considered separately, and the problem is similar 
to that solved in § 258. 

5—3 
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In future chapters we shall meet with other examples of the 
vibrations of air within completely closed vessels. 

Some of the natural notes of the air contained within a room 
may generally be detected on singing the scale. Probably it is 
somewhat in this way that blind people are able to estimate the 
size of rooms'. 

In long and narrow passages the vibrations parallel to the 
length are too slow to affect the ear, but notes due to transverse 
vibrations may often be heard. The relative proportions of the 
various overtones depend upon the place at which the disturbance 
is created'. 

In some cases of this kind the pitch of the vibratioos, whose 
direction is principally transverse, is influenced by the occurrence 
of longitudinal motion. Suppose, for example, in (3) and (4), that 
2 = 1, r = 0, and that a is much greater than j3. For the principal 
transverse vibration ^ = 0, and K = ir-i-ff. But besides this there 
are other modes of vibration in which the motion is principally 
transverse, obtained by ascribing to p small int^ral values. Thus, 
when p = 1, 

shewing that the pitch is nearly the same as before', 

268. If we suppose y to become infinitely great, the box of 
tho preceding section is transformed into an infinite rectangular 
tube, whose sides are a and ff. Whatever may be the motion of 
the Mr within this tube, its velocity-potential may be expressed 
by Fourier's theorem in the series 

,f-SS^„oo8«^cosffl (1), 

' A ramaikable inBtaQoe ia ^Qoted in Tooug's NaUtral PhiUaopkg, ti. p. 273, 
from Darwin's Zmmomia, n, 467. " The late blind Jnstioe Fielding walked lot the 
Qjst time int<i my room, when he onoe visited me, and after speaking a few words 
said, 'This room is about 23 feet long, 18 wide, and 13 Id^'; all which he gaessed 
by the ear with great accmne;." 

' Oppel, Die hamumUehen OhertSne dti dureh paralleU WUnd^ etregttn Rt- 
JUxionttonee. ForUehritU der Fliytik, xii p, 130. 

* There ia an nndergronnd passage ia my house in wbioh it is possible, by 
singing the right note, to excite free Tibrations of many seoonds' duration, and it 
often happens that the resonant note is aSeoted with distinct beats. Tho breadth 
of the passage ia about i feet, and the height abont 6} feet. 
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where the coefScients A are iadependent of x and y. By the use 
of this form we secure the fulfilmeat of the boundary condition 
that there is to he no velocity across the sides of the tube ; the 
nature of ^ as a function of 2 and t depends upon the other 
conditions of the problem. 

Let us consider the case in which the motion at every point is 
harmonic, and due to a normal motion imposed upon a barrier 
stretching Faroes the tube at ^ >= 0. Assuming ^ to be proportional 
to e'"^ at all points, we have the usual difTerential equation 
^ ^ ^ 



^+'^^ = (2), 



which by the conjugate property of the functions must be satisfied 
separately by each term of (1). Thus to determine A„ as a 
function of e, we get 

^^h<-4)y''o (')■ 

The solution of this equation differs in fonn according to the sign 
of the coefficient of ^^. When^ and q are both zero, the coeffi- 
cient is necessarily positive, but as p and q Increase the coefficient 
changes sign. If the coefficient be positive and be called /<.*, 
the general value of A„ may be written 

'^,. = -2«e*<"'+'"'+C^e"'°'-'^.-. (*). 

where, as the factor e*^ is expressed, B^, G^ are absolute 
constants. However, the first term in (4) expresses a motion 
propagated in the negative direction, which is excluded by the 
conditions of the problem, and thus we are to take simply as the 
term corresponding to p, q, 

*=C„cos£3^co8^«'(— -->. 

In this expression C^, may be complex ; passing to real quantities 
and taking two new real arbitrary constants, we obtain 

^ = [i)„ cos C«a< — /iz) + ^ sin (ko* — /I*)] cos^^ 008 *^ . ..(3). 

We have now to oonsidei the form of the aolution in cases 
where the coefficient of A„ in (3) is negative. If we call it — j^, 
the solution corresponding to (4) is 

A„=^-^{B„e"+G„e-^ (6). 

r,,.:,i ■...■:. v.. iKtyie 
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of which the first term is t« he rejected bb hecoming inflnite with a. 
We thus ohtaiQ correeponding to (5) 

* = tf-«[i)„cos«Hrf + ^Bin«ci]c08^co8^ (7). 

The solution ohtaiued by combining all the particalar solutions 
given by (5) and (7) is the general solution of the prohleio, and 

allows of a vajue of -^- over the eection * = 0, arhitraiy at every 

point in both amplitude and phase. 

At a great distance from the source the terms given in (7) 
become insensible, and the motion is represented by the terms of 
(5) alone. The effect of the terms involving high values of p and q 
is thus confined to the neighbourhood of the source, and at 
moderate distances any sudden variations or discontinuities in the 
motion at 2 = are gradually eased off and obhterated. 

If we fix our atteotion on any particular simple mode of vibra- 
tion (for which p and g do not both vanish), and conceive the 
frequency of vibration to increase from zero upwards, we see that 
the effect, at first confined to the neighbourhood of the source, 
gradually extends further and further, and after a certain value 
is passed, propagates itself to an infinite distance, the critical 
frequency being that of the two dimensional free vibrations of the 
corresponding mode. Below the critical point no work is required 
to Ttiaintam the motion ; above it as much work must be done at 
2 = as is carried off to infinity in the same time, 

269. We will now examine the result of the composition of 
two trains of plane waves of hajmonic type, whose amplitudes and 
wave-lengths are equal, but whose directions of propagation are 
inclined to one another at an angle 2a. The jH'ohlem is one of 
two dimensions only, inasmuch as everything is the same in 
planes perpendicular to the lines of intersection of the two sets of 
wave-fronts. 

At any moment of time the positions of the planes of maximum 
condensation for each train of waves may he represented by pa- 
rallel lines drawn at equal intervals X on the plane of the paper, 
and these lines must be supposed to move with a velocity a in a 
direction perpendicular to their length. If both sets of lines be 
drawn, the paper will be divided into a system of equal parallelo- 
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grams, vhich advance in the direction of one set of dia^b&als. At 
each comer of a parallelogram the coudenBation ia doubled by the 
superposition of the two trains of waves, and in the centre of each 
parallelogram the rarefaction is a maximum for the same reason. 
On each diagonal there is therefore a series of maxima and minima 
condensations, adv^icing without change of relative position and 
with velocity a -r cos a. Between each at^jaCent pair of lines of 
maxima and minima there is a parallel line of zero oondensation, 
on which the two trains of waves neutralize one another. It is 
especially remarkable that, if the wave-pattern were visible (like 
the corresponding water wave-pattern to which the whole of the 
preceding argument is applicable), it would appear to move for- 
wards without change of type in a direction different from that of 
either component train, and with a velocity different from that 
with which both component trains move. 

In -order to express the result analytically, let as suppose that 
the two directions of propagation are equally inclined at an angle a 
to the axis of x. The condensations themselves may be denoted by 

cos -r- (o * — a; COB a — y sm a) 

and cos -r- (a f — cos a + 9 sin a) 

respectively, and thus the expression for the lesultuit it 

8= cos — (ac — ascosa — y am a; + cos -r- (at — jccosa+ysma) 

a=2oos-z-{ai-a!Cosa) cos— (jf ano)..,.,....(l). 

It appears from (1) that the distribution of a on the plane xg 
advances parallel to the axis of x, unchanged in type, and with a 
uniform velocity a -:- cos a. Considered as depending on y, a is a 
maximum, when y sin a is equal to 0, X, 2X, 3X, &c, while for the 
intermediate values, viz, ^ X, J X, &c., 6 vanishes. 

If o = J IT, so that the two trains of waves meet one anothei* 
directly, the velocity of propagation parallel to « becomes infinite, 
and (1) assumes the form 

. = 2e<»(^a«)co»(^j,) (2); 

which represents ifyiivina.Ty waves. 
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Thb problem that we have just been considering is in reality 
the same as that of the reflection of a train of plane waves by an 
infinite plane wall. Since the expression on the right-hand side 
of equation (I) is ^a even fiiuotion of y, s is symmetrical with 
respect to the axis of at, and oonsequently there is no motion 
across that axis. Under these circumstances it is evident that the 
motion could in no way be alter-ed by the introduction along the 
axis of X of an absolutely immovable wall. If a be the angle 
between the surface and the direction of propagation of the inci- 
dent waves, the velocity with which the places of maximum con- 
densation (corresponding to the greatest elevation of water-waves) 
move along the wall is a -h cos a. It may be noticed that the aerial 
pressures have no tendency to move the wall as a whole, except in 
the case of absolutely perpendicular incidence, since they are at 
any moment as much negative aa positive. 

270. So long ae the medium which is the vehicle of sonad con- 
tinues of unbroken uniformity, plane waves may be propagated in 
any direction with constant velocity and with type unchanged ; but 
a disturbance ensues when the wayes reach any part where the 
mechanical properties of the medium imdetgo a change. The 
general problem of the vibrations of a variable medium is probal)1y 
quite beyond the grasp of our present mathematics, but many of 
the points of physical interest are raised in the case of plane 
waves. Let us suppose that the medium is uniform above and 
b^o^ a certain infinite plane (ai = 0), but that in crossing that 
plane there is an abrupt variation in the mechanical properties on 
which the propagation of sound depends^-namely the compressi- 
bUity and the density. On the upper side of the plane (which for 
distinctness of conception we may suppose horizontal) a trmn of 
plane waves advances so as to meet it more or less obliquely ; the 
problem is to determine the (redacted) wave which is propagated 
onwards within the second medium, and also that thrown back 
into the first medium, or reflected. We have in the first place 
to form the equations of motion and to express the boundary 
conditions. 

In the upper medium, if fj be the nt^tural density and * the 
condensation, 

density = p(l + a), 

and pressure = /■(! + As), 



:, Google 



270.] REFRACTION OF PLANE WAVES. 73 

where A ia a coefEcient depending on the compressibility, and P 
ia the undisturbed pressure. In like manner in the lower mediam 



pressure ^ P(l + ji, «,), 

the undisturbed pressure being the same on both sides of x = 0- 
Taking the axis of z parcel to the line of intersection of the 
plane of the waves with the surface of separation a; = 0, we have 
for the upper medium (§ 24<4), 

S=^(S+9) ■<•). 

and ^+'"'~'' P)' 

where r' = PA-l-p (3). 

SimilarLy, in the lower medinm, 

df ^'(da^^^J t*J* 

and ^ +V,\ = 0., (fi). 

where V^' = PA^ + p^ (6). 

These equations must be satisfied at all points of the fluid. Further 
the boundary conditions require (a) that at all points of the 
surface of separation the velocities perpendicular to the surface 
must be the same for the two fluids, or 



dx 



wheDa! = (7); 



(/3) that the pressures must be the same, whence Aj8^ = As, or by 
(2), (3), (6) and (6), 

"f-'-.f ■"•■"-« («)• 

In order to represent a train of waves of harmonic type, we 
may assume <ft and ^, to be proportional to c**'""''*''"'''^, where 
ax + by = const, gives the direction of the plane of the waves. If 
we assume for the incident wave, 

,^ = ^' e««+*»+'^ (9), 
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the reflected and refracted waves may be represented respectively 

by 

^ = ^"e'(-<"+!v*ca (10), 

0.= 0,«*(V+*»+'O (11). 

The coefficient of t is necessarily the same in all three waves 
on account of the periodicity, and the coefficient of y must be the 
same, since the traces of all the waves on the plane of separation 
must move together. With regard to the coefficient of x, it ap- 
pears hy substitution in the differential equations that its sign is 
changed in passing A'om the incident to the reflected wave; in 
fact 

^= V'l{±a)' + Fl=V,'la^+T^ (12). 

Now h + VCo*+ 1*) is the sine of the angle included between the 
axis of w and the normal to the plane of the waves — in optical 
language, the sine of the angle of incidence, and 6 + ^/{a* + 6*) is in 
like manner the sine of the angle of refraction. If these angles 
be called 0, 6^, (12) asserts that tnaS ; sind, is equal to the con- 
stant ratio V: V^, — the well-known law of sines. The laws of r&- 
fraction and reflection follow simply from the fact that the velo- 
city of propagation nprmal to the wave-fronts is constant in each 
medium, that is to say, independent of the direcHon of the wave- 
front, taken in connection with the equal velocities of the traces of 
all the waves on the plane of separation ( F-»- sin ^ = F, t- sin 0^, 
It remains to satisfy the boundary conditions (7) and (8). 

These give 

a (^' — ^") = a^if>,\ 

p(<l>'+4>") = p,4>J 

whence 

2f-(? + H')*.i 2*"=(7-h)*. ("'■ 

This completes the symbolical solution. If a^ (and 5,) be real, we 
see that if the incident wave be 

= cos (oiE + fry + (rf), 
or in terms of V, X, and 0, 

4>^coB ^(xcoiG + y?m0+ Vt) (15), 



..(18). 
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the reflected wave is 

p^ cot 6^ 
^ = £—^icos^{-xcosd + y^0+Vt)...(16), 

'p'^ cotO 
and the refracted ware is 

0, = _A-.^c(»~(icco8^, + y8iB(9,4 F,^...(17), 
p cot0 
The foramla for tlie amplitude of the reflected wave, viz. 
ft cotg, 
*" P~cot0 

f-pT-coTs: P^' 

,> "^ cot ^ 

is here obtained on the supposition that the wavea are of harmonic 
type ; hut since it does not involve A, and there ia no change of 
phase, it may be extended by Fourier's theorem to waves of any 
type whatever. 

If there be no reflected wave, cot 5, : cot 5 = p, : /^ from which 
and (1 + cot" 5^ : (1 + cot» ff) = V': F,», w© deduce 



\p' v;) 



cof ^ = Z!_i (i9)_ 



which shews that, provided the refractive index F, : F be inter- 
mediate in value between unity and p '■ p^, there is always an 
angle of incidence at which the wave is completely intromitted ; 
but otherwise there is no such angle. 

Since (18) is not altered (except as to sign) by an interchange 
of 0, 0^ ; p, p, ; &c., we infer that a wave incident in the second 
medium at an angle 0^ is reflected in the same proportion as a 
wave incident in the first medium at an angle 0. 

As a numerical example let us suppose that the upper medium 
is air at atmospheric pressure, and the lower medium water. 
Substituting for cot 5, its value in terms of and the refractive 
index, we get 

cot 0, V I 7y* \ 

^=F.Vl-(-f^-ljtan'^ <2**>' 
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or, since F, : F = 43 approximaielj, 

^ = •23 /(I -17-5 tan* 5), 

cot 8 "y* ■- ■" 

which shews that the ratio of cotangents diminishea to zero, as 6 
increases from zero to about 13°, after which it becomes imaginary, 
indicating total reflection, as we shall see presently. It must he 
remembered that in applying optical terms to acoustics, it is the 
water that must be conceived to be the 'rare' medium. The ratio 
of densities is about 770 : 1 ; so that 

0" ^ 1 - -0003 yi _ i7o tan' 6 
f "" 1 + 0003 Jl - 17-5 tan' 8 



= 1 - -0006 ^1 - 17-5 tan' 6 very nearly. 
Even at perpendicular incidence the reflection is sensibly perfect. 

If both media he gaseous, A^ — A, if the temperature be con- 
stant ; and even if the development of heat by compression be 
taken into account, there will be no sensible difference between 
A and A^ in the case of the simple gases. Now, if A^ = A, 
/), : p=Bm'0 : sin'flj, and the formula for the intensity of the 



reflected v 



K tan (0 - g,) 



. (21), 



if>' sin 2^ + sin 20, tan (5 + ^,) "' 
coinciding with that given by Fresnel for light polarized perpen- 
dicularly to the plane of incidence. In accordance with Brewster's 
law the reflection vanishes at the angle of incidence, whose 
tangent is V-i- V^. 

But, if on the other hand p, = p, the cause of disturbance 
being the change of compressibility, we have 



_ sin {0, - 0) 



.(22). 



4>' tantf, +tanff em {0^ + 0)" 
agreeing with Fresnel's formula for light polarized in the plane 
of incidence. In this case the reflected wave does not vanish at 
any angle of incidence, 

In general, when ^ = 0, 



..(25). 
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80 that there is no reflection, U p^: p= V : V^. Id the case of 
gases V* I V^'= p^ ; p, and then 

*' v/',+v/> ^+F, : ^^*^- 

Suppose, for example, that after perpendicular incidence re- 
flection takes place at a surface separating air and hydrogen. We 
have 

/>= 001276, p. = 00008837; 

whence Vp : VPi " 3'800, giving 

^" = -■5833^'. 

The ratio of intensities, which is as the square of the amplitudes, 
is '3402 : 1, so that about one-third part is reflected. 

If the difference between the two media be very small, and we 
write 7j = K-hSr, (24) becomes 

f * V 

If the first medium be air at 0° Cent., and the second medium be 
air at e Cent., r+ S V= F^/l -f 00366 * ; so that 

^ = _0009U 

The ratio of the intensities of the reflected and incident sounds is 
therefore 83 x 10"* xfi\. 

As another example of the same kind we may take the case in 
which the first medium iA dry air and the second is air of the 
same temperature saturated with moisture. At 10" Cent, air 
saturated with moisture is lighter than dry air by about one part 

Y 
in 220, so that 8^= jjjr nearly. Hence w© conclude from (25) 

that the reflected sound in only about one 774,000*^ part of the 
incident sound. 

From these calculations we see that reflections trom warm or 
mobt air must generally be very small, though of course the effect 
may accumulate by repetition. It must also he remembered that 
in practice the transition from one state of things to the other 
would be gradual, and not abrupt, as the present theory supposes. 
If the space occupied by the transitioo amount to a considerable 
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fractioD of the wave-length, the reflection would be materially 
lessened. On this account we might expect grave sounds to travel 
Uijough a hetert^neous medium less freely than acute sounds. 

The reflection of sound from suriaces separating portions of 
gas of different densities has ei^aged the attention of Frof. Tyndall, 
who has devised several striking experiments in illustration of the 
subject". For example, sound from a high-pitched reed was con- 
ducted through a tin tube towards a sensitive flame, which served 
as an indicator. By the interposition of a coal-gas flame issuing 
from an ordinaiy bat's-wing burner between the tube and the 
sensitive flame, the greater part of the effect could be cut off. 
Not only so, but by holding the flame at a suitable angle, the 
sound could be reflected through another tube in sufficient quantity 
to excite a second sensitive flame, which but for the interposition 
of the reflecting flame would have remained undistiu'bed. 

The preceding expressions (16), (17), (18) hold good in every 
case of reflection from a ' denser' medium ; but if the velocity of 
sound be greater in the lower medium, and the angle of incidence 
exceed the critical angle, a, becomes imaginary, and the formula) 
require modiflcation. In ihe latter case it is impossible that a 
refracted wave should exist, sincCj even if the angle of refraction 
were 90", its trace on the plane of separation must necessarily 
outrun the trace of the incident wave. 

If — lo/ be written in place of a^, the symbolical equations are 
Incident wave 



Hejlected wave 



6 + A 



Refracted vjave 

p a 
from which by discaiding the imf^inary parts, we obtain 

> Sound, 3rd edition, p, 382. 
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Iricident wave 

^ = COB (twr + Jy + c() (26), 

Reflected wavs 

^ = cofl(-aa! + Jy + rf + 2e) (27), 

Sefnu^eA watoe 

2 

^= . * ^ik^ efl^' COB (by -i- a + e) (28), 

where tan« = ^ (29), 

These fonnulfe indicate total reflection. The diBturbance in the 
eecond medium ie Dot a wave at all in the ordinary sense, and at 
a short distance &om the surfoce of separation {x negative) be- 
comeB insensible. Catculating a,' from (12) and expreaaing it in 
tenns of 6 and \, we flud 



"'''Xy'"""-^ P»)' 



shewing that the disturbance does not penetrate into the second 
medium more than a few wave-lengths. 

Hie difference of phase between the reflected and the incident 
wave's is 2e, where 

tane-^y'tan'^-y-'iiec'fl. (31). 

If the media have the same compresaibilities, p'Pt^y*- V*, and 

tan e = -^^^^l tan' d- see's (32). 

Since there is no loss of energy in reflection and refraction, the 
work transtoitted in any time across any area of the front of the 
incident wave must be equal to the work transmitted in the same 
time across corresponding areas of the reflected and refracted 
waves. These corresponding areas are plainly in the ratio 

cos S : cos S : cos 5, ; 

and thus by § 245 (t being the same for all the waves), 

Da.icdt, Google 
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or since F: F, = 8m5 : sia^,, 

/)cot5(0''-^"')=/>,cote,0,'. (33), 

which ia the energy condition, and agrees with the result of mtilti- 
plying together the two boundary equations (13). 

When the velocity of prop^ation is greater in the lower than 
in the upper medium, and the angle of incidence exceeds the 
critical angle, no energy is transmitted into the second medium; 
in other words the reflection is total 

The method of the present investigation is substantially the 
same as that employed by Green in a paper on the Reflectiofi and 
Kefractiou of Sound'. The case of perpendicular incidence was 
first investigated by Poisson ', who obtained formulfe corresponding 
to (23) and (24), which had however been abeady given by Young 
for the reflection of Light. In a subsequent memoir' Foisson 
considered the general case of oblique incidence, limiting himself, 
however, to gaseous media for which Boyle's taw holds good, and 
by a very complicated dialysis arrived at a result equivalent to 
(21). He also verified that the energies of the reflected and re- 
fracted waves inake up that of the incident wave. 

271. If the second medium be indefinitely extended down-- 
wards with complete uniformity in its mecbanical properties, the 
transmitted wave is propi^ted onwards continually, But if at. 
x = ~l there be a further change in the compressibility, or density, 
or both, part of the wave will be thrown back, and on arrival at 
the first sur&ce (a; = 0) will be divided into two parte, one trans- 
mitted into the first medium, and one reflected back, to be again 
divided sX x = ~l, and so on. By following the progress of these 
waves the solution of the problem may be obtained, the resultant 
reflected and transmitted waves being compounded of an infinite 
convergent series of components, all parallel and harmonic This 
is the method usually adopted in Optics for the corresponding 
problem, and is quite rigorous, though perhaps not always suf- 
ficiently explained ; but it does not appear to have any advantage 
over a more straightforward analysis. In the following investi- 
gation we shall confine ourselves to the case where the third 
medium is similar in its properties to the first medium. 

1 Cambridge TTaneaetiom, 1836. 

■ Mem. de I'lmtitut, t. ii. p. 305. 1619. 

' "M^moiieaurlemonvement de deiut fluidee 61astiqaM Boperpoe^B." 3iem. 
de I'lmtitut, t. z. p. 317. 1831. 
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In the first medium 

In the eecond medium 

In the ttiird medium 

with the conditions 

c' = r'(a' + 6')=P','« + i') (1). 

At the two surfaces of «epaiatioa we have to secure the equality 
of nonnal motions and pressures ; for at = 0, 






from which ^' and i^" are to be eliminated. We get 
(f - f ) cos o,I - • M (f + f ) sin aj = ^,e-" 
(*'+*") coso,i-l2£i{^'-f)sina,I = i/i,e-" 

and from these, if for brevity — ^ = a. 



■■{2); 

••(3), 



•■(4)i 



^ a + — 2t cot a,i 



Snoaal + i eiu 



v(,.l)- 



..(6); 



In order to pass to real quantities, these expressions muEt be 
put into the form ^e". 1/ o, be real, we find corresponding to 
the incident wave 

s cos {ax + Jy + c(), 
B. II. G ■ 



n„„l ■.,::.*. 
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tte reflected wave 

*-M rw- ^"^ 

a/ 4 cot' aJ+{a + -\ 
and the transmitted wave 

, 2 cos (ax + b>/ + ct + al-e) ,r,\ 

9= — i-^> ■ y I '■- ., ■ : (8), 



where 



' 4co3*a,Z + sm*ii,i f a + - 1 



tane = i^a + -Wna,i (9). 

If a= — r-rt " = 1. there is do reflected wave, and the trana- 
cotp, p 

mitted wave is represented hy 

^ = cos {aa; + by + ct + al — a,T), 

shewing that, except for the alteration of phase, the whole of the 
medium might as well have been uniform. 

If 2 be small, we have approximately for the reflected wave 

*~ 2" {a.~V ^i^ {- ** + ^ + "0. 

a formula applying when the plate is thin in comparison with 

the wave-length. Since ai=-r-co8^„ it appears that for a ^ven 

angle of incidence the amplitude varies inversely as \, or as X, 

In any case the reflection vanishes, if cot' a^ = <x), that is, if 

2icos^, = m\, 

m being an Int^er. The wave is then wholly transmitted. 

At perpendicular inddence, the intensity of the reflection is 
expressed by 

{^r^h'J^^^W^^1 <->• 

Let us now suppose that the second medium ia incompressible, so 

r,i.:il ■...■:. v.. l.K»<JIU 
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that f, = 00 ; oar espreBsion becomes 

^^^ (11), 



"7^ 



shewing bow the amount of reflection depends upon the relative 
masses of such quantities of the media as have volumes in the ratio 
of I :X, It is obvious that the second medium behaves like a 
rigid body and acts only in virtue of its inertia. If this be suf- 
ficient, the reflection may become sensibly total 

We have now to consider the case in which a, is imaginary. 
In the symbolical expressions (5) and (6) cos a^l and t sin a^l are 

real, while a, « + - , a — are pure imaginaries. Thus, if we sup- 
pose that a^ = ia^, <i = ia', and introduce the notation of the hyper- 
bolic sine and cosine (§ 170), we get 

, „ — »' fa' + - 1 sinh a 'I 
^^ V a/ 

" 2 cosh a^'l — i / a* — -; ) sinb o,7 

±,^ 2^ 

" 2 cosh a,7- t/a — ? J sinh o,'I 

Hence, if the incident wave be 

^ = cos {ax + hg+ ct), 

the reflected wave is expressed by 

(o'4- -jlsinho/f coa(— ax +ht/ + ct + e) 

^-—r , IV. — — <'"'■ 

*/4ooah*(i,7+ fo' — -,\ sinh*a,7 

cot«=irt-a')tanho;/ (13), 



where 



and the ti'ansmitted wave is expressed by 

2 sin {ax -I- fty + ef + a? -1- e) 



y (14). 

y^ 4 cosh' 0,7+ (a — ■,] sinh*a,7 



n,.?~\;oogIe 
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It is easy to verify that the energies of the reflected and 
transmitted waves account for the whole energy of the incident 
wave. Since in the present case the corresponding areas of wave- 
front are equal for all three waves, it is only necessary to add the 
squares of the amplitudes given in equations (7), (8), or in equa- 
tions (12), (14). 

272, These calculations of reflection and refraction under 
various circumstances might be carried further, but their interest 
would be rather optical than acoustical It is important to hear 
in mind that no energy is destroyed by any number of reflections 
and refractions, whether partial or total, what is lost in one direc- 
tion always reappearing in another. 

On account of the great difference of densities reflection is 
Usually nearly total at the boundary between air and any solid or 
liquid matter. Sounds produced in air are not easily communi- 
cated to water, and vice versd sounds, whose origin is under water, 
are heard with difficulty in, air. A beam of wood, or a metallic 
wire, acts like a speaking tube, conveying sounds to considerable 
distances with very little losa 
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CHAPTER XIV. 



QBNEBAL EQUATIONS. 

273. In connection with the general problem of aerial 
vibrations in three dimensions one of the first questions, which 
naturally offers itself, is the determination of the motion in an 
unlimited atmosphere consequent upon arbitrary initial dis- 
turbances. It will be assumed that the disturbance is small, so 
that the ordinary approximate equations are applicable, and further 
that the initial velecities are such as can be derived from a velocity- 
potential, or (§ 240) that there is no circulation. If the latter con- 
dition be viohited, the problem is one of vortex motion, on which 
we do not enter. We shall also suppose in the first place that no 
external forces act upon the fluid, so that ihe motion to be 
investigated is due solely to a disturbance actually existing at 
a time (' = 0), previous to which we do not push our inquiries. 
The method that w& shall employ is not very different from that 
of Poisson', by whom the problem was first successfully attacked. 

If w„, v^, w, be the initial velocities at the point x, y, 2,'and «„ 
the initial condensation, we have (§ 244), 



*r=/M« + l'A + "-»■- --(1). 



■(2). 



by which the initial values of the velocity-potential and of its 
differential coefficient with respect to time ^ are determined. 



^ Snr I'mygration de qnelqneB Equations lin^aires anx difi^reucM partielles, 
et pftiUonliSrement de I'^qnation g^a^rale da uiOQvemeiit dea floidea filastiqnes. 
Mim. de Vliatitat, t. in. p, 12L 1620. 
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The problem before U3 ia to determine <f> at time t from the above 
initisJ values, and the general equation applicable at aU times and 
places, 

(J_<..^.)^.0.. (3). 

When if> ia known, its derivatives give the component velocities at 
any point. 

The symbolieal solution of (S) may be written 

<f, = 6ia (ia-^t). + COB {ia^t).X W, 

where 6 and x ^^^ *■"" arbitrary functions of x, y, e and i^J— 1. 
To connect B and x ^i^^^ the initial valaes of ^ and ^, which we 
shall denote by /and ^respectively, it is only necessary to observe 
that when t = 0, (i) gives 

so that our result may be expressed 

^-ccCavO-Z+'-^^.i- (5). 

in which equation the question of the interpretation of odd powers 
of V "ssd not be considered, as both the symbolic functions are 
wholly even. 

In the case where <p was a function of x only, we saw (§ 245) 
that its value for any point x at time t depended on the initial 
values of <j> and <f) at the points whose co-ordinates were x~at 
and x + at, and was wholly independent of the initial circumstances 
at all other points. In the present case the simplest supposition 
open to us is that the value of ^ at a point depends on the 
initial values of and ^ at points situated on the surface of the 
sphere, whose centre ia and radius (U ; and, as there can be no 
reason for giving one direction a preference over another, we are 
thus led to investigate the expression for the mean value of a 
function over a spherical surface in terms of the successive differen- 
tial coefficients of the function at the centre. 

By the symbolical form of Maclaurin's theorem the value of 
F{x, y, z) at any point P on the surface of the sphere of radius r 
may be written 

n,.i,i ■....::. v.. l.K)^IU 
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the centre of the sphere being the origin of co-ordinates. In 

the integration over the surface of the sphere -;— , -y-. -n- 

* dx^ dy^ dz^ 

behave as constants ; we may denote them temporarUy by I, m, n, 

so that -^' = P+m'+. n\ 

Thus, r being the radius of the sphere, and d8 an element of 
its surface, since, by the symmetry of the sphere, we may replace 

any function of ,.„ a, «> ^ the same function of s without 

altering the result of the integration, 

rr re tt+ w+'w 

Mgi,t«w+«(i5'= M(ev)V(i'+m't»^ da 

^Ue^dS = 2irr J* V'd« = — (e«- - e-^) = 4^rr* ^^^ff^ . 

The mean value of F over the surface of the sphere of radius r is 
thus expressed by the result of the operation on F of the symbol 



— . ■ - — , oB, if //do- denote integiation with respect to angular 
space, 

i//'w^=^'-^ («)• 

By comparison with (5) we now see that so far as ^ depends 
on the initial v^ues of ^, it is expressed by 



s//^w 



do (7), 



or in words, ^ art any point at time t is the mean of the initial 
values of ^ over the surface of the sphere described round the 
point in question with radius at, the whole multiplied by (. 

By Stokes* rule (§ 9'5), or by simple inspection of (5), we see 
that the part of depending on the initial values of ^ may be 
derived from that just written by di&erentiaiing with respect to t 
and changing the arbitral^ function. The complete value of at 
time t is therefore 
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*-4//j'M*'+fta'///(»')i' 



..(8), 



which is Poisson's result'. 

On account of the importance of the present problem, it may 
be well to verify the solution a posteriori. We have first to prove 
that it satisfies the general difierential equation (3). Taking for 
the present the first term only, and bearing in mind the general 

symbolic equation 

df'-idrdi ™ 

we find from (8) 

dS being the surface element of the sphere r = at. 
But by Green's theorem 

Ifi^dS.jjj^Fdr (r<«); 
and thus 

Now j]\:'FdiT is the same as v* \]^d<T, and thaa (3) ia in fact 
satisfied. 

Since the second part of ^ is obtained from the first by dififeren- 
tiation, it also must satisfy the fundamental equation. 

With respect to the initial conditions we see that when t is made 
equal to zero in (8), 

*-^///{«()<'''(<-0)-/(0); 
*-c//*''°*'*' <'-"'+&£ «///(«<) <i^ (1-0). 

' Another inTeatigation will be found in Kirchhofl's VorUitmgen iiber Matht- 
^aatUche Phyiik, j>. 817. 1876. 
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of which the first term becomes in the limit F (0). When t = 0, 

= 2ajjf(at)d<T (( = 0)=.0, 

since the oppositely situated elements cancel in the limit, when 
the radius of the spherical surface is indefinitely diminished. The 
expression in (8) therefore satisfies the prescribed initial con- 
ditions as well as the general differential equation. 

274. If the initial disturbance be confined to a space T, the 
integrals in (8) § 273 are zero, unless some part of the surface of 
the sphere ri=a( be included within T. Let Obe a point external 
to T, r^ and r, the radii of the least and ^eatest spheres described 
about which cut it. Then so long as af < r,, <ft remains equal 
to zero. When at lies between r, and r,, may be finite, but for 
values greater than r, ^ is again zero. The disturbance is thus at 
any moment confined to those parts of space for which ai is inter- 
mediate between r^ and r,. The limit of the wave is the envelope 
of spheres with radius at, whose centres are situated on the surface 
of T. "When ( is small, this system of spheres will have an 
exterior envelope of two sheets, the outer of these sheets being 
exterior, and the inner interior to the shell formed by the as- 
semblage of the spheres. The outer sheet forms the outer limit 
to the portion of the medium in which the dilatation is different 
from zero. As ( increases, the inner sheet contracts, and at last its 
opposite sides cross, and it changes its character from being ex- 
terior, with reference to the spheres, to interior. It then expands, 
and forms the inner boundary of the shell in which the wave of 
condensation is comprised'." The successive positions of the 
boundaries of the wave are thus a series of parallel surfaces, and 
each boundary is propagated normally with a velocity equal to a. 

If at the time ( = there be no motion, so that the initial 
disturbance consists merely in a variation of density, the subse- 
quent condition of things is expressed by the first term of (8) § 273, 
Let us suppose that the original disturbance, still limited to a 
finite region T, consists of condensation only, without rarefaction. 
It might be thought that the same peculiarity would attach to the 



' StokeB, " Dynamical Theor7 ol DiSrootiou," Camb. Tram. a. p. 16, 
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resulting wave throughout the whole of its subsequent course ; but, 
as Prof. Stokes has reraarked, such a conclusion would be erroneous. 
For values of the time less than r^-i-a the potential at is zero; 
it then becomes negative (», being positive), and continues nega- 
tive until it vanishes again when t=r^-i-a, after which it always 
remains equal to zero. While ^ is diminishing, the medium at 
is in a state of condensation, but as <)> increases again to zero, the 
state of the medium at is one of rarefaction. The wave propa- 
gated outwards consists therefore of two parts at least, of which 
the first is condensed and the last rarefied. Whatever may be the 
character of the original disturbance within T, the final value of <f> 
at any external point is the same as the initial value, and there- 
fore, since a's = —<)>, the mean condensation during the passage of 
the wave, depending on the integml Jsdt, is zero. Under the 
head of spherical waves we shall have occasion to return to this 
subject {% 279). 

The general solution embodied in (8) § 273 must of course 
embrace the particular case of plane waves, but a few words on 
this application may not be superfiuous, for it might appear at 
first sight that Uie effect at a given point of a disturbance initially 
confined to a slice of the medium enclosed between two parallel 
planes would not pass off in any finite time, as we know it ought 
to do. ]jet us suppose for simplieity that 0^ is zero throughout, 
and that within the slice in question the initial value ^, is 
constant. From the theory of phme waves we know that at any 
arbitrary point the disturbance will finally cease f^ter the lapse of 
a time t, such that at is equal to the distance (d) of the point 
under consideration fiom the further boundary of the initially 
disturbed region ; while on the other hand, since the sphere of 
radius at continues to cut the region, it would appear from the 
general formula that the disturbance continues. It is true indeed 
that <j> remains finite, but this is not inconsistent with rest. It 
will in fa^ appear on examination that the mean value of ^, 
multiplied by the radius of the sphere is the same whatever may 
be the position and size of the sphere, provided only that it 
cut completely through the region of original disturbance. If 
at>d, is thus constant with respect both to space and time, 
and aceofdingly the medium is at rest 

275. In two dimensions, when <f> is independent of 2, it might 
be supposed that the corresponding formula would be obtained by 
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simply Bubstitating for the sphere of radius at the circle of eqiial 
radius. This, however, ia not the case. It may be proved that 
the mean value of a function F(x, y) over the circumference of a 
circle of radius r is /, C»Vv) ^c where i = J^, 

. d' d' 

dXg ay^ 

and t^ is BesasVs function of zero order \ bo that 

differing frma what is required to satisfy the fundamental equation. 

The correct result applicable to two dimenmons may be obtained 

from the general formula. The elemeut of spherical surface dS 

.may be replaced by r- , where r, are plane polar co-ordi- 
nates, and ^ is the angle between the tangent plane and that in 
which the motion takes place. Thus 

cos li- = — ■■ - ^ ■' f 

^ at 

F{at) i» replaced by F{r, &), and so 

^_[( F(r,ff)rdrd0 

^-JJ 4^7aV-^ ^^^' 

where the integration extends over the area of the circle r=at. 
The other term might be obtained by Stokes' rula 

This solution is applicable to the motion of a layer of gas 
between two parallel planes, or to that of an unlimited stretched 
membrane, which depends upon the same fundamental equation. 

276. From the solution in terms of initial conditions we may, 
as usual (§ 66), deduce the effect of a continually renewed dis- 
turbance. Let us suppose that throughout the space T (which 
will ultimately be made to vanish), a uniform disturbance ^, 
equal to O {^)df, is communicated at time t'. The resulting value 
of ^ at time t is 

where S denotes the part of the surface of the sphere r = a(t—i') 
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intercepted withiii T, a quantity 'which vaaishes, unless a (t — f*) be 
compressed between the narrow limits r, and r,. Ultimately * — (' 

may be replaced by r-^-a,, and ^ ((") by * ( i — I ; and the re- 
sult of the integration with respect to M is found by writing T 
(the volume) for ^aSdi. Hence 



T 
' 47raV 



4'(!-i) (1). 



shewing that the disturbance oiiginatiug at any point spreads itself 
symmetrically in all directions with velocity a, and with amplitude 
varying inversely as the distance. Since any number of particular 
solutions may be superposed, the general solution of the equation 

0-«'V> + * (2) 

may be written 

^'MK'-Dt- (3). 

r denoting the dist^ice of the element dV situated at w, y, z from 

(at which ^ is estimated), and O (( J the value of * for the 

point w, y, e at the time t — . Complementaiy terms, satisfying 

through all space the equation ^ = o'y*^, may of course occur inde- 
pendently. 

In our previous notation (§ 244) 

d I 



<^='fJ{Xdx+Ydy + Zdz); 



and it is assumed that Xdx+Tdy+Zdzia a complete differentiaL 
Forces, under whose action the medium could not adjust itself to 
equilibrium, are excluded ; as for instance, a force uniform in mag- 
nitude and direction within a space T, and vanishing outside that 
space. The nature of the disturbance denoted by $ is perhaps best 
seen by considering the extreme case when O vanishes except 
through a small volume, which is supposed to diminish Tvithout 
limit, while the magnitude of O increases in such a maimer that the 
whole effect remains finite. If then we integrate equation (2) 
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through a Bmall apace including the point at which O is ulti- 
mately concentrated, we find in the limit 



«-''//fW//*'"'- (*>• 



shewing that the effect of $ may be represented by a proportional 
introduction or abstraction of fluid at the place in question. The 
simplest source of sound is thus analogous to a focus in the theory 
of conduction of heat, or to an electrode in the theory of electricity. 

277. The preceding espreaaions ai'e general in respect of the 
relation to time of the funrtions concerned ; but in almost all the 
applications that we shall have to make, it will be convenient to 
analyse the motion by Fourier's theorem and treat separately the 
simple harmonic motions of various periods, afterwards, if necessary, 
compounding the results. The value of ^, and O, if simple har- 
monic at every point of space, may be expressed in the form 
jR COB {nt + e), B and e being independent of time, but variable 
from point to point. But as in such cases it often conduces to 
simplicity to add the term iR sin (nt + e), mating altogether 
HeKtt+t^ or ile** . e'"*, we will assume simply that all the functions 
which enter into a problem are proportional to e***, the coeffi- 
cients being in general complex. After our operations are com- 
pleted, the real and imaginary parts of the expressions can be 
separated, either of them by itself constituting a solution of the 
question. 

Since ^ is proportional to e*", ifi = ~ n'lp ; and the differential 
equation becomes 

V'* + K'^+a"*<I» = (1). 

where, for the sake of brevity, « is written in place of n -=■ o. If X 
denote the wave-length of the vibration of the period in question, 

.-?-^ (2). , 

To adapt (3) of the preceding section to the present case, it is 
only necessary to remark that the substitation of ( — for t is 

effected by introducing the factor e "* , or e~^ : thus 

Diiz.dtv Google 
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and the aolution of (1) is 

*-4^-///^*'"' <"■ 

to which may be added any solution of v*^ + '^4' ~ 0. 

If the disturbing forces be all in the same phase, and the 
region through vhich they act he very small in comparison with 
the wave-length, fi-*" may be removed from under the integral 
sign, and at a sufBcient distance we may take 

real quantities, on restoring tlie time faetor and replacing 
^dV by 4>„ 

eos(rf-«r + .) 

^ ' 4TraV ^ ' 

In order to verify that (3) satisfies the differential equation (1), 
we may proceed as in the theory of the common potential. Con- 
ddering one element of the int^ral at a time, we have first to 
shew that 

*-— c) 

satisfies v*^+«*0=O, at points for which r is finite. The 
simplest course is to express y* in polar co-ordinates referred to 
the element itself as pole, when it appears that 



///' 



\^ r dr/ r r dr* 






We infer that (3) satisfies v*^ + i^<t>=0, at all points for 
which 'P vanishes. In the case of a point at which O does not 
vanish, we may put out of account all the elements situated at a 
finite distance (as contributing only terms satisfying y'^ + j*"^ = 0), 
and for the element at an infinitesimal distance replace e"*" by 
unity. Thus on the whole 

exactly as in Poisson's theorem for the common potential'. 
> See TbomBon and Tut's Nat. Phll^ S 491. 

Pot ....K.OOglc 
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278. The effect of a force $, distributed over a surface 8 may- 
be obtained as a limiting case from (3) § 277. O d Vis replaced by 
* bdS, b denoting the thicbnese of the layer ; and in the limit we 
may write ^ J =■ 0,. Thus 



*=^-lh'-^'" «■ 



The value of is the same on the two sides of S, but there is 
discontinuity in its derivatives. If dn be drawn outwards from 8 
normally, (4) § 276 gives 

®A^)r->' <^'^ 

If the surface 8 be plane, the integral in (1) is evidently 
symmetrical with respect to it, and therefore 



G*).=©.- 



Hence, If ^ be the given normal velocity of the fluid in contact 
with the plane, the value of ^ is determined by 

*-iiir-=?^^ ('). 

which is a result of considerable importance. To exhibit it in 
terms of real quantities, we may take 



dn 



^Pe^-'+O (4), 



P and 6 being real functions of the position of d8. The symbolical 
solution then becomes 

*—s?//^ •""'""*■'? <^'' 

from which, if the imaginary part be rejected, we obtain 

^—M^ "* '"';"""'' ■'^ (8). 



corresponding to 



g = Pcos(ii< + e) (7). 

r Helmholtz. CrelU, t 67, p. 31. 
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The same method is applicable to the general case when the 
motion is not restricted to be simple harmonic. We have 



*=-iF('-S- 



■whereby V (t — ) is denoted the normal velocity at the plane 

for the element rfiS at the time t — {r-i-a), that is to say, at a time 
r-i-a antecedent to that at -which ij> is estimated. 

In order to complete the solution of the problem for the 
unlimited mass of fluid lying on one side of an infinite plane, we 
have to add the most general value of ^, consistent with V= 0. 
This part of the question is identical with the general problem of 
reflection from an infinite rigid plane'. 

It is evident that the effect of the constraint will be represented 
by the introduction on the other side of the plane of fictitious 
initial displacements and forces, forming in conjunction with those 
actually existing on the first aide a system perfectly symmetrical 
with respect to the plane. Whatever the initial values of <^ and 
^ may be belonging to any point on the first side, the same must 
be ascribed to its image, and in like manner whatever function of 
the time 4> may be at the first point, it must be conceived to be the 
same function of the time at the other. Under these circumstances 
it is clear that for all future time ^ will be symmetrical with 
respect to the plane, and therefore the normal velocity zero. So 
far then as the motion on the first side is concerned, there will be 
no change if the plane be removed, and the fluid continued 
indefinitely in all directions, provided the circumstances on the 
second side are the exact reflection of those on the first. This 
being understood, the general solution of the problem for a 
fluid bounded by an infinite plane is contained in the formulEe 
(8) § 273, (3) § 277, and (8) of the present section. They give the 
result of arbitrary initial conditions (^^ and tf>^), arbitrary applied 
forces (O), and arbitrary motion of the plane (F), 

Measured by the resulting potential, a source of given magni- 
tude, i.e. a source at which a given introduction and withdrawal 
of fluid takes place, is thus twice as effective when close to a rigid 
plane, as if it were situated in the open ; and the result is ulti- 
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mately the same, -whether the eonrce be concentrated in a point 
close to the plane, or he due to a corresponding normal motion 
of the surface of the plane itself. 

The operation of the plane is to double the effective pressures 
which oppose the expansion and contraction at the source, and 
therefore to double the total energy emitted ; and eince this energy 
is diffused through only the half of angular space, the intensity of 
the sound is quadrupled, which corresponds to a doubled amplitude, 
or potential (§ 245). 

We -will now suppose that instead of ^ = 0, the prescribed 

condition at the infinite plane is that <^ = 0, In this case the 
fictitious distribution of ^,, ^,, <t, on the second side of the plane 
must be the opposite of that on the first side, so that the sum of the 
values at two corresponding points is always zero. This secures 
that on the plane of symmetry iteelf ^ shall vanish throughout. 

Let us next suppose that there are two parallel surfaces S,, 
iGT,, separated by the infinitely email interval dn, and that the 
value of <I>, on the second surface is equal and opposite to the value 
of O, on the first. In crossing S^, there is by (2) a finite change 

in the value of ^ to the amount of ^, ■*- a', but in crossing S, the 
same finite change occurs in the reverse direction. When dn is 
reduced without limit, and 0,rfn replaced by 0„, -~ will be the 
same on the two sides of the double sheet, but there will be 
discontinuity in the value of ^ to the amount of O^ -i- a\ At the 
same time (1) becomes 

KfP)'^"''- ("• 

If the surface 8 be plane, the values of i^ on the two sides of it 
are numerically equal, and therefore close to the surfece itself 

^ = ± i a"* *„. 
Hence (9) may be written 

*=-^//r„C^*^- (^»). 

where if> under the integral sign represents the «urface-potentiaI, 
positive on the one side and negative on the other, due to the 

E. IL 7 
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action of the forces at S. The direction of dn must be nnder- 
■tood to be towards the side at which ^ is to be estimated, 

279. The problem of spherical waves divei^ng from a point 
has already been forced upon us and in some degree, considered, 
but OQ account of its importance it demands a more detfuled 
treatment. If the centre of symmetry be taken as pole the velo- 
city-potential is a function of *• only, and (§ 24X} V* reduces to 

^,4 ? ^, or to - i,r. The equation of free motion (3) § 273 
ar* rdr r or 

thus becomes 

~de-'*~dr'~^ ^^'' 

whence as in § 245, 

r<l>=f{at~r) + F{at + r) (2). 

Hie values of the velocity and condensation axe to be found by 
differentiation in accordance with the formales 

„_«, . = -J,^ (3). 

dr' a' dt ' 

As in the case of one dimension, the first term represents a wave 
advancing in the direction of r increasing, that is to say, a diver- 
gent wave, and the second term represents a wave converging upon 
the pole. The latter does not in itself possess much interest. If 
we confine our attention to the divergent wave, we have 



/(gf-r) /(ol-r) . „,_IM=I),. 
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When r is very great the term divided by r* may be neglected, 
and then approximately 

«-«. (6), 

the same relation as obtains In the case of a plane wave, as might 
have been expected. 

If the type be harmonic 

r<l> = A^f-'-^'> (6), 

or, if only the real part be retained, 

r^ = Aco3^(fl( + 5-7-) (7). 



279.] CONTISUITY THROUGH POLE. fu^^^oi) 

If a divei^ent disturbance be confined to a ephericat" sUeTt; 
within and without which there is neither condensation nor 
velocity, the character of the wave is limited by a remarkable re- 
lation, first pointed out by Stokea'. From equations (4) we have 

{as~u)t'=/(at-r), 

shewing that the value of /{at — r) is the same, viz. zero, both 
inside and outside the shell to which the wave is limited. Hence 
bj (4), if a and fi be radii leas and greater than the extreme 
radii of the shell, 

. fsrdr^'O (8), 

which is the expression of the relation referred to* As in § 274, 
we see that a condensed or a rarefied wave cannot exist alone. 
When the radius becomes great in comparison with the thickneBS, 
the variation of r in the integral may be neglected, and (8) then 
expresses that the mean condensation is zero. 

In applying the general solution (2) to deduce the motion 
resulting Irom arbitrary initial circumstances, we must remember 
that in its present form it is too general for the purpose, since it 
covers the case in which the pole is itself a source, or place where 
fluid is introduced or withdrawn in violation of the equation of 
continuity. The total current across the surface of a sphere of 
radius r is 47rr*u, or by {2) and (3) 

~^{/(at-r) + F(at + r)]+i7rr{F'(at + r)-f(at~r)]. 

80 that, if the pole be not a source, /(at~r) + F {at + r), or r^, 
must vanish with n Thus 

f{<d)-\-Fiat)=0 (9), 

an equation which must hold good for all positive values of the 



By the known initial circumstances the values of u and a are 
determined for the time i = 0, and for aU (positive) values of r. 

> Phil Mag. nxir. p. 63. 1B49. 

* The Bolntion foi Bpherical Tibratioua nay be obtained withont the use of (1) 
b7 snpsrpoaition of trama of plane waves, related nmilarl; to the pole, and tro- 
velUns ontwudt in all directions symmetrioally. 
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If these initial viJuOT be represented by «, and «„ we obtain 
from (2) and (3) 

/(_ r) + F{r) = r /«, dr ' 

/(- r) - i* (r) = o /«, rdr 

by which the function /is detemuQed for all negative ailments, 
and the function F for all positive argumento. The fonn off for 
positive aigumento follows by means of (9), and thea the whole 
subsequent motion is determined by (2). The fonn of F for 
negative arguments ia not required. 

The initial disturbance divides itself into two parts, travelling 
in opposite directions, in each of which r^ is propagated with 
constant velocity a, and the inwards travelling wave is continnally 
reflected at the pole. Since the condition to he there satisfied is 
r0 = O, the case is somewhat similar to that of a parallel tube 
terminated by an open end, and we may thus perhaps better 
understand why the condensed wave, arising from the liberation 
of a mass of condensed sir round the pole, is followed immediately 
by a wave of rarefiMtion. 

280. Returning now to the case of a trun of harmonic waves 
travelling outwards continually from the pole as source, let us 
investigate the connection between the velocity-potential and the 
quantity of fluid which must be supposed to be introduced and 
withdrawn alternately. If the velocity-potential be 
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-r) (1). 



we have, as in the preceding section, for the total current crossiDg 
a sphere of radius r, 

4irr* ^ = -4 [cos (t (erf -r)-«r sin «(ai-r)}=^ cos KOi, 



when r is small enough. If the maximum rate of introduction of 
fluid be denoted by A, the corresponding potential is given by (1). 

It will be observed that when the source, as measured by A, is 
finite, the potential and the pressure-variation (proportional to ^) 
are infinite at the pole. But this does not, as might for a moment 
be supposed, imply an infinite emission of energy. If the pressure 

r,i.:ii ■...■:. v.. IKt'JIC 
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be divided into two pm^, one of which has the same phase ad 
the velocity, and the other the same phase as the acceleration, it 
will he found that the former part, on which the work depends, 
ia finite. The infinite part of the pressure does no work on the 
whole, but merely keeps up the vibration of the air immediately 
round the source, whose effective inertia is indefinitely great. 

We will now investigate the energy emitted from a simple 
source of given magnitude, supposing for the sake of greater 
generality that the source is situated at the vertex of a rigid cone 
of soUd angle a. If the rate of introdnetion of fluid at the source 
be .il cos KOt, we have 

ar^^ == A cos Koi 
dr 

ultimately, corresponding to 

0__^coe«(a*-r) (2); 

whence ^ = sixnc{at — r) (3), 

and «r'^ = ^{co8«C«(-r)-«'8in«((rf-r)| (4). 

Thus, as in § 245, if dW be the work transmitted in time dt, 
we get, since Sp = — pf, 

dt ar \ J \ ■/ 

i^aA' . . / J \ 
■ ■ +p Bm' K {at — r). 

Of the right-hand member the first term is entirely periodic, and 
in the second the mean value of sin* « (a* — »■) is J. Thus in the 
long run 

^-'-^'> (^)- 

It will be remarked that when the source is given, the ampli- 
tude \ariea inversely as a, and therefore the intensity inversely 
as ta\ For an acute cone the intensity is greater, not only on 
account of the diminution in the solid angle through which the 
> Cambridge UathemaUod Tripos Ezuuinfttiou, 1876. 
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eoniid ia difitributed, but also because the total energy emitted 
from the source is itself increased. 

When the source is in the open, we have only to put m = 4en; 
and when it is close to a rigid plane, a >■ 2ir. 

The results of this article find an interesting application in the 
theory of the speaking trumpet, or (by the law of reciprocity 
§§ 109, 294) hearing tnimpet. If the diameter of the large open 
end be small in comparison with the wave-length, the waves oa 
arrival suffer copious reflection, and the ultimate result, which 
must depend largely on the precise relative lengths of the tube 
and of the wave, requires to be determined by a different proceaa 
But by sufficiently prolonging the cone, this reflection may be 
diminished, and it will tend to cease when the diameter of the 
open end includes a large number of wave-lengths. Apart from 
friction it would therefore be possible by diminishing a to obtain 
from a given source any desired amount of energy, and at the 
same time by lengthening the cone to secure the unimpeded 
transference of this energy from the tube to the surrounding air. 

From the theory of diffraction it appears that the sound will 
not fall off to any great extent in a lateral direction, unless the 
diameter at the large end exceed half a wave-length. The 
ordinary explanation of the effect of a common trumpet, depending 
on a supposed ooncentratioa of rajfs in the axial direction, ia thus 
untenable. 

281, By means of Euler's equation, 

^r "" ^;^ w- 

we may easily establish a theory for conical pipes with open enda, 
analogous to that of Bernoulli for parallel tubes, subject to the same 
limitation as to the smallness of the diameter of the tubes in com- 
parison with the wave-length of the sound. Assuming that the 
vibration is stationary, so that r<f) is everywhere proportional to 
COB xat, we get from. (1) 

^+«'.'*-0 ..(2), 

of which the general solution ia 

r<f> = A cos KT + B sin. KT (3). 
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The condition to be satisfied at aa open end, viz., that there ia 
to he no condensation or rarefaction, gives r^ = 0, so that, if the 
extreme radii of the tube be r, and r,, we have 

4 cos «r, + 5 sin KTj = 0, A cos at, + 5 sin m-, = 0, 
■whence by elimination of .4 :B, sin *: (r, — r,) = 0, or r,— r,= JmX, 
where m is an integer. In fact since the form of the general 
solution (3) and the condition for an open end are the same as for 
a parallel tube, the result that the length of the tube is a multiple 
of the half wave-length is necessarily also the same. 

A. cone, which ia complete as far as the vertex, may be treated 
as if the vertex were an open end, since, as we saw in § 279, the 
condition r^ = ia there satisfied. 

The resemblance to the case of parallel tubes does not extend 
to the position of the nodes. In the case of the gravest vibration of 
a pai-allel tube open at both ends, the node occupies a central posi- 
tion, and the two halves vibrate synchronously as tubes open at one 
end and stopped at the other. But if a conical tube were divided 
by a partition at its centre, the two parts would have different 
periods, as is evident, because the one part differs from a parallel 
tube by being contracted at its open end where the efTect of a 
contraction is to depress the pitch, while the other part is con- 
tracted at its stopped end, where the effect is to raise the pitch. In 
order that the two periods may be the same, the partition must 
approach nearer to the narrower end of the tuba Its actual 
position may be determined analytically from (3) by equating to 

zero the value of .^". 
dr 

When both ends of a conical pipe are closed, the corresponding 
notes are determined by eliminating A : B between the equations, 
A (cos kTj + (CT-, sin ter^ + B {sin /«•, — «-, cos *rj = 0, 
A (cos (W, + fJ", sin /er,) + B (sin xr^ — xr^ cos xr J = 0, 
of which the result may be put into the form 

(W, — tan"* «r, = (cr, — tan'* *T, (4!). 

If r, = 0, we have simply 

tan Kr, = Kr, .....(5]'i 

' For the loota of thii e^oatioa tee J 207. 
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104 TWO BODBCES OF LIKE PITCH. [281. 

if Tj and r, be very great, tan"' icr, and tan"* «r, are both odd 
multiples of ^v, BO that r, — r^ is a multij^e of ^ X, as the theory 
of parallel tubes requires. 

SS2, If there be two distinct sources of sound of the same 
pitch, situated at O, and O^, the velocity-potential ^ at a point 
i* whose distances from O,, 0, are r, and r,, may be expressed 

^^co8^(«f-r^ cos>(af-r,-a) 

where A and B are coefBtnents representing the magnitudes of 
the sources, {which without loss of generality may be supposed to 
have the same sign), and a represents the retardation (considered ~ 
as a distance) of t^e second source relatively to the first The two 
trains of spherical waves are in agreement at any point P, if 
r, + a — r, = ± ntX, where m is an integer, that is, if P lie on any 
one of a system of hyperboloids of revolution having foci at 
0, and 0,. At points lying on the intermediate hyperboloids, 
lepresented by i", + ct — r, = ± J {2m + 1) X, the two sets of waves 
are opposed in phase, and neutralize one another as far as their 
actual magnitudes permit. The neutralization is complete, if 
r, : r, = ^ : S, and then the density at P continues permanently 
unchanged. The intereectioiiB of this sphere with the system of 
hyperboloids will thus mark out in most cases several circles of 
absolute silence. If the distance 0, 0, between the sources be great 
in comparison with the length of a wave, and the sources themselves 
be not veiy unequal in power, it will be possible to depart from 
the sphere r, : r, = ^ : B for a distance of several wave-lengths, 
without a[^re(nably disturbing the equality of intensities, and thus 
to obtain over finite surfaces several alternations of sound and of 
almost complete silence. 

There is some difficulty in actually realising a satis&ctoty inter- 
ference of two independent sounds. Unless the unison be extra- 
ordinarily perfect, the silences are only momentary and are 
consequently difficult to appreciate. It is therefore best to employ 
sources which are mechanically connected in such a way that the 
relative phases of the sounds issuing from them cannot vary. The 
simplest plan is to repeat the first sound by reflection from a flat 
wall (§§ 269, 278), but the experiment then loses something in 
directness owing to the fictitious character of the second source. 
Perhaps the most satisfactory form of the experiment is that 



282-3 POINTS OF SILENCE. l05 

described in the Philosophical Magazine for June 1877 by myself. 
" An intermittent electric current, obtained from a fork intemipter 
making 128 vibrations per second, excited by means of electro- 
magnets two other forks, whose frequency was 256, (§§ 63, 64). 
These latter forks were placed at a distance of about ten yards 
apart, and were provided with suitably tuned resonators, by which 
their sounds were reinforced. The pitch of the forks was 
necessarily identical, since the vibrations were forced by electro- 
mimetic forces of absolutely the same period. With one ear 
closed it was found possible to define the places of silence with 
considerable accuracy, a motion of about an inch being sufficient 
to produce a marked revival of sound. At a point of silence, from 
which the line joining the forks subtended an angle of about 60*, 
the apparent striking up of one fork, when the other waa stopped, 
had a veiy peculiar effect." 

Another method is to duplicate a sound coming along a tube 
by means of branch tubes, whose open ends act as sources. But 
the experiment in this form is not a very easy one. 

It often happens that considerations of symmetiy are sufficient 
to indicate the existence of places of silence. For example, it is 
evident that there can be no variation of density in the continua- 
tion of the plane of a vibrating plate, nor in the equatorial plane 
of a symmetrical solid of revolution vibrating in the direction of 
its axis. More generally, any plane is a plane of silence, with 
respect to which the sources are symmetrical in such a manner 
that at any point and at its image in the plane there are sources 
of equal intensities and of opposite phases, or, as it is often more 
conveoienUy expressed, of the same phase and of opposite ampli- 
tudes. 

If any number of sources in the same phase, whose amplitudes 
are on the whole as much negative as positive, be placed on the 
circumference of a circle, they will give rise to no disturbance of 
pressure at points on the straight line which passes through the 
centre of the circle and is directed at right angles to its plane. 
This is ^e case of the symmetrical bell (§ 232), which emits no 
sound in the direction of its axis*. 

The accurate experimental investigation of a^sl vibrations is 
beset with considerable difficulties, which have been only partially 



1 Phil. Mag. (5), m. p. i6a 1877. 
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surmounted hitherto. In order to avoid umriahed for reflections 
it ia generally necessary to work in the open air, where delicate 
apparatus, such as a sensitive flame, ia difficult of management. 
Another impediment arises from the presence of the experimenter 
himself, whose person is large enough to disturb materially the 
state of things which be wishes to examine. Among indicators <^ 
sound may be mentioned membranes stretched over cups, the feta- 
tion being made apparent by sand, or by small pendulums resting 
lightly against them. If a membraae be simply stretched across a 
hoop, both its faces are acted upoa by nearly the same forces, and 
consequently the motion is much diminished, unless the membrane 
be large enough to cast a sensible shadow, in which its binder face 
may be protected. Probably the best method of examining tbe 
intensity of sound at any point in the air is to divert a portion of 
it by means of a tube ending in a small cone or resonator, the 
sound so diverted being led to tbe ear, or to a manometric 
capsule. In this way it is not difficult to determine places of 
silence with considerable precision. 

By means of the same kind of apparatus it ia possible to 
examine even the phase of tbe vibration at any point in air, and to 
trace out the surfaces on which the phase does not vary'. If the 
interior of a resonator be connected by flexible tubing with a 
manometric capsule, which influences a small gas flame, the motion 
of the flame is related in an invariable manner (depending on the 
apparatus itself) to the variation of pressure at the mouth of the 
resonator; and in particular the interval between the lowest drop 
of the flame and tbe lowest pressure at tbe resonator is independent 
of the absolute time at which these effects occur. In Mayer's 
experiment two flames were employed, placed close together in one 
vertical line, and were examined with a revolving mirror. So long 
as the associated resonators were undisturbed, the serrations of the 
two flames occupied a fixed relative position, and this relative 
position was also maintained when one resonator was moved about 
BO as to trace out a surface of invariable phase. For further 
details the reader must be referred to the original paper. 

283. When waves of sound impinge upon an obstacle, a 

portion of the motion is thrown back as an echo, and under cover 

of the obstacle there is formed a sort of sound shadow. In order, 

however, to produce shadows in anything like optical perfection, 

I MsTer, PftU. Mag. (i), xuv. p. 821. 187S. 
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the dimensiiHiB of the iaterreiUDg body must be considGrable. 
The stMidard of oomparison proper to the subject is the wave* 
length of the vibration ; it requires almost as extreme oonditions 
to produce ray» in the case of sound, as it requires in optics to 
avoid producing them. Still, sound shadows thrown by hills, or 
buildings, are often tolerably complete, and most be within the 
expertence of all. 

For closer examination let tis take first the case of plane waves 
of harmonic type impinging upon an immovable plane screen, of 
infinitesimal thickness, in which there is an aperture of any form, 
the plane of the screen {x = 0) being parallel to the fronts of the 
waves. The velocity-potential of the undisturbed train of waves 
may be taken, 

^ = eo8(ni-«a!) „ (1). 

If the value of -r^ over the aperture be known, formulce (6) 

tuid (7) § 278 allow us to calculate the value of i^ at any point on 
the further side. In the ordinary theory of d iffraction, as given 
in works on optics, it is assumed that the disturbance in the plane 
of the aperture is the same as if the screen were away. This 
hypothesis, though it can never be rigorously exact, will suffice 
when the aperture is very large in comparison with the wave- 
length, as is usually the case in optics. 

For the undisturbed wave we have 

^(a,-0)=«Bin»i< (2). 

and therefore tax the further aide, we get 

K ff Bm(nt-Kr) jg ... 

*=^-2^JJ— 1^ ^^- <^>' 

the integration extending over the area of the aperture. Since 
K = 2ir-»-\ we see by comparison with (1) that in supposing a 
primary wave broken uj^ with the view of applying Euyghens' 
principle, dS must be divided by Xr^ and the phase must be 
accelerated by a quarter of a period. 

"When r is large in comparison with the dimensions of the 
aperture, the composition of the integral is best studied by the aid 
of Huyghens' zones. With the point 0, for which is to be 
estimated, as centre describe a series of spheres of radii increasing 
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by the constant difference iX, the firat sphere of the series being 
of 6iich radius (c) as to touch the plane of the screen. On this 
plane are thus marked out a series of cii-cles, whose radii p are 
given by p* + c" = (e + J «X)*, or p* = nc\, veiy nearly ; so that 
the rings into vhich the plane is divided, being of approximately 
equal area, make contributions to ^ which are approximately 
equal in numerical magnitude and alternately opposite in sign. 
If lie decidedly within the projection of the area, the first term 
of the series representbg the integral is finite, and the terms 
which follow are alternately opposite in sign and of numericat 
magnitude at firat nearly constant, but afterwards diminishing 
gradually to zero, as the parts of the rings intercepted within the 
aperture become less and less. The case of an aperture, whose 
boundary is equidistant from 0, is excepted. 

In a series of this description any term after the first ia 
neutralized almost exactly by half the sum of those which imme- 
diately precede and follow it, so that the sum of the whole series 
is represented approximately by half the first term, which stands 
over uncompensated. We see that, provided a sufficient number 
of zones be included within the aperture, the value of at the 
point is independent of the nature of the aperture, and is there- 
fore the same as if there had been no screen at all. Or we may 
calculate directly the effect of the circle with which the system of 
zones begins; a course which will have the advantage of bringing 
out more clearly the significance of the change of phase which we 
found it necessary to introduce when the primary wave was broken 
up. Thus, let us conceive the circle in question divided into in- 
finitesimal rings of equal area. The parts of due to each of 
these rings are equal in amplitude and of phase ranging uniformly 
over half a complete period. The phase of the resultant is there- 
fore midway between those of the extreme elemente, that is to 
say, a quarter of a period behind that due to the element at 
the centre of the circla The amplitude of the resultant will be 
less than if all its components had been in the same phase, in 
the ratio _/^ sin xdx; ir, or 2 : tt ; and therefore since the area 
of the circle is irXc, half the effect of the first zone is 

OB (nt — «c), 

the same as if the primaiy wave were to pass on undisturbed. 
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When the point is well away from the projection of the 
aperture, the result is quite different. The series repreBenting the 
integral then converges at both ends, and by the same reasoning 
as before its sum is seen to be approximately zero. We coDclude 
that if the projection of on the plane x — fall within the 
aperture, and be nearer to by a great many wave-lengths than 
the nearest point of the boundary of the aperture, then the 
disturbance at is nearly the same as if there were no obstacle at 
all ; but, if the projection of fall outBide the aperture and be 
nearer to by a great many wave-lengths than the nearest point of 
the boundary, then the disturbance at practically vanishes. 
This is the theory of sound rays in its simplest form. 

The argument is not very different if the screen be oblique to 
the plane of the waves. As before, the motion on the further side 
of the screen may be regarded as due to the normal motion of the 
particles in the plane of the aperture, but this normal motion now 
varies in phase from point to point. If the primary waves proceed 
from a source at Q, Huyghens' zones for a point P are the series of 
ellipses represented by r, + r, = PQ + J n X, where r, and r, are 
the distances of any point on the screen from Q and P respectively, 
and n is an integer. On account of the assumed smallness of X in 
comparison with r, and r„ the zones are at first of equal area and 
make equal and opposite contributions to the value of ; and 
thus by the same reasoning as before we may conclude that at any 
point decidedly outside the geometrical projection of the aperture 
the disturbance vanishes, while at any point decidedly within the 
geometrical projection the disturbance is the same as if the 
primary wave had passed the screen unimpeded. It may be 
remarked that the increase of area of the Huyghens' zones due to 
obliquity is compensated in the calculation of the integral by the 
correspondingly diminished value of the normal velocity of the 
fluid. The enfeeblement of the primary wave between the screen 
and the point P due to divergency is represented by a dimiDution 
in the area of the Huyghens' zones below that corresponding to 
plane incident waves in the ratio r, + r, : r,. 

There is a simple relation between the transmisBion of sound 
through an aperture in a screen and its reflection from a plane 
reflector of the same form as the aperture, of which advantage may 
sometimes be taken in experiment. Let us imagine a source 
similar to Q and in the same phase to be placed at Q', the imt^e of 
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Q kt the plane of the screen, and let ub Buppoee that the Screen is 
removed and replaced by a plate whose fonn and position is exactly 
that of the aperture ; then we know that the effect at P of the two 
Bouroes is uninflnenced by the presence of the plate, so that the 
vibration from Q' reflected from the plat^ and the vibration from 
Q tnmsmitted round the plate together make up the same vibra- 
tion as would be received from Q if there were no obstacle at all. 
Now according to the assumption which we made at the begin- 
ning of this section, the unimpeded vibration jrom Q may be 
regarded as composed of the vibration that finds its way round the 
plate and of that which would pass an aperture of the same form 
in an infinite screen, and thus the vibration from Q as transmitted 
through the aperture in equal to the vibration from Q' as reflected 
from the plate. 

In order to obtain a nearly complete reflection it is not neces- 
sary that the reflecting plate include more than a small number of 
Huyghens' zones. In the case of direct reflection the radius p of 
the first zone is determined by the equation 
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where c, and c, are the distances from the reflector of the source 
and of the point of observation. When the distances concerned 
are great, the zones become so large that ordinary walls are 
insufficient to give a complete reflection, but at more moderate 
distances echos are often nearly perfect. The area necessary for 
complete reflection depends also upon the wave-length ; and thus 
it happens that a board or plate, which would be quite inadequate 
to reflect a grave musical note, may reflect very fairly a hiss or 
the sound of a high whistle. In experiments on reflection by 
screens of moderate size, the principal difficulty is to get rid 
sufficiently of the direct sound. The simplest plan is to reflect 
tiie sound from an electric bell, or other fairly steady source, round 
the comer of a large building'. 

284. In the preceding section we have applied Huyghens' 
principle to the case where the primary wave is supposed to be 
broken up at the surface of an imaginary plane. If we really 
know what the normal motion at the plane is, we can calculate 

' Phil. Hag. (5) ui. p. 168. 1877. 
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the disturbance at any point on the further side by a rigorous 
process. For surfaces other than the plane the problem has not 
been solved generally ; nevertheless, it is not difScuIt to see that 
when the radii of curvature of the surface are veiy great in com- 
parison with the wave-length, the effect of a normal motion of an 
dement of the surface must be vety nearly the same as if the 
Burface were plane. On this understanding we may employ the 
same integral as before to calculate the aggregate result. Ae a 
matter of convenience it is usually best to suppose the wave to be 
broken up at what is called in optics a ivave-6u,rfaoe, that is, a 
surface at every point of which the phase of the disturbance is 'tho 



Let us consider the application of Huyghens' principle to 
calculate the progress of a given divergent wave. With any point 
F, at which the disturbance is required, as centre, describe a series 
of spheres of radii continually iccreasing by the constant difference 
J X, the first of the series being of such radius (c) as to touch the 
given wave-surface at C If B be the radius of curvature of the 
surface in any plane through P and C, the corresponding radius p 
of the outer boundary of the »* zone is given by the equation 

from which we get approximately 

'■'-*+(s+;) (')• 

If the surface be one of revolution round PC, the area of the first 
n zones is trp', and since p* ia proportional to n, it follows that the 
zones are of equal area. If the surface be not of revolution, the 
area of the first n zones is represented \jp*dd, where 6 is the 
azimuth of the plane in which p is measured, but it still remains 
true that the zones are of equal area. Since by hypothesis the 
normal motion does not vary rapidly over the wave-surface, the 
disturbances at P due to the various zones are nearly equal in 
magnitude and alternately opposite in sign, and we conclude that, 
as in the case of plane waves, the a^regate effect is the half of ' 
that due to the first zon& The phase at Pis accordingly retarded 
behind that prevailing over the given wave-surface by an amount 
corresponding to the distance c. 

The intensity of the disturbance at P depends upon the area of 
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the first Huygbeos' zone, and npon the distance 0. Id the case of 
aymmetrj, we have 

TTf? wXB 

VB + c' 

which shews that the disturbance is less than if R were infinite in 
the ratio R + e : B. This diminution is the effect of divergency, 
and is die same as would be obtained on the supposition that the 
motion is limited by a conical tube whose vertex ia at the centre of 
curvature (§ 266). When the surface is not of revolution, the 
value of 4 Ji'p^dd -~ c may be expressed in terms of the principal 
radii of curvature S^ and R,, with which R is connected by the 
relation 

1 _ coa'g sin'g 
R~^'*' R, ' 
We obtain on eflfecting the integration 



hiy^'- 



■ (2), 



) that the amplitude is diminished by divergency in the ratio 



»/(iJ,4-c)(JB, + c) : jR,Rt< a result which might be anticipated by 
supposing the motion limited to a tube formed by normals drawn 
through a small contour traced on the wave-surface. 

Although we have spoken hitherto of diverging waves only, 
the preceding expressions may also be applied to waves converging 
in one or in both of the principal planes, if we attach soitable 
signs to B^ and R^. In such a case the area of the first Huyghens' 
zone is greater than if the wave were plane, and the intensity of 
the vibration is correspondingly increased. If the point P 
coincide with one of the principal centres of curvature, the 
expression (2) becomes infinite. The investigation, on which (2) 
was founded, is then inaufficipnt ; all that we are entitled to affirm 
is that the disturbance is much greater at Pthan at other points 
on the same normal, that the disproportion increases with the 
frequency, and that it would become infinite for notes of infinitely 
high pitch, whose wave-length would be negligible in comparison 
with the distances concerned. 

285. Huyghens' principle may also be applied to investigate 
the reflection of souud from curved surfaces. If the material 
surface of the reflector yielded so completely to the aerial 

Diail/...::.*^il.K»'JIL' 
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preBBuroB that the normal motion at every point were the same as 
it would have been in the absence of the reflector, then the Bound 
waves would pass on undisturbed. The reflection which actually 
ensues when the surface is unyielding may therefore be regarded 
as due to a normal motion of each element of the reflector, equal 
and opposite to that of the primary waves at the same point, and 
may be investigated by the formula proper to plane surfaces in the 
manner of the preceding section, and subject to a similar limita- 
tion as to the relative magnitudes of the wave-length and of the 
other distances concerned. 

The most interesting case of reflection occurs when the 
surface is so shaped as to cause a concentration of rays upon a 
particular point (P), If the sound issue originally from a simple 
source at Q, and the surface he an elUpsoid of revolution having 
its foci at P and Q, the concentration is complete, the vibration 
reflected from every element of the surface being in the same 
phase on arrival at Q. JI Q he infinitely distant, so that the 
incident waves are plane, the surface becomes a paraboloid having 
its focus at P, and its axis parallel to the incident rays. We must 
not suppose, however, that a symmetrical wave diverging frtim 
Q is converted by reflection at the ellipsoidal Burface into a 
spherical wave converging symmetrically upon Pj in foct, it is 
easy to see that the intensity of the convergent wave must be 
different in different directions. Nevertheless, when the wave- 
length is very small in comparison with the radius, the different 
parts of the convergent wave become approximately independent 
of one another, and their progress is not materially affected by 
the failure of perfect symmetry. 

The increase of loudness due to curvature depends upon the 
area of reflecting surface, from which disturbances of uniform 
phase arrive, sa compared with the area of the first Huyghens* 
zone of a plane reflector in the same position. If the distances of 
the reflector from the source and from the point of observation be 
considerable, and the wave-length be not very small, the first 
Huyghens' zone is already rather large, and therefore in the case 
of a reflector of moderate dimensions but little is gained by 
making it concave. On the other hand, in laboratory experiments, 
when the distances are moderate and the sounds employed are of 
high pitch, e. g. the ticking of a watch or the cracking of electric 
sparks, concave reflectors are very efficient and give a distinct con- 
centration of sound on particular spots. 

B. II. 8 
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286. We have seen tbat if a ray proceeding from Q passes 
after reflection at a plane or curved surface througb P, the point 
B at which it meets the surface ia detenuined by the condition 
that QB+SP is a minimum (or in some cases a maximum). 
The point B ia then the centre of the system of Huyghens' zones ; 
the amplitude of the vibration at P depends upon the area of the 
Erst zone, and its phase depends upon the distance QB + BP, If 
there be no point on the surface of the reflector, for which 
QB + BP is a maximum or a minimum, the ayatem of Huygbena' 
zones has no centre, and there is no ray proceeding from Q which 
arrives at P after reflection from the surface. In like manner if 
sound be reflected more than once, the course of a ray is deter- 
mined by the condition that its whole length between any two 
points is a maximum or a minimum. 

The same principle maybe applied to investigate the T-e/rocft'on 
of sound in a medium, whose mechanical properties vary gradually 
from point to point. The variation is supposed to be so slow 
that no sensible reflection occurs, and this ia not inconsistent 
with decided refraction of the rays in travelling distances which 
include a very great number of wave-lengths. It is evident 
that what we are now concerned with is not merely the length 
of the ray, but also the velocity with which the wave travels 
along it, inasmuch as this velocity is no longer constant. The 
condition to be satisfied ia that the time occupied by a wave 
in travelling along a ray between any two points shall be a 
maximum or a minimum ; so that, if F be the velocity of propa- 
gation at any point, and ds an element of the length of the ray, 
the condition may be expressed, SJ V^dS ~ 0. This ia Fertnat's 
principle of least time. 

The further developement of this part of the subject would 
lead US too far into the domain of geometrical optics. The funda- 
mental assumption of the amallness of the wave-length, on which 
the doctrine of rays ia built, having a far wider application to the 
phenomena of light than to those of sound, the task of developing 
its consequences may properly be left to the cultivators of the 
sister science. In the following sections the methods of optics are 
applied to one or two isolated questions, whose acoustical interest 
is sufficient to demand their consideration in the present work. 

n,.i,i ■....::. v.AKt'^ie 
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287. One of the most striking of the phenomena connected 
with the propagation of sound within closed buildings is that 
presented by "whispering galleries," of which a good and easily 
accessible example is to be found in the circular gallery at the base 
of the dome of St Paul's cathedral. As to the precise mode of 
action acoustical authorities are not entirely agreed. In the 
opinion of the ABtronomer Royal' the effect is to be ascribed to 
redectioQ from the surface of the dome overhead, and is to be 
observed at the point of the gallery diametrically opposite to the 
source of sound. Eveiy ray proceeding from a radiant point and 
reflected from the surface of a spherical reflector, will after 
reflection intersect that diameter of the sphere which contains the 
radiant point. This diameter is in fact a degraded form of one of 
the two caustic surfaces touched by systems of rays in general, 
being the loci of the centres of principal curvature of the surface to 
which the rays are normal. The concentration of rays on one 
diameter thus efl'ected, does not require the proximity of the 
radiant point to the reflecting surface. 

Judging from some observations that I have made in St Paul's 
whispering gallery, I am disposed to think that the principal 
phenomenon is to be explained somewhat difierently. The ab- , 
normal loudness with which a whisper is heard is not contined 
to the position diametrically opposite to that occupied by the 
whisperer, and therefore, it would appear, does not depend 
materially upon the symmetry of the dome. The whisper seems 
to creep round the gallery horizontally, not necessarily along the 
shorter arc, but rather along that arc towards which the whisperer 
faces. This is a consequence of the very unequal audibility of a 
whisper in front of and behind the speaker, a phenomenon which 
may easily be observed in the open air'. 

Let UB consider the course of the rays diverging from a radiant 
point P, situated near the surface of a reflecting sphere, and let us 
denote the centre of the sphere by 0, and the diameter passing 
through P by AA', so that A is the point on the surface nearest 
to P. If we flx our attention on a ray which issues from P at an 
angle ± $ with the tangent plane at A, we see that after any 
number of reflections it continues to touch a concentric sphere of 
radius OF cos d, so that the whole conical pencil of rays which 

> Aii; 0R Sound, 2nd editioii, 1B71, p. 145, 

> Phil. Mag. (5) m. p. 458, 1677. 
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originally moke angles with the tangent plane at A numerically 
less than 0, is ever ailerwanls included between the reflecting 
surface and that of the concentric sphere of radius OP cos 0. The 
usual divei^ence in three dimensions entailing a diminishing 
intensity varying as r"* is replaced by a divergence in two dimen- 
sions, like that of waves issuing from a source situated between 
two parallel reflecting planes, with an inl^nsity varjdng as r''. 
The less rapid enfeeblement of sound by distance than that usualfy 
experienced is the leading feature in the phenomena of whirring 
galleries. 

The thickness of the sheet included between the two spheres 
becomes less and less as A approaches P, and in the limiting case 
of a radiant point situated on the surface of the reflector is 
expressed by OA (1 — cos 0), or, if ^ be small, ^OA . 0* approxi- 
mately. The solid angle of the pencil, which determines the whole 
amount of radiation in the sheet, is 47rd; so that aa $ ia 
diminished without limit the intensity becomes infinite, as com- 
pared with the intensity at a finite distance from a similar source 
in the open. 

It is evident that this clinging, so to speak, of sound to the 
surface of a concave wall does not depend upon the exactness of 
the spherical form. But in the case of a true sphere, or rather of 
any surface symmetrical with respect to AA', there is in addition 
the other kind of concentration spoken of at the commencement of 
the present section which is peculiar to the point A' diametrically 
opposite to the source. It is probable that in the case of a neariy 
spherical dome like that of St Paul's a part of the observed effect 
depends upon the symmetry, though perhaps the greater part is 
referable simply to the general concavity of the walls. 

The propagation of earthquake disturbances is probably affected 
by the curvature of the surface of the globe acting like a whisper- 
ing gallery, and perhaps even sonorous vibrations generated at the 
surface of the land or water do not entirely escape the same kind 
of influence. 

In connection with the acoustics of public buildings there are 
many points which still remain obscure. It is important to bear 
in mind that the loss of sound in a single reflection at a smooth 
wall is very small, whether the wall be plane or curved. In order 
to prevent reverberation it may often be necessary to introduce 
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carpeta or hangings to absorb the souad. In some cases the 
presence of an audience is found sufficient to produce the desired 
eflfect. In the absence of all deadening material the prolongation 
of sound may be very considerable, of which perhaps the most 
striking example is that afforded by the Baptistery at Pisa, where 
the notes of the common chord sung consecutively may be heard 
ringing on together for many seconds. According to Henry' it is 
important to prevent the repeated reflection of sound backwards 
and forwards along the length of a hall intended for public speak* 
ing, which may be accomplished by suitably placed oblique 
surfaces. In this way the number of reflections in a given time is 
increased, and the undue prolongation of sound is checked. 

288. Almost the only instance of acoustical refraction, which 
has a practical interest, is the deviation of sonorous rays from a 
rectilinear course due to heterogeneity of the atmosphere. The 
variation of pressure at different levels does not of itself give rise 
to refraction, since the velocity of sound is independent of density ; 
but, aa was first pointed out by Prof. Osborne Reynolds', the case 
is different with the variations of temperature which are usually 
to be met with. The temperature of the atmosphere is determined 
principally by the condensation or rarefaction, which any portion 
of air must undergo in its passage from one level to another, and 
its normal state is one of "convective equilibrium'," rather than of 
uniformity. According to this view the relation between pressure 
and density is that expressed in (9) § 246, and the velocity of sound 
is given by 

"^-l-SCT- :•«• 

To connect the pressure and density with the elevation (a), we 
have the hydrostatical equation 

dp=-gpdz (2), 

from which and (1) we find 

f'=f;-(7-i)<?^ (3), 

if F„ be the velocity at the surface. The corresponding relation 

> Amer. Aitoe. Proe. 1866, p. 119. 

* Froeeedingi of the itoyal Soei>ty, VoL xzn. p. 581. 1871- 

> Thomson, On the convective «guilidrium (^ ten^eratwe in the almoipheTe. 
Manchester Mrmoirt, 1861—63. 
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'between temperature and elevatioQ obtained by means of equation 
(10) § 246 is 

e^ = I— ITi-fif* (*). 

■where $„ is the temperature at the surface. 

According to (4) the fall of temperature would be about 
1' Cent in 330 feet, which does not differ much from the results of 
Glaiaber's balloon observations. When the sky is clear, the fall of 
temperature during the day is more rapid than when the sky is 
cloudy, but towards sunset the temperatiu^ becomes approximately 
constant*. Probably on clear nights it is often warmer above than 
below. 

The explanation of acoustical refraction as dependent upon a 
variation of temperature with height is almost exactly the same as 
that of the optical phenomenon of mirage. The curvature (p~') of 
a ray, whose course is approximately horizontal, is easily estimated 
by the method given by Frof James Thomson*. Normal planes 
drawn at two consecutive points along the ray meet at the centre of 
curvature and are tangential to the wave-surface in its two con- 
secutive positions. The portions of rays at elevations e and s-^Sz 
respectively intercepted between the normal planes are to one 
another in the ratio p '■ p- Bz, and also, since they are described 
in the same time, in the ratio V l V+SV, Hence in the limit 



dz 



.(5), 



In the normal state of the atmosphere a ray, which starts 
horizontally, turns gradually upwards, and at a sufficient distance 
passes over the head of an observer whose station is at the same 
level as the source. If the source be elevated, the sound is heard 
at the surface of the earth by means of a ray which starts with 
a downward inclination ; but, if both the observer and the 
source be on the surface, there is no direct ray, and the sound is 
heard, if at all, by means of diflraction. The observer may then 
be said to be situated in a sound shadow, although there may be 
no obstacle in the direct line between himself and the source. 
According to (3) 



1 Nature, Sept. 20, 1877. 
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BO that p= . iT— = 5 . s- (6); 

or the radius of curvature of a horizontal ray is about ten times 
the height through which a body must fall under the action of 
gravity in order to acquire a velocity equal to the velocity of 
sound. If the elevations of the observer and of the source be e^ 
and z,, the greatest distance at whicn the sound can be heard 
otherwise than by difiraction is 

V(2z,p) + V(2v) (Ti- 
lt is not to be supposed that the condition of the atmosphere 
is always such that the relation bet'ween velocity and elevation is 
that expressed in (3). When the sun is shining, the variation of 
temperature upwards is more rapid ; on the other hand, as Prof, 
^ynolds has remarked, when rain is falling, a much slower varia- 
tion is to be expected. In the arctic regions, where the nights 
are long and still, radiation may have more influence than con- 
vection in determining the equilibrium of temperature, and if so the 
propagation of sound in a horizontal direction would be favoured 
by the approximately isothermal condition of the atmosphere. 

The general differential equation for the path of a ray, when 
the surfaces of equal velocity are parallel planes, is readily obtained 
from the law of sines. If ^ be the angle of incidence, F-j- sin ^ is 
not altered by a refracting surface, and therefore in the case 
supposed remains constant along the whole course of a ray. If x 
be the horizontal co-ordinate, and the constant value of F-:- sin ^ 
be called c, we get 

dx_ V 
dz 



.(8). 



If the law of velocity be that expressed in (3), 
, iVdV 



• VdV 
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or, on eSectiDg the integration, 

y 

(7— 1) J a; = constant + VJt?— y^-t^ain^ — (9), 

in which Fmay be expresaeil in teruu of s by (3). 

A simpler result will be obtained by taking an approximate 
form of (3), which will be accurate enough to represent the esses 
of practical interest. Neglecting the square and higher powers of 
e, we may take 

v-vr+i^j^ (10). 

Writing for brevity ^ in place of lyi » 'we have ffds = d V~\ 
By substitution in (8) 






..(11), 



the origin of x being taken so as to correspond with V= c, that is 
at the place where the ray is horizontal. Expressing Via terms 
of 0^ we find 

2c _ ,-» , .^cB. 



whence /9« = - 7,"'+^(««^+«-'*^ (12). 

The path of each ray is therefore a catenary whose vertex is 

2F' 
downwards ; the linear parameter is — -, — Vr— , and varies from 

ray to ray. 

289. Another cause of atmospheric re&action is to be found 
in the action of wind. It has long been known that sounds are 
generally better heard to leeward than to windward of the source; 
but the fact remained unexplained until Stokes' pointed out that 
the increasing velocity of the wind overhead must interfere with 
the rectilinear propagation of sound rays. From Fermat'a law of 
least time it follows that the course of a ray in a moving, but 
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otherwise homogeneous, medium, ia the same as it would he in a 
medium, of which all the parts are at rest, if the velocity of 
propagation be increased at every point by the component of 
the wind-velocity in the direction of the ray. If the wind be 
horizontal, and do not vary in the same horizontal plane, the 
course of a ray, whose direction ia everywhere but slightly inclined 
to that of the wind, may be calculated on the same principles as 
were applied in the preceding section to the case of a variable 
temperature, the normal velocity of propagation at any point being 
increased, or diminished, by the local wind-velocity, according as 
the motion of the sound is to leeward or to windward. Thus, 
when the wind increases overhead, which may be looked upon as the 
normal state of things, a horizontal ray traveUing to windward is 
gradually bent upwards, and at a moderate distance passes over 
the head of an observer; rays traveUing with the wind, on the 
other hand, are bent downwards, so that an observer to leeward of 
the source heai-a by a direct ray which starts with a sUght upward 
inclination, and has the advantage of being out of the way of 
obstructions for the greater part of its course. 

The law of refraction at a horizontaJ surface, in crossing which 
the velocity of the wind changes discontinuously, is easily investi- 
gated. It will be sufficient to consider the case in which the 
direction of the wind and the ray are in the same vertical fJane. 
If d be the angle of incidence, which is also the angle between the 
plane of the wave and the surface of separation, U be the velocity 
of the air in that direction which makes the smaller angle with 
the ray, and Vhe the common velocity of propagation, the velocity 
of the trace of the plane of the wave on the surface of separa> 
tion is 



sintf*^ 



.(1), 



which quantity is unchanged by the refraction. If therefore IT be 
the velocity of the wind on the second side, and ff be the ai^le of 
re&action, 

S^ + ^-SJ?+^' (2)' 

which differs from the ordinary optical law. If the wind-velocity 
vary continuously, the course of a ray may be calculated from the 
condition that the expression (1) remams constuit. 
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If ve suppose that 17=0, the greatest admissible value of 

trar{co8ecff-l} (3). 

At a stratum where U' has this value, the direction of the ray 
-which started at an angle has become parallel to the refracting 
surfaces, and a stratum where IT has a greater value casnot be 
penetrated at alL Thus a ray travelling upwards in still air at au 
inclination (Jtt — 8) to the horizon is reflected hy a wind overhead 
of velocity exceeding that given in (3), and this independently of 
the velocities of intermediate strata. To take a numerical example, 
all rays whose upward inclination is less than 11° are totally 
reflected by a wind of the same azimnth moving at the moderate 
speed of 15 miles per hour. The eflects of such a wind on the 
propa^tion of sound cannot fail to he very important. Over the 
sur&ce of still water sound moving to leeward, being confined 
between parallel reflecting planes, divei^es in two dimensions 
only, and may therefore be heard at distances far greater than 
would otherwise be possible. Another possible effect of the reflector 
overhead is to render sounds audible which in still air would 
be intercepted by hills or other obstacles intervening. For the 
production of these phenomena it is not necessary that there be 
absence of wind at the source of sound, but, as appears at once 
from the form of (2), merely that the difference of velocities W— V 
attain a sufficient value. 

The diSerential equation to the path of a ray, when the wind- 
velocity fis continuously variable, is 



whence — ' 



V^ + d/^-'i^ W' 

I Vdz 



In comparing (6) with (8) of the preceding section, which 
is the corresponding equation for ordinary refraction, we must 
remember that V is now constant. I^ for the sake of obtaining a 
definite result, we suppose that the law of variation of wind at 
different levels is that expressed by 

U=a + ffz... : (6), 

^{c±uy-v' ^^' 
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which is of the same form as (II) of the preceding sectioD. The 
course of a ray is accordingly a catenary in the present case also, 
but there is a most important distinction between the two problems. 
When the refraction is of the ordinary kind, depending upon a 
variable velocity of propagation, the direction of a ray may be 
reversed. In the case of atmospheric refraction, due to a diminu- 
tion of temperature upwards, the course of a ray is a catenary, 
whose vertex is downwards, in whichever direction the ray may be 
propagated. When the refraction is due to wind, whose velocity 
increases upwards, according to the law expressed in (6) with yS 
positive, the path of a ray, whose direction is upward, is also along 
a catenary with vertex downwards, hut a ray whose direction is 
downward cannot travel along this path. In the latter case the 
verlex of the catenary along which the ray travels is directed 
upwards. 

290. In the paper by Reynolds already referred to, an account 
is given of some interesting experiments especially directed to test 
the theory of refraction by wind. It was found that "In the 
direction of the wind, when it was strong, the sound (of an electric 
hell) could he heard as well with the head on the ground as when 
raised, even when in a hollow with the bell hidden from view by 
the slope of the ground ; and no advantage whatever was gained 
either by ascending to an elevation or raising the bell. Thus, with 
the wind over the grass the sound could be heard 140 yards, and 
over snow 360 yards, either with the head lifted or on the ground ; 
whereas at right angles to the wind on all occasions the range was 
extended by raising either the observer or the beU." 

" Elevation was found to affect the range of sound agunst the 
wind in a much more marked manner than at right angles." 

" Over the grass no sound could be heard with the head on the 
ground at 20 yards from the bell, and at 30 yards it was lost with 
the head 3 feet from the ground, and it« fuU iutensity was lost 
when standing erect at 30 yards. At 70 yards, when standing 
erect, the sound was lost at long intervals, and was only faintly 
heard even then ; but it became continuous again when the ear 
was raised 9 feet from the ground, and it reached H& full intensity 
at an elevation of 12 feet." 

Prof Reynolds thus sums up the results of his experiments : — 

1. " When there is no wind, sound proceeding over a rough 
surface is more intense above than below." 
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2. "As long ae the velocity of the wind is greater ahove thaa 
below, sound is lifted up to windward and is not destroyed." 

3. "Under the same (nrcumstaDces it is brought down to 
leeward, and hence its range extended at the surface of the ground." 

Atmospheric refraction has asi important bearing on the 
audibility of fog-signals, a subject which within the last few years 
has occupied the attention of two eminent physicists. Prof Henty 
in America and Prof Tyndall in this couutry. Heury' attributes 
almost all the vagaries of distant sounds to refraction, and has 
shewn how it is possible by various suppositions as to the motion 
of the Eur overhead to explain certain abnormal phenomena which 
have come under the notice of himself and other observers, while 
Tyndall', whose investigations have .been equally extensive, 
considers the very limited distances to which sounds are sometimes 
audible to be due to an actual stopping of the sound by a flocculent 
condition of the atmosphere arising from unequal heating or 
moisture. That the latter cause is capable of operating in this 
direction to a certain extent cannot be doubted. Tyndall haa 
proved by laboratory experiments that the sound of an electric bell 
may be sensibly intercepted by alternate layers of gases of different 
densities ; and, although it must be admitted that the alternations 
of density were both more considerable and more abrupt than 
can well be supposed to occur in the open air, except perhaps in 
the immediate neighbourhood of the solid ground, some of the 
observations on fog-signals themselves seem to point directly to 
the explanation in question. 

Thus it was found that the blast of a sireu placed on the 
summit of a cliff overlooking the sea was followed by an echo 
of gradually diminishing intensity, whose duration sometimes 
amounted to as much as 15 seconds. This pheuomenon was 
observed "when the sea was of glassy smoothness," and cannot 
apparently be attributed to any other cause than that assigned to 
it by Tyndall. It is therefore probable that re&action and 
acoustical opacity are both concerned in the capricious behaviour 
of fc^[-signals. A priori we should ceiiainly be disposed to attach 
the greater importance to refraction, and Reynolds has shewn that 
some of Tyndall's own observations admit of explanation upon this 

>T the jeai 1874. 
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principle. A failure in reciprocity can only be explained in 
accordance with theory by the action of wind {§ 111). 

According to the hypothesis of acoustic clouds, a difTerence 
might be expected in the behaviour of sounds of long and of short 
duration, which it may be worth while to point out here, as it does 
not appear to have been noticed by any previous writer. Since 
energy is not lost ia reflection and refraction, the intensity of 
radiation at a given distance from a continuous source of sound (or 
light) is not altered by an enveloping cloud of spherical form and of 
tioiform density, the loss due to the intervening parts of the cloud 
being compensated by reflection from those which lie beyond the 
source. When, however, the sound is of short duration, the 
intensity at a distance may be very much diminished by the cloud 
on account of the difl^erent distances of its reflecting parts and the 
consequent drawing out of the sound, although the whole intensity, 
a& measured by the time-integral, may be the same as if there had 
been no cloud at all. This is perhaps the explanation of Tyndall's 
observation, that different kinds of signals do not always preserve 
the same order of effectiveness. In some states of the weather a 
" howitzer firing a 3-lb. charge commanded a larger range than the 
whistles, trumpets, or syren," while on other days "the inferiority 
of the gun to the syren was demonstrated in the clearest manner." 
It should be noticed, however, that in the same series of experi- 
ments it was found that the liability of the sound of a gun " to he 
quenched or deflected by an opposing wind, so as to be practically 
useless at a veiy short distance to windward, is very remarkable." 
The refraction proper must be the same for all kinds of sounds, 
but for the reason explained above, the diffraction round the edge 
of an obstacle may be less effective for the report of a gun than for 
the sustained note of a siren. 

Another point examined by Tyndall was the influence of fog on 
the propagation of sound. In spite of isolated assertions to the 
contrary', it was generally believed on the authority of Derham 
that the influeuce of fog was prejudicial. Tyndall's observations 
prove satisiactorily that this opinion is erroneous, and that the 
passage of sound is favoured by the homogeneous condition of the 
atmosphere which is the usual concomitant of fog^ weather. 
When the air is saturated with moisture, the fall of temperature 
with elevation according to the law of convective equilibrium is 



1 See fox example Desor, ForUebntte der Phyiik, «. p. 217. 1656. 
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much less rapid than in the case of dry air, on account of the 
condensation of vapour which then accompanies expansion. From 
a calculation by Thomson* it appears that in warm fog the effect 
of evaporation and condensation would be to diminish the fall of 
temperature by one-half. The acoustical refraction due to tem- 
peratnre would thus be lessened, and in other respects no doubt 
the condition of the air would be favourable to the propagation of 
sound, provided no obstruction were offered by the suspended 
particles themselves. In a future chapter we shall investigate the 
disturbance of plane sonorous waves by a small obstacle, and we 
shall find that the effect depends upon the ratio of the diameter of 
the obstacle to the wavo-length of the sound. 

The reader who is desirous of pursuii^ this subject may con- 
sult a paper by Eeynolds "On the Refraction of Sound by the 
Atmosphere*," as well as the authorities already referred to. It 
may be mentioned that Reynolds agrees with Henry in consider- 
ing refraction to be the really important cause of disturbance, but 
further observations are much needed. See also § 294. 

291. On the assumption that the disturbance at an aperture 
in a screen is the same as it would have been at the same place in 
the absence of the screen, we may solve various problems respecting 
the diffraction of sound by the same methods as are employed for 
the corresponding problems in physical optics. For example, the 
disturbance at a distance on the further side of an infinite plane 
wall, pierced with a circular aperture on which plane waves of 
sound impinge directly, may be calculated as in the analogoiis 
problem of the difilraction pattern formed at the focus of a circular 
object-glass. Thus in the case of a symmetrical speaking trumpet 
the sound is a maximum along the axis of the instrument, where 
all the elementary disturbances issuing from the various points 
of the plane of the mouth are in one phase. In oblique direc- 
tions the intensity is less; but it does not &11 materially short 
of the maximum value until the obliquity is such that the 
difference of distances of the nearest and furthest points of the 
mouth amounts to about half a wave-length. At a somewhat 
greater obliquity the mouth may be divided into two parts, of 
which the nearer gives an aggregate effect equal in magnitude, 



1 Maneheiter Memoin, 1861—63. 

* PMl Tram. Vol. 166, p. 316. 1876. 
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but opposite in phase, to that of the further ; so that the intensity 
in this direction vanishes. In directions still more oblique the 
sound revives, increases to an intensity equal to '017 of that 
alongthe axis', again diminishes to zero, and soon, the alternations 
corresponding to the bright and dark rings which surround the 
central patch of light in the image of a star. If R denote the 
radius of the mouth, the angle, at which the first silence occurs, is 



JX, the elementaiy disturbances combine without any considerable 
antagonism of phase, and the intensity is nearly uniform in all 
directions. It appears that concentration of sound aloug the axis 
requires that the ratio R : X should be large, a condition not 
usually satisfied in the ordinary use of speaking trumpets, whose 
efficiency depends rather upon an increase in the original volume 
of sound (§ 280). When, however, the vibrations are of very short 
wave-length, a trumpet of moderate size is capable of effecting a 
considerable concentration along the axis, as I have myself verified 
in the case of a hiss. 

292. Although such calculations as those referred to in the 
preceding section are useful as giving us a general idea of the 
phenomena of diffraction, it must not be forgotten that the 
auxiliary assumption on which they are founded is by no means 
strictly and generally true. Thus in the case of a wave directly 
incident upon a screen the normal velocity in the plane of the 
aperture is not constant, as has been supposed, but increases from 
the centre towards the edge, becoming infinite at the edge itself. 
In order to investigate the conditions by which the actual velocity 
is determined, let us for the moment suppose that the aperture is 
filled up. The incident wave <ft = cos {nt — kx) is then perfectly 
reflected, and the velocity-potential on the negative side of the 
screen (x = 0) is 

<ft = cos {tit ~ Kx) -f-cos(n(+ Kx) (1), 

^ving, when a; = 0, = 2 cos nt. This corresponds to the vanish- 
ing of the normal velocity over the area of the aperture; the 
completion of the problem requires us to determine a variable 
normal velocity over the aperture such that the potential due to it 
(% 278) shall increase by the constant quantity 2 cos n< in crossing 

' Terdet, Lejoia toptiqwt phytique, t. i. p. 30C 
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from the n^ative to the positive Ride; or, since the croacdiig 
involvee simply a change of sign, to detenniDe a value of the 
normal velocity over the area of the aperture which shall give on 
the positive side <ft = cos nt over the same area. The result of 
superposiog the two motious thus defined satisfies all the condi- 
tions of the problem, giving the same velocity and pressure on the 
two sides of the aperture, and a vanishing normal velocity over the 
remainder of the screen. 



If Pcos (nt+ «) denote the value of -p at the various points 

of the area {S) of the aperture, the condition for determining 
Pandeisby {6)§278, 



-M^ 



IS (nt — tcr + e) ,a . ,a\ 

— i -dS-^cosnt (2), 



where r denotes the distance between the element dS and any 
fixed point in the aperture. When F and e are known, the com- 
plete value of <p for any point on the positive side of the screen is 
given hy 

^,-^l|Jf °°- ("'-"■ -^') a? (3), 

and for any point on the negative side by 

= +^jTp^^^fc^^^^dfl' + 2coanico3« (4). 

The expression of P and e for a finite aperture, even if of circular 
form, is probably beyond the power of known methods; hut in the 
case where the dimensions are very small in comparison with the 
wave-length the solution of the problem may he effected for the 
circle and the ellipse. If r he the distance between two points, 
both of which are situated in the aperture, ler may be neglected, 
and we then obtain &om (2) 

'-"■ '-lll^T (^). 

p 

shewing that — =~ is the density of the matter which must be 

distributed over 8 in order to produce there the constant potential 
unity. At a distance from the opening on the positive side we 
may consider r ae constant, and take 

^_^ CO.(„t-^) jgj^ 

nK!,i,....::.\.AK)*;iC 
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where M=~--s-\.\PdS, denoting the total quantity of matter 

which mast be supposed to be distributed. It will be sliewn 
on a future page that for an ellipse of semimajor axis a, and 
eccentricity e, 

M = a-i-F{e) (7), 

where F is the symbol of the complete elliptic function of the first 
kind. In the case of a circle, F(e) ^^w, ajid 

Jf.| (8). 

This result is quite different from that which we should obtain on 
the hypothesis that the normal velocity in the aperture has the 
value proper to the primary wave. In that case by (3) § 283 

^__Wsi.(rf-.r) ^gj 

If there be several small apertures, whose distances apart are 
much greater than their dimensions, the same method ^ves 



!ii!'^r^+jy °i^>'-._«^«)+ (10). 



The diflraotion of sound is a subject which has attracted but 
little attention either from mathematicians or experimentalists. 
Although the general character of the phenomena is well under- 
stood, and therefore no very startling discoveries are to be 
expected, the exact theoretical solution of a few of the simpler 
problems, which the sul^ect presents, would be interesting; and, 
even with the present imperfect methods, something probably 
might be done in the way of experimental examination. 

293. The value of a function ^ which satisfies v*^ = through- 
out the interior of a simply-connected closed space S can be 
expressed as the potential of matter distributed over the surface 
of >S. In a certain sense this is also true of the class of functions 
with which we are now occupied, which satisfy y'^4-/c*^ = 0. 
The following is Helmholtz's proof. By Green's theorem, if 
and -^ denote any two functions of x, y, e, 

• Theorie dtr LufUchicmgungfn in ItSkren mit offetitn Endtii. Crellf, Bd. ltii. 
p. I. I860. 
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To each side add - I j j^^^dF; then if 

o* CV*^ + «*<^) + * - 0, a* ( v*+' + «» + '5' = 0, 

If $ and ^ Tauish within S, we have simply 

l!*'>'JJ*fj' (^)- 

Suppose, however, that 

*-— (3), 

where r lepresents the distance of any point from a fixed origin O 
within S. At all points, except 0, O vanishes ; and tiie last tenn 
in (1) becomes 

■^ referring to the point 0. Thus 

in which if ^ vanish, we have an expression for the value of -^ at 
any interior point in terme of the surface values of -^ and of 

-5^. In the case of the conunon potential, on which we fall back 

by putting « = 0, ^ would be determined by the surface values of 

-^ only. But with * finite, this law ceases to be universally true. 

For a given space 8 there is, as in the case investigated in § 267, a" 
series of determinate values of k, corresponding to the periods of 
the possible modes of simple harmonic vibration, which may take 
place within a closed rigid envelope having the form of 8. With 
any of these values of k, it is obvious that -^ cannot be determined 
by ita normal variation over 8, and the fact that it satisfies 
throughout S the equation v*^ + «''^ = 0. But if the supposed 
value of K do not coincide with one of the series, then the problem 
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is determmate ; for the difference of any two possible Bolutions, if 
finite, would satisfy the condition of giving no nonual velocity 
over 8, a condition which by hypothesis cannot be satisfied with 
the assumed value of k. 

If the dimensicms of the space S be very small In comparison 
with X (=s Stt + «), e"*^ may be replaced by unity; and we leam 
that ■^ differs but little from a function which satisfies throughout 
8 the equation v'^ = 0. 

294. On his extension of Green's theorem (1) Helmholtz 
founds his proof of the important theorem contained in the following 
statement: If in a spacefilled with air which is partly botmded by 
finitely extended fired bodies and is partly unbounded, sound waves 
be excited at any point A., the resultinff velocity-potential at a second 
point 3 is the same both in magnitude and phase, as it would have 
been at A, had B been the source of the sound. 

If the equation 

-■//(*S-+2)<'«=//M*-«'"' (■)• 

in which <f> and t^ are arbitrary functions, and 

<P = -a' (v> + K*^). Y = - (^ Cv'f + «V). 
be applied to a space completely enclosed by a ri^d boundary and 
containing any number of detached rigid fixed bodies, and if ^, ■^ 
be velocity-potentials due to sources within 8, we get 

f|T(^*-^^)dF=:0 (2). 

Thus, if ^ be due to a source concentrated in one point A,^=0 
except at that point, and 

where ijj^dV represents the intensity of the source. Similarly, 
if -^ be due to a source situated at B, 

jlj.t,<!rdr.4,.jjjvdr. 

Accordingly, if the sources be finite and equal, so that 

jjj^dV=IJf'<irdV. (3), 

9—2 
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it follows tbat 

+,-*, w, 

which is the symbolical statement of Helmholtz's theorem. 

If the space 8 extend to infinity, the surface integral still 
vanishes, and the result is the same ; but it is not necessary to go 
into detail here, aa this theorem is included in the vastly mora 
general principle of reciprocity established in Chapter V. The 
investigation there ^ven shews that the principle remains true in 
the presence of dissipative forces, provided that these arise from 
resistances varying as the first power of the velocity, that the 
fluid need not be homogeneous, nor the neighbouring bodies rigid 
or fixed. In the application to infinite space, all obscurity is 
avoided by supposing the vibrations to be slowly dissipated after 
having escaped, to a distance from A and B, the sources nnder 
contemplation. 

The reader must carefully remember that in this theorem 
equal soTUces of sound are those produced by the periodic intro- 
duction and abstraction of equal quantities of fluid, or something 
whose effect is the same, and that equal sources do not necessarily 
evolve equal amounts of energy in equal times. For instance, a 
source close to the surface of a large obstacle emits twice as much 
energy aa an equal source situated in the open, 

Aa an example of the use of this theorem we may take the 
case of a hearing, or speaking, trumpet consisting of a conical tube, 
whose eificiency is thus seen to be the same, whether a sound pro- 
duced at a point outside is observed at the vertex of the cone, or 
a source of equal strength situated at the vertex is observed at the 
external point. 

It is important also to bear in mind that Helmholtz's form of 
the reciprocity theorem is applicable only to simple sources of sound, 
which in the absence of obstacles would generate symmetrical 
waves. As we shall see more cleady in a subsequent chapter, it is 
possible to have sources of soundj which, though concentrated in 
an infinitely small region, do not satisfy this condition. It will be 
sufficient here to consider the case of double sources, for which the 
modified reciprocal theorem has an interest of its own. 

Let us suppose that A is & simple source, giving at a point B 
the potential - ^, and that A' is an equal and opposite source 
situated at a neighbouring point, whose potential at .S is ■^ + A'^. 
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If both sources be in operatioa Bimaltaneously, the potential at B 
is A^. Now let us suppose that there is a simple source at B, 
whose intensity and phase 9'Te the same as those of the sources at 
A and A'; the resulting potential at A is ■>)r, and at J.' •^ + A^. 
If the distance AA' be denoted by h, and be supposed to diminish 
without limit, the velocity of, the fluid at A in the direction AA' 
is the limit of Ai^ : A. Hence^ if we define a unit double source 
as the limit of two equal and opposite simple sources whose dis- 
tance is diminished, and whose intensity is increased without 
limit in such a manner that the product of the intensity and 
the distance is the same as for two unit simple sources placed at 
the unit distance apart, we may say that the velocity of the fluid 
at j1 in direction AA' due to a unit simple source at B is numeri- 
cally equal to the potential at B due to a imit double source at A, 
whose axis is in the direction AA'. Thi» theorem, be it observed, 
is true in spite of any obstacles or reflectors that may exist in the 
neighbourhood of the sources. 

Again, if AA' and BB" represent two unit double sources of the 
same phase, the velocity at B in direction BB" due to the source 
AA' is the same as the velocity at A in direction AA' due to the 
source BB'. These and- other results of a like character may also 
he obtained on an immediate application of the general principle of 
§ 108. These examples will be sufBcient to shew that in applying 
the principle of reciprocity it k necessary to attend tO' the character 
of the sources. A double source, situated in an open space, is in- 
audible from any point in its equatorial plane, but it does not 
follow that a simple source in the equatorial plane is inaudible 
from the position of the dfiuble source. On this principle, I believe, 
may be explained a curious experiment by Tyndall*, in which 
there was an apparent failure of reciprocity'. The source of sound 
employed was a reed of very high pitchy mounted in a tube, along 
whose axis the intensity was considerably greater than in oblique 
directions. 

295. The kinetic energy T <rf the motion within a closed 
surface 8 is expressed by 



=*.///. 



..(i)i 



' Proctedingi of the Soyal Imtitution, Jan. 1875. AIbo Tyndall, On SimTtd, 3id 
edition, p. 405. 

* Sea a note " On the Applioation of the Prinoiple of ReoiptooHy to AoonatioB." 
Bogal Socitty Proceeding; Tol. kt. p. 118, 1676, or Pftil. Mag. (6) ra. p. 800. 
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'■e.lJ*^ds-p.j[J4,'^4.dr (2), 

by Qreen'a tbeoTem. For the potential energy V^ we have by 
(12) § 245 

^'-t-ilS*'^^- "'■ 

whence ^' -?///«■<'»'- 5///{f + »V*j idV-W. 

by the general equation of motion (9] § 244. Thus, if E denote 
the whole energy within the space S, 

f-m^-i-m*'^ '^'' 

of which the first term represents the work transmitted across the 
boundary 8, and the second represents the work done by internal 
sources of sound. 

If the boundary j^be a fixed ri^d envelope, and there be no 
internal sources, £ retains its initial value throughout the motion. 
This principle has been applied by Kirchhoff' to prove the deter- 
minateness of the motion resulting from given arbitrary initial 
conditions. Since every element of E is positive, there can be no 
motion within S, if £ be zero. Now, if there were two motions 
possible corresponding to the same initial conditions, their differ- 
ence would be a motion for which the initial value of E waa zero ; 
but by what has just been stud such a motion cannot exist 

^ VorU$iBi^en UbtT Hath. Fh^tik, p. 3X1. 
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CHAPTEB. XV. 

FURTHER APPLICATION OF THE GENERAL EQUATIONS. 

296. When a train of plane waves, otherwise unimpeded, 
impinges upon a space occupied by matter, whose mechanical pro- 
perties differ from those of the eurrouading medium, secondary 
waves are thrown off, which may be regarded as a disturbance due 
to the change in the nature of the medium — a point of view more 
especially appropriate, when the region of disturbance, as well 
as the alteration of mechanical properties, ia small. If the 
medium and the obstacle be fluid, the mechanical properties 
spoken of are two— the compressihility and the density: no 
account is here taken of friction or viscosity. In the chapter on 
spherical harmonic analysis we shall consider the problem here 
proposed on the supposition that the obstacle is spherical, without 
any restriction as to the smallness of the change of mechanical 
properties ; in the present investigation the form of the obstacle 
is arbitrary, but we assume that the squares and higher powers 
of the changes of mechanical properties may be omitted. 

If ?. ^. ? denote the displacements parallel to the axes of 
co-ordinates of the particle, whose equilibrium position is defined 
by X, y, z, and if er be the normal density, and m the constant 
of compressibility so that ^ = ms, the equations of motion are 



■■(1). 



and two similar equations in ij and ^ On the assumption 
that the whole motion is proportional to e'"*', where as usual 
ic = 2ir\"', and (§ 244) a* = m<r"', (1) may be written 

^-"V{=.0 (2). 
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The relation between tlie condensation «, and the displace- 
ments {, V, Kt obtained by integrating (3) § 238 with respect 
to the time, is 

-'-'MA- (^)- 

For the system of primary waves advancing in the direction 
<ii —X, ff fuid ^ vanish ; if ^„ a^ be the valnes of f and s, and 
m^, (T, be tbe mechaoical constante for the undisturbed medium, 
we have as io (2) 

dx 



^-<r^Vf, = (4); 



but ^g, 8^ do not satisfy (2) at tbe region of disturbance on account 
of the variation in w. and a, which occurs there. Let us assume 
that the complete values are fo + ?,»;, 5, s, + «, and substitute 
in (2). Then taking account of (4), we get 

or, as it may also be written, 

^M-<.«'a'f + ^^(A»..0-A,r.«'a'f. = a (5), 

if Ant, Aa- stanJ respectively for m — m,, <r — <r,. The equations 
in 17 and % are in like manner 

T- (ms) - <7-x*o*S'+ ^ (Am.s^ = 

It is to be observed that Aw, Ait vanish, except through a 
small apace, which is regarded aa the region of disturbance ; 
f, 7}, ^, a, being the result of tbe disturbance are to be treated 
as small quantities of the order Am, Atr ; so that in our .ap- 
proximate analysis the variations of m and tr in the first two 
terms of (5) and (6) are to be neglected, being there multiplied 
by small quantities. We thus obtain fi-om (5) and (6) by difier- 
cntiation and addition, with use of (3), as the differential equation 
in g. 
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As in § 277, the oolutiou of (7) ia 

4,m»=/J'|^{v'CAm.0-«'<*"^{A<r.fjJdF. (8). 

in which the integratioQ extends over a volume completely in- 
cluding the region of disturbance. The integrals in (8) may he 
transformed withr the aid of Green's theorem-. Calling the two 
, parte respectively P and Q, we have 

P=jjj'-^V(_l«».>ildr~jflAm.r,v'i^-^dr 

where 8 denotes the surface of the space through which the triple 
integration extends. Now on S, Am and -j- (Am.sJ vanish, 
80 that both the surface integrals disappear. Moreover 

\ r J rar r ' 

and thus 

P=-H^IJ[~Amj,dV. (9). 

If the region of disturbance be small in comparison with X, 
we may write 

P=-j^^s,^jjJAmdV. (10). 

In like manner for the second integral in (8), we find 

0.-A-///?^^(4».S.)ir 
=^«-jJ/A,..f.^(«-^dr..v«'f.^!^///A^dr,..(ii), 

where ft denotes the cosine of the angle between a: and r. The 
linear dimension of the region of distnrhance is neglected in 
comparison with X, and \ is neglected in comparison with r. 

If r be the volume of the space through which Am, Ao- are 
sensible, we may write 

jjJAmdV=T.Am, jjJAadV= T.Aa, 

n,.i,i..,..»^>00'^le 
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if on the right-hand sides Am, A<r refer to the mean values of 
the variations In question. Thus bom (S) 

To express f, in terms of s^ we have from (3), f „ = — /*» (2j! ; and 
thus, if the condensation for the primary waves be «, = e*"''^'''"'*, 
iVfi, = — 8j, and (12) may he put into the form 

,...,.-'^i^^^A (13). 

in which s^ denotes the condensation of the primary waves at 
the place of disturbance at time (, and s denotes the condensa- 
tion of the secondary waves at the same time at a distance r from 
the disturbance. Since the difference of phase represented by the 
factor e"*" corresponds simply to the distance r, we may consider 
that a simple reversal of phase occurs at the place of disturbance. 
The amphtude of the secondary waves is inversely proportional 
to the distance r, and to the aqvare of the wave-length \. Of 
the two terms expressed in (13) the first is symmetrical in all 
directions round the place of disturbance, while the second varies 
as the cosine of the angle between the primary and the secondaiy 
rays. Thus a place at which m varies behaves as a simple source, 
and a place at which <r varies behaves as a double source (§ 294). 

That the secondary disturbance must vary as X"" may be 
proved immediately by the method of dimensions. Ant and Aff 
being given, the amplitude is necessarily proportional to T, and in 
accordance with the principle of energy must also vary inversely 
as r. Now the only quantities (dependent upon space, time, and 
mass) of which the ratio of amplitudes can bo a function, are 
T, r, X, a (the velocity of sound), and <r, of which the last cannot 
occur in the expression of a simple ratio, as it is the only one of 
the five which involves a reference to mass. Of the remaining 
four quantities T, r, X, and a, the last is the only one which 
involves a reference to time, and is therefore excluded. We are 
left with T, r, and X, of which the only combination varying 
as IV"', and independent of the unit of length, is IV X"*.' 

An interesting application of the results of this section may 
be made to explain what have been called harmonic echoes'. 

' "On thelightfrom thBflky,"Pfta. Ifofl. Feb. 1871, and "On the scattering of 
light by amall Particles," Phil. Mag. June, 1871. 

» Nature, 1873, vui, 819. 
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If the primary sound be a compound musical note, the various 
component tones are scattered in unlike proportions. The octave, 
for example, is sixteen times stronger relatively to the fimda- 
mental tone in the secondary than it was in the primary sound. 
There is thus no difficulty in understanding how it may happen 
that echoes returned from such reflecting bodies as groups of trees 
may be raised an octave. The phenomenon has also a comple- 
mentary side. If a number of small bodies lie in the path of 
waves of sound, the vibrations which issue from them in aU direc- 
tions are at the expense of the energy of the main stream, and 
where the sound is compound, the exaltation of the higher har- 
monics in the scattered waves involves a proportional deficiency 
of them in the direct wave after passing the obstacles. This is 
perhaps the explanation of certain echoes which ate aai.d to return 
a sound graver than the original ; for it is known that the pitch of 
a pure tone is apt to be estimated too low. But the evidence 
is conflicting, and the whole subject requires further careful expe- 
rimental investigation ; it may be commended to the attention of 
those who may have the necessary opportunities. While an altera- 
tion in the character of a sound is easily intelligible, and must 
indeed generally happen to a limited extent, a change in the 
pitch of a simple tone would be a violation of the law of forced 
vibrations, and hardly to be reconciled with theoretical ideas. 

In obtaining (13) we have neglected the effect of the variable 
nature of the medium on the disturbance. When the disturb- 
ance on this supposition is thoroughly known, we might approxi- 
mate again in the same manner. The additional terms so obtained 
would be necessarily of the second order in Am, A<r, so that our 
expressions are in all cases correct as far as the first powers of 
those quantities. 

Even when the region of disturbance is not small in com- 
parison with X, the s^ne method is applicable, provided the 
_ squares of Am, Ao- be really negligible. The total effect of any 
obstacle may then be calculated by integration from those of its 
parts. In this way we may trace the transition from a small 
region of disturbance whose surface does not come into considera- 
tion, to a thin plate of a few or of a great many square wave- 
lengths in area, which wiU ultimately reflect according to the 
regular optical law. But if the obstacle be at all elongated in the 
direction of the primaiy rays, this method of calculation soon 
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ceases to be practically available, because, even althougb the 
change of mechamcal properties be very small, the interactioa 
of the various parts of the obstacle caaaot be left out of account. 
This caution is more especially needed in dealing with the case of 
light, where the wave-length is so exceedingly small in comparison 
with the dimensions of ordinary obstacles, 

297. In some degree similar to the effect produced by a 
change in the mechanical properties of a small region of the fluid, 
is that which ensues when the square of the motion rises any- - 
where to such importance that it can be no longer neglected. 
V'0 + «'0 then acquires a finite value dependent upon the square 
of the motion. Such places therefore act like sources of sound ; 
the periods of the sources including the submultiples of the ori- 
ginal period. Thus any part of space, at which the intensity 
accumulates to a sufficient extent, becomes itself a secondary 
source, emitting the harmonic tones of the primary sound. If 
there he two primary sounds of sufficient intensity, the secondary 
vibrations have frequencies which are the sums and differences of 
the frequencies of the primaries (§ 68)'. 

298. The pitch of a sound is liable to modification when the 
source and the recipient are in relative motion. It is clear, for 
instance, that an observer approaching a fixed source will meet 
the waves with a frequency exceeding that proper to the sound, by 
the number of was-e-lengths passed over in a second of time. Thus 
if p be the velocity of the observer and a that of sound, the 
frequency is altered in the ratio a±v:a, according as the motion 
is towards or from the source. Since the alteration of pitch is 
constant, a musical performance would still be heard in tune, 
although in the second case, when a and v are nearly equal, the 
fall in pitch would be so great as to destroy all musical character. 
If we could suppose v to be greater than a, a sound produced after 
the motion had begun would never reach the observer, but sounds 
previously excited would be gradually overtaken and heard in the 
reverse of the natural wder. If « = 2a, the observer would hear 
a musical piece in correct time and tune, but backwards. 

Corresponding results ensue when the source is in motion and 
the observer at rest ; the alteration depending only on the relative 
motion in the line of bearing. If the seurce and the observer move 
with the same velocity there is no alteration of frequency, whether 

J Helmholte liber Combiuationstone. Fogg. Ann. Bd. sciz. s. 497. 166EL 
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the medium be in motion, or not. With a relative motion of 
40 miles per hour the alteration of pitch is very conepicaous, 
amounting to about a semitone. The whistle of a locomotive is 
heard top high as it approaches, and too low as it recedes irom an 
observer at a station, changing rather suddenly at the moment of 



The principle of the alteration of pitch by relative motion was 
first enunciated by Doppler', and is often called Doppler's prin- 
ciple. Strangely enough its legitimacy was disputed by Petzval*. 
whose objection was the result of a eonfueion between two 
perfectly distinct cases, that in which there is a relative motion 
of the source and recipient, and that in which the medium is in 
motion while the source and the recipient are at reet. In the 
latter case the circumstances are mecbanically the same as if the 
medium were at rest and the source and the recipient had a 
common motion, and therefore by Doppler's principle no change 
of pitch is to be expected. 

Doppler's principle has been experimentally verified by Buijs 
Ballot' and Scott Russell, who examined the alterations of pitch 
of musical instruments carried on locomotives. A laboratory in- 
strument for proving the change of pitch due to motion has been 
invented by Mach*. It consists of a tube six feet in length, 
capable of turning about an axis at its centre. At one end is 
placed a small whistle or reed, which is blown by wind forced 
along the axis of the tube. An observer situated in the plane of 
rotation hears a note of fiuctuating pitch, but if he places himself 
in the prolongation of the axis of rotation, the sound becomes 
steady. Perhaps the simplest experiment is that described by 
Konig*. Two c" tuning forks mounted cm resonance cases are 
prepared to give with each other four beats per second. If the 
graver of the forks be made to approach the ear while the other 
remains at rest, one beat is lost for each two feet of approach ; if, 
however, it be the more acute of the two forks which approaches 
the ear, one beat is gained in the same distance. A modification 

1 Th«orie dea farbigen Liohtes der Doppelsteme. Fr&g, 1643. See Pisko, Die 
neiUTen Apparate der Ahtttik. Wien, I8S6. 

■ Wiai. Ber. vm. 134. 1863. ForttchritU der Phyrii, vm. 167. 

» Pogg. Atm. LiYi. p. 821. 

* Pogg. Arm. ciu. p. 6S, 1861, and cin. p. 333. 

' KSnlg'e Catalogue dee Appareili iVAcomtiqiu. Pftrig, 18CS. 
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of this experiment due to Mayer^ may also be noticed. In this 
case one fork excites the vibrations of a second in unison with 
itself, the excitation being made apparent by a small pendulum, 
whose bob rests against the extremity of one of the pronga If the 
exciting fork be at rest, the effect is apparent up to a distance of 
60 feet, but it ceases when the exciting fork is moved rapidly to 
■or fro in the direction of the line joining the two forks. 

There is some difficulty in treating mathematically the problem 
of a moving source, arising from the fact that any practical source 
acts also as an obstacle. Thus in the case of a bell carried 
through the air, we should require to solve a problem difficult 
enough without including the yibrations at all. But the solution 
of such a problem, even if it could be obtained, would throw no 
particular light on Doppler's law, and we may therefore advan- 
tageously simplify the question by idealizing the bell into a simple 
source of sound. 

In § 147 we considered ihe problem of a moving source qf 
disturbance in the case of a stretched string. The theory for 
aerial waves in one dimension is predsely similar, but for the 
general case of three dimensions some exten^on is necessary, in 
order to take account of ihe possibility of a motion across the 
direction of the sound rays. From §§ 273, 276 it appears that the 
effect at any point of a source of sound is the same, whether the 
source be at rest, or whetiier it move in any manner ou the surface 
of a sphere described about as centre. If the source move in 
such a manner as to change its idistance (r) from 0, its effect is 
altered in two ways. Not only ia the phase of the disturbance on 
arrival at affected by tbe variation of distance, but the amplitude 
also undergoes a change. The latter complication however may 
be put out of account, if we limit ourselves to the case in which 
the source is sufficiently distant. On this understanding we may 
assert that the effect at of a disturbance generated at time t and 
at distance ris the same as that of a similar disturbance generated 
at the time t+H and at the distance r~aBt In the case of a 
periodic disturbance a velocity of approach (t^ is equivalent to an 
increase of frequency in the ratio a : a + tj. 

299. We will now investigate the forced vibrations of the 
air contMned within a rectangular chamber, due to internal sources 
of sound. By § 267 it appears that the result at time t of an 
• Phil. Mag. {i) luir. p. 279, 1872. 

r,,.:,i ■...■:. v.. IKtyiC 
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initial condensation confined to the neighbourhood of the point 
f. *?. ? ia 

^=X%^KaBpqrCOSKatc<^ [p — I cos [j -^J cos (r — ) ...(1), 

where 

««5p«r = ^co3 (p"^ COS (9^) cos (r '!^jjJ4,^dxdydz...{2), 

from which the effect of an itnpreaaed force may be deduced, 
as in § 276. The disturbance ///^ft/icrfyrfa commnnicated at 
time ^ being denoted by jjj ^ (0 d^ dxdi/dz, or *, ((') di, the 
resultant disturbance at time t is 

cos (p^ COS (j ^) co3 (r ^r 0^{q cos Ka{t-f)dl^ ...(3). 

The symmetry of this expression with respect to x, y, z and 
f, ij, f is an example of the principle of reciprocity (§ 107). 

In the case of a harmonic force, for which ^, (0 = -4 cos mai!, 
we have to consider the value of 



I COB mo^' cos K« (f, — i)di (4). 



Strictly speaking, this integral has no definite value ; but, if 
we wish for the expression of the forced vibrations only, we must 
omit the integrated function at the lower limit, as may be seen 
by supposing the introduction of very small dissipative forces. 
We thus obtain 

{ O, ((') cos xa (( - *') dt'=:A 



(m'-K')"*" 

As might have been predicted, the expressions become infinite 
in case of a coincidence between the peiiod of the source and one 
of the natural periods of the chamber. Any particular normal 
vibration will not be excited, if the source be situated on one 
of its loopsi 

The effect of a multiplicity of sources may readily be inferred 
by summation or integration. 
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300. Wlieo sound is excited within a cylindrical pipe, tbe 
simplest kind of excitation that we can suppose is by the forced 
vibration of a piston. In this case the waves are plane from 
the be^^ning. But it is irapoiiant also to inquire what happens 
when the source, instead of being uniformly dififused over the 
section, is concentcated in one point of it. If we assume (what, 
however, is not unreservedly true] that at a sufficient distance 
from the source the waves become plane, the law of reciprocity 
is sufficient to guide us to the desired information. 

Let j4 be a simple source in an unlimited tube, 5, ff two 
points of the same normal section in the re^on of plane waves. 
Ex kypotkesi, the potentials at B and B" due to the source A 
are the same, and accordingly by the law of reciprocity equal 
sources at B and ff would give the same potential at A. From 
this it follows that the e£fect of any source is the same at a 
distance, as if the source were uniformly diffused over the section 
which passes through it. For example, if B and B were equal 
sources in opposite phases, the disturbance at A would be nil. 

The energy emitted by a simple source situated within a 
tube may now be calculated. If tbe section of the tube be <r, 
and the source such that in the open the potential due to it 
would be 

,__^ cos <c (of — r) 
^~ 47r ■ T~~ "• 



•■(1). 



the velocity-potential at a distance within the tube will be 
the same as if the cause of the disturbance were the motion 
of a piston at the origin, giving the same total displacement, 
and the energy emitted will also be the same. Now from (1) 

27rr*2^ = Jjlcoa«a« ultimately, 

and therefore if i(r be the velocity-potential of the plane waves 
in the tube (supposed parallel to z), we may take 

"S-MooS'Cm-^) (2), 

corresponding to which 

^ = _|^cos,.(a*-^) (3). 
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Hence, as in § 245, the energy {W) emitted on each side of 
the source is given by 

so that in the long run 

8<r 



W^^^t (4). 



If the tube be stopped by an immovable piston placed close to 
the source, the whole enei^ is emitted iti one ditection ; but 
this is not all. In consequence of the doubled pressure, twice 
as much energy aAefore is developed, and thus in this case 

•^-^'' ^y 

The narrower the tube, the greater is the energy issuing from 
a given source. It is interesting to compare the efficiency of 
a source at the stopped end of a cylindrical tube with that of 
an equal source situated at the vertex of a cone. From § 280 
we have in the latter case, 

^■'p^' ■ (")• 

sothat "W :W' = a> : H?<T (7). 

The energies emitted in the two cases are the same when a = «*0-, 
that is, when the section of the cylinder is equal to the area 
cut off by the cone from a aphwe of radius *:"*. 

301. W© have now to examine how far it is true that vibra- 
tions within a cylindrical tube become approximately plane at a 
sufficient distance from their source. Taking the axis of 2 parallel 

to the generating lines of the cylinder, let us investigate the 
motion, whose potential varies as e*"^, on the positive side of a 
source, situated at 2 = 0. If be the potential and y* stand for 

■T-^ + -T-j , the equation of the moti6n is . 

(|.+V+«-)*.o. (1), 

If ^ be independent of z, it represents vilwratioiis wholl}' 
transverse to the axis of the cylinder. If the potential be then 
proportional to e'»«', it must satisfy 

(v' + /)* = (2), 
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as well as the condition that over the boundary of tbe section 

a-o-; ■ (')• 

In order that these equations may be compatible, p is restricted 
to certain definite values, corresponding to the periods of the 
natural vibrations. A zero value of ^ gives ^ = constant, which 
solution, though it is of no significance in the two dimension pro- 
blem, we shall presently have to consider. For each admissible 
value of p, there is a definite normal function u of a; and y {§ 92), 
such that a solution is 

4, = Auefp^ (4). 

Two functions w, «', corresponding to different values of p, are 
conjugate, viz. make 

fjuu'dxdy=0 (5), 

and any function of x and y may be expanded within the contour 
in the series 

^ = A^u^ + A^u,+A^v^ + (6), 

in which «,, corresponding to p = 0, is constant. 

In the actual problem <f> may still be expanded in the same 
series, provided that A^, A^, &c. be regarded as functions of z. 
By substitution in (1) we get, having regard to (2), 
(d^A, ,.) <d^A, ,, .,1 

+ "*^'+('^-P'')^] + - = ^ (7), 

in which, by virtue of the conjugate property of the normal func- 
tions, each coefficient of u must vanish separately. Thus 

^WA,.0. ^+(«--^V-0 (8). 

The solution of the first of these equations is 

^ving 

0„=a,H„e'<'"+"+^,K„e"f<"-'t (9). 

The solution of the general equation in A assumes a different 
form, according as K^—p' is positive or negative. If the forced 
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vibration be graver in pitch than the gravest of the purely trans- 
verse natural vibrations, every finite value of ^' is greater than k", 
or if—p* is always negative. Putting 

*'-p' = -/** (10), 

we have A = a«M + /Se"*^, 

whence ^ = (ae'«4/3e-'") we*"'« (11). 

Now under the circumstances supposed, it is evident that the 
motion does not become infinite with z, so that all the coefficients 
a vanish. For a somewhat different reason the same is true of a,,, 
as there can be no wave in the negative direction. We may 
therefore take 

j^ = j9je*'('"-''+/9,w^e-''i'e^'+/3j«,e-'^e*«^+ (12), 

an expression which reduces to its first term when z is sufficiently 
great. We conclude that in all cases the waves ultimately become 
plane, i/ the forced vibration be graver than the gravest of the 
natural transverse vibrations. 

In the case of a circular cylinder, of radius r, the gravest trans- 
verse vibration has a wave-length equal to 2-7rr -i- 1'841 = 5H5r 
(§ 839). K then the wave-length of the forced vibration exceed 
3'413r, the waves ultimately become plane. It may happen how- 
ever that the waves ultimately become plane, although the wave- 
length fall short of the above limit. For example, if the source 
of vibration be symmetrical with respect to the axis of the tube, 
e.g. a simple source situated on the axis itself, the gravest trans- 
verse vibration with which we should have to deal would be more ' 
" than an octave higher than in the general case, and the wave- 
length of the forced vibration might have less than half the above 
valua 

From (12), when i = 0, 

^ = - iK^^e^ - ,i,;8,«.e^»'- . .. 



j^dff = -tK^,fre'"^ ■ f^^^' 

inasmuch as fju^dir, JJu^d<T, &c., all vanish. 

It appears accordingly that the plane waves at a distance are 
the same as would be produced by a rigid piston at the origin, 

r,,.;,|.,,l,0c7!3u4IL' 
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giving the same mean normal velocity as actually exists. Any 
normal motion of which the negative and positive parts are equal, 
produces ultimately no eflfect 

When there is norestriction on the character of the source, and 
when some of the transverse natural vibrations are graver than 
the actual one, some of the values of i^—p* are positive, and then 
terms enter of the form 

or In real quantities 

4> = 0u cos [k at - >/{i^ -p^ z] (14), 

indicating that the peculiarities of the source are propagated to 
an infinite dietanca. 

The problem here considered may be regarded a^ a generaliza- 
tion of that of § 268. For the case of a circular cylinder it may 
be worked out completely with the aid of Bessel'a functions, but 
this must be left to the reader. 

302. In § 278 we have fally determined the motion of the 
air due to the normal periodic motion of a bounding plane plate of 

infinite extent. If -j- be the given normal velocity at the ele- 
ment dSf 



*=-^J/t^'« a) 



gives the velocity-potential at any point F distant r from dS. The 
remainder of this chapter is devoted to the examination of the 
particular case of this problem which arises when the normal 
velocity has a given constant value over a circular area of radius 
S, while over the remainder of the plane it is zero. In particular 
we shall investigate what forces due to the reaction of the air will 
act on a rigid circular plate, vibrating with a simple harmonic 
motion in an equal circular aperture cut out of a rigid plane plate 
extending to infinity. 

For the whole variation of pressure acting on the plate we 
have (§ 244) 

jjSpdS = ~TJJ4>dS^-iKa<TJUdS, 



. OOg Ic 
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where a is the natural density, and ^ varies as e**^. Thus by (1) 

II^mJ^^xx':^,b^' (2). 

In the double sum 

SS^diSfdS' (3), 

which we have now to evaluate, each pair of elements is to be 
taken OTtce only, and the product is to be summed after multipli- 
cation by the factor r"' e"*", depending on their mutual diatauce. 
The best method is that suggested by Prof. Maxwell for the common 
potential'. The quantity (3) is regarded as the work that would be 
consumed in the complete dissociation of the matter composing 
the disc, that is to say, in the removal of every element from the 
influence of every other, on the supposition that the potential of 
two elements is proportional to r"'«~**. The amount of work 
required, which depends only on the initial and final states, may 
be calculated by supposing the operation performed in any way 
that may be most convenient. For this purpose we suppose that 
the disc is divided into elementary rings, and that each ring is 
carried away to infinity before any of the interior rings are dis- 
turbed. 

The first step is the calculation of the potential iy) at the . 
edge of a disc of radius c. Taking polar co-ordinates (p, 6) with 
any point of the circumference for pole, we have 

This quantity must be multiplied by 2ircde, and afterwards 
integrated with respect to c between the limits and B. But 
it will be convenient first to effect a transformation. We have 

- {*' e-^*^'^' d0 = ~ f*" 0-^^'^* dd 

= ^j COS {2x0 sin 0) d6 - -J" sin (2«o sin 0} d0 

= JM-iK{z) (4), 

where z is written for 2kc. J, (a) is the Bessel's function of zero 
'■ Tbeoiy of BeEwnuiae, Phil, Traiu. ISTO. 
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order (§ 200), and K{z) is a function defined by tlie equation 
Bin (2 sin d) dd 



K,,.l\\ 



// 



2f «• , !* g' 1 ... 

"w'|^~'l'.8«'*'l'.3'.6'~i';8':6i."7«'*" J W- 

Deferring for the moment the further consideration of the 
function K, we have 

>'-;['K-W-'ll-^.Wl] (6). 

and thus 

Now by (6) § 200 and (8) § 204 

I'zdi J,{s) = iJ^{z) (7); 

and thus, if K^ be defined by 

K,{z)=j\dzK{i) (8), 

we may write 

2S?;^iMS=g^.(2.«)-.-^(i-4M) (9). 

From this the total pressure is derived by introduction of the 

, . vtatrdd) ^, . 

lactor r^ , 80 that 

v an 

jl^,S.a...I,.f^{l -^) + .-»^ t^,(2«i«..(10). 

The reaction of the air on the disc may thus be divided into 
two parte, of which the first is proportional to the velocity of the 
disc, and the second to the acceleration. If ^ denote the dis- 
placement of the disc, so that f = ^ , we have ^ = ilea ^ = «o ^ ; 
and therefore in the equation of motion of the disc, the reaction of 
the air is represented by a frictional force ao- . vS^ . ^ [ 1 — ' ' „ ■■ J 
retarding the motion, and by an accession to the inertia equal to 
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When kM is amall, we have from the aacending series for J^ 
(5) § 200, 

J^{%cR) K^S^ K*S^ . ie'.g x'ff ,,,, 

Kfi "1.3 1.2'.3"*"l.a».S».4~l.a",8'.4'.5"'"'" ^^ J' 

80 that the frictional term is approximately 

io<r.7r5».«»J?.f (12). 

From the Dature of the case the coeflScieat of | must be 
positive, otherwise the reaction of the air would tend to augment, 
instead of to retard, the motion. That J^ (ss) is in fact always lees 
than i 2 may be verified as follows. If 9 lie between and -rr, and 
z be positive, sin (z sin^ - a sin is negative, and therefore also 



- 1 [sin [z sin 0) - 



K sin 0}svii0d$ 



is negative. But this integral is /, (z) - } z, which is accordingly 
negative for all positive values of z. 

When kB is great, </, {2kII) tends to vanish, and then the 
frictional term becomes simply air.irS^.^. This result might 
have been expected; for when kB is very large, the wave motion 
in the neighbourhood of the disc becomes approximately plane. 
We have then by (6) and (8) § 245, dp = ap,^, in which p, is the 
density (<r); so that the retarding force is wB'Sp = (wr.wJi*. j. 

We have now to consider the term representing an alteration 
of inertia, and among other things to prove that this alteration is 
an increase, or that K^ (z) is positive. By direct int^ration of the 
ascending aeries (5) for K (which Is always convergent), 

^TaTB + ii.fl" 6" 7~ r C*^)- 



■.i^'l{^ 



When therefore kB ia small, we may take as the expression for 
the increase of inertia 

^— J'-g a*)- 

This part of the reaction of the air is therefore represented by 
supposing the vibrating plate to carry with it a mass of air equal 
to that contained in a cylinder whose base is the plate, and whose 

height is equal to s— > so that, when the plate is sufficiently small, 

the mass to be added is independent of the period of vibration. 
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From the series (5) for K{z), it may be proved immediately 
that 

.-|('S^«4.-»^W 05), 

(£+JI+0^«-s w 

From the first form (15) it follows that 

K^{z) = {''Kiz)zdz^^z-rz^^^ (17). 

By means of this expresBioi) for K^{z) we may readily prove that 
the function ia always positive. For 

^-^ = ~. I f'sin [z sin 6) dB ^ ^ *'co8 (« sin 0) sin 5rf^...(l8) ; 

so that 

= - r'8in'(ia8in^)sin5de -,(19), 

an integral of whicb every element is positive. When z is very 
large, cos (a sin $) fluctuates with great rapidity, and thus K^ {z) 
tends to the form 

^,H-^-« (20). 

When z is great, the ascending series for E and K^, though always 
ultimately eonvei^ent, become useless for practical oalculation, and it 
is necessary to resort to other processes. It will be observed that 
the differential equation (16) satisfied by K is the same as that 
belonging to the Bessel's function J^, with the exception of the 

term on the right-hand side, viz. — . The function K is therefore 

included iQ the form obtained by adding to the general solution of 
Beasel's equation containing two arbitrary constants any particular 
Golution of (16). Such a particular solution is 

Jir.Z'(2)=«-'-«''+l'.3'.«"'-l>.8».5'.«"'+l'.3*.6'.7'.«'*-...(21), 
as may be readily verified on substitution. The series on the 
right of (21) notwithstanding its ultimate divergency, may be 
used successfully for computation when s is great. It is in fact 
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the analytical eqaivalent of J^e"*(3*+y3')-'dj8, and we might take 

r(«)=? r4^^+ Complementary Function, 
irJo Js' + pr 

determining the two arbitrary constants by an examination of the 
forms assumed when z is very great. But it is perhaps simpler to* 
follow the method used by Lipschitz* for Bessel's functions. 
By (4) we have 

Consider the integral i , ^ , where w is a complex variable of 

the form u+tv. Bepresenting, as usual, simultaneous pairs of 
values of u and v by the co-ordinates of a point, we see that the 
value of the int^ral will be zero, if the int^ration witft respect 
to w range round the rectangle, whose anguUu' points are respec- 
tively 0, A, A + i, i, where h is any real positive quantity. Thus 

from which, if we suppose that A = oo , 

p.--i. ,r,-d.^,re-"*'ju 



EeplaciBg ug by j9, we may write (23) in the form 



B <^*'- 



n e-*"dv .r e-H^ e-^^'-^'U * e-»^~idt 

J«V^ + ? ■'0 V 2i 

The first term on tha right in (24) is entirely imt^nary; it 
therefore follows by (22) that \-tJ^{z) is the real part of the 
second term. By expanding the binomial under the integral sign, 
and afterwards integrating by the formula 

fe-'P'-^dfi-Tiq-i-i), 
we obtain as the expansion for J^ [z) in negative powers of z, 

V©i-^-^SS?+-}"'»(-w w. 

' Crelle, Bi ltl 1869. Lommel, Studwn itbtr die BeutVi<:1ten Fvaetiimtn, p. 69. 
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By etoppicg the expansion after any desired number of terms, 
and forming the expression for the remainder, it may be proved 
that the error committed by neglecting the remainder cannot 
exceed the last term retained {% 200). 



In like manner the imaginary part of the right-hand member 

of (24) is the equivalent of —^ivK{e), so that 

£"(«) = --j^"* -«"* + !». 3'. a-'- I'. 3».6>.Z-'+ j- 

V(l){ra-^sin£j.+ Hc-i'i w- 

The value of K^ («) may now be determined by means of (17). 
We find 

dK 2 , ^ , 

_i_ //'2\„„„/. 1 \ fi , 8.5.1 8.6.7.9. 1. 3. S , 1 

+ Vfej'""^^"^^^f + 07^*" 1.3.3.4.0.). + I 

3 3.5.7.1.3 

L.(8*)~i.a.3.(8a)» 



v©-(-i^)H -"■'■'■' 



3.5.7.9.U.I.8.5.7 1 ,„-. 

^ 1.2.3.4.5. {8a)» ~ I '.'''/• 

The final expression for K^ (a) may be put into the form 

^i('>)= -{«+«"'-8-*^+l'.8'.B.*-''-l'.3».6*.7.«-' + ) 



|.o»(«-i.,{i-2;^«£fl 



( l*-i}(3*-4)(5*-4)(7'-4) 
' 1.2.8,4. (63)^ 



It appears then that .ff", does not vanish when e is great, but 

approximates to - . s. But although the accession to the inertia, 

' As was to be expected, the series within biackets ace the some as those that 
ocooT in the eipTeHnon of the funotioii J^l^). 
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which is proportional to K^, becomes infinite with E, it vanishes 
ultimately when compared with the area of the disc, and with the 
other term which represents the dissipatioQ. And this agrees 
with what we should anticipate from the theory of plane waves, 

If, independently of the reaction of the air, the mass of the 
plate he M, and the force of restitution be /t^, the equation of 
motion of the plate when acted on by an impressed force F, pro- 
portional to €^, will be 

|ilf+g^.(2«fl)}e+««'^(l-'i^)f+/.f=i'...(29); 

or by (13), if, as will be usual in practical applications, kE be 
small, ' 



..(30). 



Two particular cases of this problem deserve notice. First let 
^and fi vanish, so that the plate, itself devoid of mass, is subject 
to DO other forces than F and those arising from aerial pressures. 
Since ^ = iita^, the frictional term is relatively n^ligible, and we 
get when kR is very small, 

a<mIf.^~t='-iF (31). 

Next let M and /« be such that the natural period of the plate, 
when subject to the reaction of the air, is the same as that imposed 
upon it. Under these circumstances 

(Jf+?f^) { + ;.{. 0. 

and therefore 

a<7Tri?.^.f = -P (32). 



Comparing with (31), we see that the amplitude of vibration is 
greater in the case when the inertia of the air is balanced, in the 
ratio of 16 : STrxif, shewing a large increase when icR is small. In 
the first case the phase of the motion is such that comparatively 
very little work is done by the force F; while in the second, the 
inertia of the air is compensated by the spring, and then F, being 
of the same phase as the velocity, does the maximum amount of 
work. 



V..tK»<JIL' — 
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CHAPTER XVI. 



THEOEY OF EESONATOBS. 



303. Ik the pipe closed at one end and open at tbe other we bad 
an example of a mass of air endowed with the property of vibrating 
in certain definite periods peculiar to iteelf in more or leas com- 
plete independence of the external atmosphere. If the air beyond 
the open end were entirely without mass, tbe motion within the 
pipe would have no tendency to escape, and the contained column 
of air would behave like any other complex system not subject to 
dissipation. In actual experiment the inertia of the external air 
cannot, of course, be got rid of, but when the diameter of the pipe 
is small, the effect produced in tbe course of a few periods may be 
insignificant, and then vibrations once excited in the pipe have a 
certain degree of persistence. The narrower the channel of com- 
munication between the interior of a vessel and the external 
medium, the greater does the independence become. Such 
cavities constitute resonators; in the presence of an external 
source of sound, the contained air vibrates in unison, and with an 
amplitude dependent upon the relative magnitudes of the natural 
and forced periods, riaing to great intensity in the case of approxi- 
mate isocbronism. When the orig^al cause of sound ceases, the 
resonator yields back the vibrations stored up as it were within it, 
thus becoming itself for a short time a secondary source. The 
theory of resonators constitutes an important branch of our 
subject 

As an introduction to it we may take the simple case of a 
stopped cyhnder, in which a piston moves without iiiction. On 
the further aide of the piston the air is supposed to be devoid of 
inertia, so that the pressure is absolutely constant. If now the 
piston be set into vibration of very long period, it is clear that 
the contained air will be at any time very nearly in the equi- 
librium condition (of uniform density) corresponding to the 
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momentary position of the piston. If the mass of the piston be 
yeiy considerable in comparison ^ith that of the included ur, the 
natural vibrations resulting from a displacement will Occur nearly 
as if the air had no inertia ; and in deriving the period from the 
kinetic and potential enei^ies, the former may be calculated with- 
out allowance for the inertia of the air, and the latter as if the 
rarefaction and condensation were uniform. Under the circum- 
stances contemplated the air acts merely as a spring in virtue of 
its resistance to compression or dilatation; the form of the contain- 
ing vessel is therefore immaterial, and the period of vibratiou 
remains the same, provided the capacity be not varied. 

When a gas is compressed or rarefied, the mechanical value of 
the resulting displacement is found by multiplying each infinitesi- 
mal increment of volume by the corresponding pressure and 
integrating over the range required. In the present case it is of 
course only the difference of pressure on the two sides of the 
piston which is really operative, and this for a small change is 
proportional to the alteration of volume. The whole mechanical 
value of the small change is the same as if the expansion were 
opposed throughout by the mean, that is half the final, pressure ; 
thus corresponding to a change of volume from S to S+SS, 
since p =• a^p, 

If A denote the area of the piston, M its mass, and x its linear 
displacement-, BS = Ax, and the equation of motion is 

Mx + '*^x = (2). 

indicating vibraUons, whose periodic time ia 

■"^^-^-Jla w- 

Let us now imt^ine a vessel containing air, whose interior 
communicates with the external atmosphere by a narrow aperture 
or neck. It is not difficult to see that this system is capable of 
vibrations similar to those just considered, the air in the neigh- 
bourhood of the aperture supplying the place of the piston. By 
safficiently increasing 8, the period of the vibration may be made 
as long aa we please, and we obtain finally a state of things in 
I Compare (12) g 346. 
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which the kinetic enei^ of the motion may he neglected except 
in the neighbourhood of the aperture, and the potential energy 
may be calculated as if the density in the interior of the vessel 
were uniform. In flowing through the aperture under the operation 
of a difference of pressure on the two sides, or in virtue of its own 
inertia after such pressure has ceased, the air moves approximately 
as an incompressible fluid would do under like circumstances, 
provided that the epace through which the kinetic energy is 
sensible be very small in comparison with the length of the wave. 
The suppositions on which we are about to proceed are not of 
course strictly correct as applied to actual resonators such as are 
used in experiment, but they are near enough to the mark to afford 
an instructive view of the subject and in many cases a foundation 
for a sufficiently accurate calculation of the pitch. They become 
rigorous only in the limit when the wave-length is indefinitely 
great in comparison with the dimensions of the vessel. 

S04. The kinetic energy of the motion of an Incompressible 
fluid through a given channel may he expressed in terms of the 
density p, and the rate of transfer, or current, X, for under the cir- 
cumstances contemplated the character of the motion is always 
the same. Since T necessarily varies as p and as X*, we may put 



(1). 



where the constant c, which depends only on the nature of the 
channel, is a linear quantity, as may be inferred from the feet that 
the dimensions of X are 3 in space and -- 1 in time. In fact, if ift 
be the velocity-potential, 

by Green's theorem, where the integration is to be extended over 
a surface including the whole region through which the motion is 
sensible. At a sufficient distance on either side of the aperture, if> 
becomes constant, and if the constant values be denoted by ^, and 
^,, and the integration be now limited to that half of S towards 
which the fluid flows, we have 



J'-lp{*,-*,)//2'*«-i'' ».-*.)-*■■ 



-Google 
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Now, since withia £> ^ ia determiaed linearly by its surface 

values, jj^dS, or ^ ia propoi-tionat to C^i-^J- If we put 
X=c{^^ — ^,), we get as before 




The nature of tbe constant c wiU be better understood by con- 
sidering the electrical problem, whose conditions are mathematically 
identical with those of that under discussion. Let tis suppose that 
the fluid is replaced by uniformly conducting material, and that the 
boundary of the channel or aperture is replaced by insulators. We 
know that if by battery power or otherwise, a difference of electric 
potential be maintained on the two sides, a steady current through 
the aperture of proportional magnitude will be generated, Tbe 
ratio of the total current to the electromotive force is called the 
conductivity of the channel, and thus we see that our constant 
c represents simply this conductivity, on the supposition that the 
specific conducting power of the hypothetical substance is unity. 
The same thing may be otherwise expressed by saying that e is the 
side of tbe cube, whose resistance between opposite faces is the 
same as that of the channel. In the sequel we shall often avail 
ourselves of the electrical analogy. 

When c is known, the proper tone of the resonator can be 
easily deduced. Since 

r-ipa-f, r-ipf- (2), 



/ 
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the equation of motion is 

X+°^X-0 (3), 

indicating simple oacillations performed in a time 

(♦)• . 

If JV be the frequency, or number of complete vibrations 
executed in the unit time, 



'*V1 



^'^^/l 



s <'>• 

The wave-length X, which is the quantity most closely con- 
nected with the dimensions of the cavity, is given by 






^'^-^■"J", («). 



and varies directly as the linear dimension. The wave-length, it- 
will be observed, is a function of the size and shape of the 
resonator only, while the frequency depends also upon the nature 
of the gas ; and it is important to remark that it is on the nature of 
the gas in and near the channel that the pitch depends and not on 
that occupying the interior of the vessel, for the inertia of the air ' 
in the latter situation does not come into play, while the com- 
pressibility of all gases is very approximately the same. Thus in 
the case of a pipe, the substitution of hydrogen for air in the 
neighbourhood of a node would make but little difference, but its 
effect in the neighbourhood of a loop would be considerable. 

Hitherto we have spoken of the channel of communication as 
single, but if there be more than one channel, the problem is not 
essentially altered. The same formula for the frequency is still 
applicable, if as before we understand by c the whole conduc- 
tivity between the interior and exterior of the vessel. When the 
channels are situated sufficiently far apart to act independently 
one of another, the resultant conductivity is the simple sum of 
those belonging to the separate channels ; otherwise the resultant 
is less than that calculated by mere addition. 

If there be two precisely similar channels, which do not 
interfere, and whose conductivity taken separately is e, we have 

^-■^^"^'Jl W' 

n,.i,l ■....::. v.. l.Kt'JIU ■ 
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shewing that the note ia higher than if there were only one 
channel in the ratio i^l : 1, or by rather less than a fiftJi — a law 
obser?ed by Sondhausa and proved theoretically by Helmholtz in 
the case, where the channels of communication consist of simple 
holes in the infinitely thin sides of the reservoir. 



305. The investigation of the conductivity for various kinds 
of channels is an important part of the theory of resonators ; but 
in all except a very few cases the accurate solution of the probleni 
is beyond the power of existing mathematics. Some general 
principles throwing light on the question may however be laid 
down, and in many cases of interest an approximate solution, suffi- 
cient for practical purposes, may be obtained. 

We know (§§ 79, 242) that the energy of a fluid flowing 
through a channel cannot he greater than that of any flctitioua 
motion giving the same total current. Hence, if the channel be 
narrowed in any way, or any obstruction be introduced, the con- 
ductivity is thereby diminished, because the alteration is of the 
nature of an additional constraint. Before the change the fluid 
was free to adopt the distribution of flow finally assumed. In 
cases where a rigorous solution cannot be obtained we may use the 
minimum property to estimate an inferior limit to the conductivity ; . 
the energy calculated from a hypothetical law of flow can never he 
less than the truth, and must exceed it unless the hypothetical 
and the actual motion coincide. 

Another general principle, which is of frequent use, may be 
more conveniently stated in electrical language. The quantity 
with which we are concerned is the conductivity of a certain con- 
ductor composed of matter of unit specific conductivity. The 
principle is that if the conductivity of any part of the conductor 
be increased that of the whole is increased, and if the conductivity 
of any part be diminished that of the whole is diminished, 
exception being made of certain very particular cases, where nol 
alteration ensues. In its passage through a conductor electricity I 
distributes itself, so that the energy dissipated is for a given total \ 
current the least possible (§82). If now the specific resistance of any \ 
part be diminished, the total dissipation would bo less than before, \ 
even if the distribution of currents remained unchanged. A 
fortiori will this be the case, when the currents redistribute them- 
selves so as to make the dissipation a minimum. If an infinitely 
R. 11. 11 
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thin lamina of matter stretching across the channel he made 
perfectly conducting, the resistance of the whole will be dimioished, 
unless the lamina coincide with one of the undisturbed equipoten- 
tial surfaces. In the excepted case no effect will be produced. 

306. Among different kinds of channels an important place 
must be assigoed to those consisting of simple apertures in un- 
limited plane walls of iniinitesimaL thickness. In practical appli- 
cations it is ButEcieut that a wall be very thin in proportion to the 
dimensions of. the aperture, and approximately plane within a 
distance from the aperture large in proportion to the same 
quantity. 

On account of the symmetry on the two sides of the wall, the 
motion of the fluid in the plane of the aperture must be normal, 
and therefore the velocity-potential must be constant; over the 
remainder of the plane the motion must be exclusively tangential, 
BO that to determine ^ on one side of the plane we have the 

conditions (a) ^ = constant over the aperture, (,9) -j? = over 
the rest of the plane of the wall, (y) j> = constant at infinity. 

Since we are concerned only with the differences of we may 
suppose that at infinity ^ vanishes. It will be seen that conditions 
(yS) and (7) are satisfied by supposing ^ to be the potential of 
attracting matter distributed over the aperture ; the remainder of 
tlie problem consists in determining the distribution of matter so 
that its potential may be constant over the same area. The 
problem is mathematically the same as that of determining the 
distribution of electricity on a charged conducting plate situated 
in an open space, whose form is that of the aperture under con- 
sideration, and the conductivity of the aperture may be expressed 
in terms of the capacity of the plate of the statical problem. If 
^ denote the constant potential in the aperture, the electrical 
resistance {for one side only) will be 

the integration extending over the area of the opening. 

Now jl ^ do- = 2jrx (whole quantity of matter distributed), 

and thus, if 3f be the capacity, or charge corresponding to unit- 
potential, the total resistance is {irM)''. Accordingly for the con- 
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ductivity, wbicli is the reciprocal of the resistance, 

c = irM (1). 

So (ar as I am aware, the ellipse is the only form of aperture 
for which c or M can be determiaed theoretically', in which case 

the result is included in the known solution of the problem of 
determining the distribution of charge on an ellipsoidal conductor. 
From the fact that a shell bounded by two concentric, similar and 
similarly situated ellipsoids exerts no force on an internal particle, 
it is easy to see that the superficial density at any point of an ellip- 
soid necessary to give a constant potential ia proportional to the 
perpendicular (p) let fall from the centre upon the tangent plane 
at the point in question. Thus if p be the density, p = lep; the 
whole quantity of matter Q is given by 

Q=jjpd8=KJjpd8=-i-jrKahc (2),' 

'''^^' " = 4^ t3). 

In the usual notation 

^ y a* 0* 0*' 



/. a:* V* cV c'tf 



tl 



If we now suppose that c is infinitely small, we obtwn the par- 
ticular case of an elliptic plate, and if we no longer distinguish 
between the two surfaces, we get 

''^*sF^' (*)• 

We have next to find the value of the constant potential (P). 
By considering the value of P at the centre of the plate, we see 
that 

I Tbe cane ot a resonator with an elliptio aperture was ooDsideied '\sj Eelmholtz 
(CreUe, Bd. 67, 1860), whose result is eqaivalent to (6). 

* 2e being ioi tlw moment the third priiuupal uis ol the ellipsoid. 



n,.i,i w.::.r.tK»yic 
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Integratiog first with respect to r, we have 

Jo 
e being the eccentricity ; and thus 

aJoVCl-e'cosV) a^'' 

where F ia the symbol of the complete elliptic function of the first 
order. Putting P= 1, we find 

-.-"-m *"• 

aa the final expression for the capacity of an ellipse, whose semi- 
major axis is a and eccentricity is e. In the particular case of the 
circle, e = 0, F{e)= ^ir, and thus for a circle of radius B, 

c = 2B (6). 

If the capacity of the resonator be 8, we find from (6) § 304 



u 

The area of the ellipse (<r) is given by 
<r = ira' VI — e*. 
and hence in terms of a 



^=-V9 m- 



lall, we obtain by expanding i; 
ion, 

F{')'i-{l + 'i^ + i^y + iM'' + -} (9), 



When e is small, we obtain by expanding in powers of e pre- 
vious to integration. 



whence 



2fMa-e')l , «• ^ , 

r 61 61 ■' 



Neglecting e" and higher powere, we have therefore 
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From this result we see that, if its eccentricity be Email, the 
cooductivitj of an elliptic aperture is very nearly the same as 
that of a circular aperture of equal area. Among various forms 
of aperture of given area there must be one which has a minimum 
conductivity, and, though a formal proof might be difficult, it ia 
easy to recognise that this can be no other than the circle. An 
inferior limit to the value of c is thus always afforded by the con- 
ductivity of the circle of equal area^ that is 2 */ (~ 1 1 *od when 

the true form is nearly circular, this limit may he taken as a close 
approzimation to the real value. 



The value of X is then given by 



..(11). 



In order to shew how slightly a moderate eccentricity affects 
the value of a, I have calculated the following short table with the 
aid of Legendre's values of F{e). Putting « = sin'^, we have 
cos '^ as the ratio of axes, and for the conductivity 
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The value of the last factor given in the fourth column is the 
ratio of the conductivity of the eUipse to that of a circle of equal 
area. It appears that even when the ellipse is so eccentric that 
the ratio of the axes is 2 : 1, the conductivity is increased by 
only about 3 per cent., which would correspond to an alteration 
of little more than a comma (§ 18) in the pitch of a resonator. 

n,.i,i.... ::.v..tK»yiC 
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There eeems no reason to suppose that this approximate inde- 
pendence of shape is a property peculiar to the ellipse, and we 
may conclude with some confidence that in the case of any mode- 
rately elongated oval aperture, the conductivity may be calculated 
from the area alone with a considerable degree of accuracy. 

If the area be ^ven, there is no superior limit to c. For sup- 
pose the area o- to be distributed over n equal circles sufficiently 
far apart to act independently. The area of each circle ia ?i"' tr, 
and its conductivity is 2{mr)~^iT^. The whole conductivity is n 
times as great, and therefore increases indefinitely with n. As & 
general rule, the more the opening is elongated or broken up, the 
greater will be the conductivity for a given axea. 

. To find a superior limit to the conductivity of a given aperture 
we may avail ourselves of the principle that any addition to the 
aperture must be attended by an increase in the value of c. Tbua 
in the case of a square, we may be sure that c is leas than for the 
circumscribed circle, and we have already seen that it is greater 
than for the circle of equal area. If b be the side of the square, 



Thetones of a resonator with a square aperture calculated from 
these two limits would differ by about a whole tone ; the graver of 
them would doubtless be much the nearer to the truth. This 
example shews that even when analysis fails to give a solution in 
the mathematical sense, we need not be altogether in the dark as 
to the magnitudes of the quantities with which we are dealing. 

In the case of similar orifices, or systems of orifices, c varies as 
the linear dimension. 

307. Most resonators used in practice have necks of greater or 
less length, and even when there is nothing that would be called a 
neck, the thickness of the side of the reservoir cannot always be 
neglected. We shall therefore examine the conductivity of a. 
channel formed by a cylindrical boring through an obstructing 
plate bounded by parallel planes, and, though we fail to solve the 
problem rigorously, we shall obtain information sufficient for most 
practical purposes. The thickness of the plate we shall call L, and 
the radius of the cylindrical channel B. 

n,.i,i.... ::.v..tK»yiC 
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Whatever the resistance of the charmel may be, Fig. 59. 
it will be lessened by the introduction of infinitely i 

thin discs of perfect conductivity at A and B, fig. 59. 
Tlie effect of the discs is to produce constant potential 
over their areas, and the problem thus modified is 
susceptible of rigorous solution. Outside A and B 
the motion is the same as that previoiisly investi- 
gated, when the obstructing plate is infinitely thin; 
between A and B the flow is uniform. The resist- 
ance is therefore on the whole 






"'■»■"» °-rlp2 <')■ 

If a denote the correction, which must be added to L on 
account of an open end, 

«-l»5 (2). 

This correction is in general under the mark, hut, when L Is 
very small in comparison with R, the assumed motion coincides 
more and more nearly with the actual motion, and thus the value 
of a in (2) tends to become correct 

A superior limit to the resistance may he calculated from a 
hypothetical motion of the fluid. For this purpose we will suppose 
iniinitely thin pistons introduced at A and B, the effect of which 
will be to make the normal velocity constant at those places. 
Within the tube the flow will be uniform aa before, but for the 
external space we have a new problem to consider : — To determine 
the motion of a fluid bounded by an. infinite plane, the normal 
velocity over a circular area of the plane having a given constant 
value, and over the remainder of the plane being zero. 

The potential may still be regarded as due to matter distributed 
over the disc, but it is no longer constant over the area; the density 

of the matter, however, being proportional to -^ is constant, 
The kinetic energy of the motion 

the integration going over the area of the circla 

-Diiz.dtv Google 
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Tbe total current through the plane 



-IIP'-' 



2 kinetic energy _ fj^idir 
(current)' I' drti ' 

dn 

If the density of the matter be taken as unity. 



d^_ 



p 

the required ratio ia expressed by -j^; , where P denotes the 

potential on itself of a circular layer of matter of unit density and 
of radius E. 

The simplest method of calculating F depends upon the con- 
fiideration that it represents tbe work required to break up the 
disc into infinitesimal elements and to remove them from each 
other's influence'. If we take polar co-ordinates (j>, &), the pole 
being at the edge of the disc whose radius ia a, we have for the 
potential at the pole, V=jjdddp, the limits of p being and 
2o cos 6, and those of 6 being — ^ir and + \ii. 

Thus F=+a (3). 

Now let us cut off a strip of breadth da from the edge of the disc. 
The work required to remove this to an infinite distance is 
27rado . ia. If we gradually pare tbe disc down to nothing and 
carry all the parings to infinity, we find for the total work by 
integrating with respect to a from to ^, 



The limit to the resistance (for one side) is thus ,„ ; we 
conclude that the resistance of the whole channel is less than 

^. + 5^ » 

Collecting our results, we see tliat 

jS<t<3^B <')■ 

' A part ol § 802 is repeated here for tb« sake of thoae nbo ma? nisli to aTotd 
the difGonltiea ot the mcve oomplete iDTestigation. 

' This method of calonlatiiig P wob niggeated to the anthoi hy Profeasor 
Clerk HaxweU. 



.-(6). 
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or in decimals, 

a>-785i2| 
a<-849i2} 

It must be observed that a here denotes the correction for one 
end. The whole resistance conespODds to a length L + 2a of 
tube having the section irfl*. 

When L is very great in relation to R, we may take simply 
'=^ 



(7). 

In this case w^ have from (6) § 304 

(8). 



" £. " 



The correction for an open end (a) is a function of L, coinciding 
with the lower limit, viz. ^irB, when L vanishes. As L increases, 
a increases with it ; but does not, even when L is infinite, attain 

the superior limit ^ S. For consider the motion going on in any 

middle piece of the tube. The kinetic energy is greater than 
corresponds merely to the length of the piece. If therefore the 
piece be removed, and the free ends brought together, the motion 
otherwise continuing as before, the kinetic energy will be dimin- 
ished more than corresponds to the length of the piece subtracted. 
A forHori will this be true of the real motion which would exist in 

the shortened tube. That, when L = <xi,a does not become 5- fi is 

evident, because the normal velocity at the end, far from being 
constant, aa was assumed in the calculation of this result, must 
increase from the centre outwards and become infinite at the edge. 

A further approjiimation to the value of a may bo obtained by 
assuming a variable velocity at the plane of the mouth. The 
calculation will be found in Appendix A. It appears that in the 
case of an infinitely long tube a cannot be so great as '82422 R. 
The real value of a is probably not far from -82 R. 

308. Besides tho cylinder there are very few forms of 
channel whose conductivity can be determined mathematically. 
When however the form is approximately cylindrical we may 
obtfun limits, which are useful as allowing us to estimate the e£fect 



170 TUBEa OF REVOLUTION. [308. 

of snoh departures from mathematical accuracy aa must occur in 
practice. 

An inferior limit to the resistance of any elongated and approxi- 
mately straight conductor may be ohtained immediately by the 
imaginary introduction of an infinite number of plane perfectly 
conducting layers perpendicular to the axis. If a denote the area 
of the section at any point x, the resistance between two layers 
distant dx will be a'^dx, and therefore the whole actual resistance 
is certainly greater than 



/'- 



^^dx (1), 

unless indeed the conductor he truly cylindrical 

In order to find a superior limit we may calculate the kinetic 
energy of the current on the hypothesis that the velocity parallel 
to the axis is uniform over each section. The hypothetical motion 
is that which would follow from the introduction of an infinite 
number of rigid pistons moving freely, and the calculated result is 
necessarily in excess of the truth, unless the section be absolutely 
constant. We shall suppose for the sate of simplicity that the 
channel is symmetrical about an axis, in which case of course the 
motion of the fluid is symmetrical also. 

If U denote the total current, we have ex hi/pothesi for the 
axial velocity at any point x 



from which the radial velocity v is determined by the equation of 

continuity (6 § 238), 

d(ru) ^ d(rv) ^^^ 
dx dr 



dx ' 
or, since there is no source of fluid on the axis, 

"— i^'S-" <3)- 



.yn 
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The kinetic energy may now be calculated by simple int^ra- 
tion: — 

if 1/ be the radius of the channel at the point x, so that <r = ttj". 

^^ 2kb.tioene,gy ^fl I /|,',1^ 

(current)' J ""1^ [ K"'":! j 

This is the quantity which gives a superior limit to the renst- 
ance. The first term, which corresponds to the component velotaty 
u, is the same as that previously obtained for the lower limit, as 
might have been foreseen. The difference between the two, which 
givea the utmost error involved in taking either of them as the 
true value, is 

Lm)^ (=)• 

In a nearly cylindrical channel -f- is a small quantity and so 

the result found in this manner is closely approximate. It is not 
neceaaary that the section should be nearly constant, but only that 
it should vary slowly. The success of the approximation in this 
and similar cases depends upon the fact that the quantity to be 
estimated is at a mlaimum. Any reasonable approximation to the 
real motion will give a reflult very near the truth according to the 
principles of the differential calculus. 

By means of the properties of the potential and stream 
functions the present problem admits of actual approximate 
solution. If and ■^ denote the values of these functions at any 
point x,r\ u,v denote the axial and transverse velocities, 

dd> 1 dyfr d<b 1 d-<p- ,„. 

« = j^ = -j^, v~-f = -- -/- (6), 

aas r ar dr r dx ^ 

vhence by elimination 



tP^ I d<i> v^<i> 
dr' r dr dj? 

dr'' r dr dj? ' '" 

nK!,i,....::,.\.AK)*;ie 



(7), 



.(8). 
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If F denote the value of aa a function of x, when r = 0, the 
general values of and -^ may be expressed in terms of W by 
means of (7) and (8) in the series 



■■{% 



^=F ^-rgj-^-^r^-gi-r... 

t'F' r'F'" r^F' r^-f"' 

^ =, -^ - ^-j + 2» . 4* . 6 ~ 2* . 4.' . 6* 

where accents denote differentiation with respect to «. At tho 
boundary of the channel where r = y, i|i- is constant, say ■^,. Then 

3^_j,^^af:^_ (10) 

is the equation connecting y and F. In the present problem y is 
given, and we have to express F by means of it. By successive 
approximation we obtain from (10) 






..(11). 



The total stream is given by the integral 

Jo ax Jar dr . 

and therefore the resistance between any two equipotential surfaces 
is represented by 



"Zir^J 



The expression for the resistance admits of considerable simpli- 
fication by integration by parts in the case when the channel is 
truly cylindrical in the neighbourhood of the limits of int«gration, 
In this way we find for the final result, 

reaiatanc/^jl+jy-Ol^] (IS)', 

y, y" denoting the differential coefficients of y with respect to x. 

It thus appears that the superior limit of the preceding 
investigation is in fact the correct result to the second order of 
' ProeetiUngt of the Lrnidon Mathematical Soeiely, Tol. vn. No. 93. 

nK!,i.....::.\.AK»'^IC 
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approximation. If wq regard y as a function of wx, where u is a 
Bmall quantity, (12) is correct as far as terms containing w', 

309. Our knowledge of the laws on which the pitch of 
resonators depends, is due to the hihours of several experimenters 
and mathematicians. 

The ohservation that for a given mouthpiece the pitch of a 
resonator depends mainly upon the volume S is due to Liscovius, 
who found that the pitch of a flask partly filled with water was 
not altered when the flask was inclined. This result was con- 
flrmed by Sondhauss'. The latter observer found further, that in 
the case of resonators without necks, the influence of the aperture 
depended mainly upon its area, although when the shape was very 
elongated, a certain rise of pitch ensued. He gave the formula 

if = 52400 ^j (1), 

the unit of length heiug the millimetre. 

The theory of this kind of resonator we owe to Helmholtz*, 
whose formula is 

JV=T^^ (2), 

applicable to circular apertures. 

For flasks with long necks, Sondhauss' foimd 



Jf=46705 -:--, (3), 

corresponding to the theoretical 

^-f.OT <*^- 

In practice it does not often happen either that the neck 
is BO long that the correction for the open ends can he neglected, 
as (4-) supposes, or, on the other hand, so short that it can 
itself he neglected, as supposed in (2). Wertheim* was the flrst 

' Ueber den BrauuokiBiBel and daa SobwingungsgeBetz d«r oabifichen Pfeifen. 
Fagg. Aim. lxzxi. 

• CreUo, Bd. LTO. 1—79. 1860. 

■ TIebsr die Sehallachwingimgen der Loft ia erhitzten Olasrijhien nud in g«deck- 
ten Ffeifea von nngleicbeT Weite. Fogg. Aim. uzix. 1B50. 

* H£moiie but les vibrations sonorea de I'air. Ann. d, Chim. (3) iiu. 

r,i.:i|... ".v.ilKt'JH--' 
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to shew that the effect of an open end could he represented hy 
an addition {a) to the length, independent, or nearly so, of L 
and X. 

The approximate theoretical determination of a is due to 
Helmholtz, who gave \ vR aa the correction for an open end 
fitted with an infinite flange. His method consisted in inventing 
forms of tube for which the problem was soluble, and selecting 
that one which agreed most nearly with a cylinder. The cor- 
rection J -ttR is rigorously applicable to a tube whose radius at the 
open end and at a great distance from it is B, but which in the 
neighbourhood of the open end bulges slightly. 

From the fact that the true cylinder may be derived by in- 
troducing an obstruction, we may infer that the result thus obtained 
is too small. 

It is curious that the process followed in this work, which was 
first given in the memoir on resonance, leads to exactly the same 
result, though it would be difficult to conceive two methods more 
unlike each other. 

The correction to the length will depend to some extent upon 
whether the flow of air from the open end ia obstructed, or not. 
When the neck projects into open space, there will be less oh- 
struction than when a backward flow is prevented by a flange as 
supposed in our approximate calcnlation.s. fiowever, the un- 
certainty introduced in this way is not very important, and we 
may generally take a = J -n-Ii as a sufficient approximation. In 
practice, when the necks are short, the hypothesis of the flange 
threes pretty well with fact, and when the necks are long, the 
correction is itself of subordinate importance. 

The general formula will then run 



^-r.y^ 



..(5), 



where ir is tbe area of the section of the neck, or in numbers 
£*_ 

A formula not differing much from this was given, as the em- 
bodiment of the results of his measurements, by Sondhauss' who 
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at the same time expressed a conviction that it was no mere 
empirical formula of interpolation, but the expression of a natural 
law. The theory of resonators with necka was given about the 
same time' in a memoir ' on Resonance ' published in the Philo- 
sophical Transactions for 1871, from which most of the last few 
pagea is derived. 

310. The simple method of calculating the pitch of resonators 
with which we have been occupied is applicable to the gravest 
mode of vibration only, the character of which is quite distinct. 
The overtones of resonators with contracted necka are relatively 
very high, and the corresponding modes of vibration are by no 
means independent of the inertia of the air in the interior of the 
reservoir. The character of these modes will be more evident, 
when we come to consider the vibrations of air within a com- 
pletely closed vessel, such as a sphere, but it will rarely happen 
that the pitch can be calculated theoretically. 

There are, however, cases of multiple resonance to which our 
theory is applicable. These occur when two or more vessels com- 
municate by channels with each other and with the external air; 
and are readily treated by Lagrange'a method, provided of course 
that the wave-length of the vibration is sufficiently large in com- 
parison with the dimensions of the vessels. 

Suppose that there are two reservoirs, 8, 8', communicating 
with each other and with the external air by narrow passages or 




necks. If we were to consider SS' as a single reservoir and apply 
our previous formula, we should be led to an erroneous result; for 

that formula is founded on the assumption that within the reservoir 
the inertia of the air may be left out of account, whereas it is 
evident that the energy of the motion through the connecting 
passage may be as great as through the two others. However, an 
' Proctedingi of the Boyal Society, Nov, 24, 1870. 
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investigation on the same general plan as before meets the case 
perfectly. Denoting by X^, X,, X, the total transfers of fluid 
through the three passages, we have as in (2) § 304 for the kinetic 
energy the expression 



and for the potential energy, 

r=i,«-{(i^%i^^'} (2> 



An application of Lagrange's method gives as the differential 
equations of motion, 

i. 



f--F 



.„-i^. 


= 


^^i 


= 


..S-5 


-0 



By addition and integration, 



..(3). 



Hence on elimination of X,, 



X- 



h+<'JJ^.+¥-*^, 



Assuming X^ = Ae^*, X, = Be''', we obtain on sulstitution 
and determination of A : B, 

y- +J.V {5i±5. + 1±£.| + ^, {»,». + 0. (., + oj} -0. . .(6), 

as the equation to determine the natural tones. If N be the 

frequency of vibration, ^ = — ^,the two values of^' being of 

course real and negative, The formula simplifies considerably if 
Cj = c„ 8' = S; but it will be more instructive to work out this 
case from the beginning. Let c, = c^= mc^ — mc. 



■•(7). 



..(8). 
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The differential equations take the form 

while from (4) X. = ' , 

Hence 

The whole motion may be divided into two parts. For the first of 
these 

X, + X, = (9), 

which requires that X, = 0. The motion is therefore the same as 
might take place were the communication between S and S" cut 
off, and has its frequency given by 

^ ■" iir'S iir'S '■*"■'• 

The density of the air is the same in both reservoirs. 
For the other component part, X, - X^ = 0, so that 
2X, . ,j, _ o'(m+2)o 



X =- 



J/" 



~SPS~ 



..(11). 



The vibrations are thus opposed in phase. The ratio of frequc 
is given by N" : N* = wt + 2 : «i, shewing that the second mode 
baa the shorter period. In this mode of vibration the connecting 
passage acts in some measure as a second opening to both vessels, 
and thus ruses the pitch. If the passage be contracted, the interval 
of pitch between the two notes is small 

A particular case of the general formula worthy of notice is 
obtained by putting c, = 0, which amounts to suppressing one of 
the communications with the external air. We thus obtain 



P' + ayl 



)-%¥■=» 



...(12), 
12 
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[31 


or, if 


S=S'. c, = me^ = mc, 








«MaV^"' + ^^S"''"''-0 




....(13), 




p +(t'P o ^ s* 


whence 


*'-^i"'+^±^"-'+*" 




.... (U). 


If we 


further suppose m = 1, or c,=c^. 






If ^T' be the frequency for a rimple resonator 


(S,e), 






"^-S-s- 






and thus 









It appears that the interval from N^ to N' is the same as from 
JV'toA;, namely, ^/(2■618) = 1-618, or rather more than a fifth. 
It will be found that whatever the value of m may be, the interval 
between the two tones cannot be less than 2'414', which is about 
an octave and a minor third. The corresponding value of m is 2. 

A similar method is applicable to any combination, however 
complicated, of reservoirs and connecting passages under the 
single restriction as to the comparative mi^itudes of the reser- 
voirs and wave-lengths; but the example just given is sufBcient 
to illustrate the theory of multiple resonance. A few measure- 
ments of the pitch of double resonators are detailed in my memoir 
on resonance, already referred to. 

311. The equations which we have employed hitherto take 
no accoimt of the escape of energy from a i-esonator. If there 
were really no transfer of energy between a resonator and the 
external atmosphere, the motion would be isolated and of Uttle 
practical interest; nevertheless the characteristic of a resonator 
consists in its vibrations being in great measure independent. 
Vibrations, once excited, will continue for a considerable number of 
periods without much loss of energy, and their frequency will be 
almost entirely independent of the rate of dissipation. The rate 
of dissipation is, however, an important feature in the character 

n,.i,i ■....::. v.AKt'^ie 
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of a resooator, on which its behaviour under certain circumstances 
materially depends. It will be understood that the dissipation 
here spoken of means only the escape of energy from the vessel 
and its neighbourhood, and its diffusion in the surrounding 
medium, and not the transformation of ordinary energy into heat. 
Of such transformation our etjuationa take no account, unless 
special terms be introduced for the pui-pose of representing the 
effects of viscosity, and of the conduction and radiation of heat. 



Fig. I 




In a previous chapter (§ 278) We saw how to express the motion 
on the right of the infinite flange (Fig. 61), in terms of the normal 
velocity of the fluid over tli© disc A. We found, § 278 (3), 



d<T, 



1 [Me-'- 

where is proportional to e'"". 

If T be the distance between any two points of the disc, «r la a 
small quantity, and e~*^=l—iicr approximately. 



Thus 



mm-'4t-) 



..(1). 



2-rr\Jidn r ""^ }} dn 
The first term depends upon the distribution of the current. If 
we suppose that -5- is constant, we obtain ultimately a term repre- 
senting an increase of inertia, or a correction to the length, 
equal to s— ■ This we have already considered, under the 

supposition of a piston at A. The second term, on which the 
dissipation depends, is independent of the distribution of current, 

12—2 

n,*,"...:::T.AK»'^ie 
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being a function of the total current (i) only. Confining our 
attentioQ to this term, we have 

^'-''d (^'- 

Assuming now that <f> x c*^, we have for the part of the varia- 
tion of pressure at A, on which dissipation depends, 

^-^^--P"*-^-'^ ....(3). 

The corresponding work done during a transfer of fluid SX is 
^ — BX; and since, as in § 304, the expressions for the potential 
and kinetic energies are 

r-ipa'?-, r-i,f (4), 

the equation of motion (§ 80) is 

X + ^^ + ^X^O (5).' 

in place of (3) § S04. In the valuation of c an allowance must be 
included for the inertia of the fluid on the right-hand side of A, 
corresponding to the term omitted in the expression for Sp. 

Equation (5) ia of the standard form for the free vibrations 
of diasipative systems of one degree of freedom {§ 45). The 

amplitude varies as e^na , being diminished in the ratio e : 1 
after a time equal to — i- . If the pitch (determined by n) be 

given, the vibrations have the greatest persistence when c is 
smallest, that is, when the neck is most contracted. 

If S be given, we have on substituting for c iis value in terms 
of 8 and n, 

iva 4jra* ,„, 

■^-n'S W' 

shewing that under these circumstances the duration of the motion 
increases rapidly as n diminishes. 

In the case of similar resonators c x n'*, and then 
iira 1 



' Equation (5) is only approximate, iuaamnch aa the digsipative toroe is ealca- 
lated on the anppoaition that the vibration ia penoaneut ; bnt this will lead to no 
material enor when the di«Bipatiou is exatXl. 
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which shews that in this case the same proportioDal loss of 
amplitude alwaj'S occurs after the lapse of the Bame number of 
periods. This result may be obtained by the method of di- 
mensions, as a consequence of the priuciple of dynamical 
similarity. 

As an example of (5), I may refer to the case of a globe with 
a neck, intended for burning phosphorus in oxygen gas, whose 
capacity is '251 cubic feet. It was found by experiment that the 
note of maximum resonance made 120 vibrations per second, 
so that n = 120 x 2ir. Taking the velocity of sound (a) at 1120 
feet per second, we find ^m these data 

—rrr = ■= of a second nearly. 
n*/y 5 •' 

Judging from the sound produced when the globe is struck, 
I think that this estimate must he too low ; but it should he 
observed that the absence of the infinite flange assumed in the 
theory must influence very materially the rate of dissipation. 

We will now examine the forced vibrations due to a source 
of sound external to the resonator. If the pressure Sp at the 
mouth of the resonator due to the source, i.e. calculated oa the 
supposition that the mouth is closed, be .fe*™', the equation of 
motion corresponding to (5), but applicable to the forced vibra- 
tion only, is 

e^+^«i-+s«'x.f.'-- (7). . 

If Z - X, t"""*-', wlere X, is real, 

The maximum Tariatioo of pressure ((?) inside ttie resonator 
is connected witli X, by tlie equation 

a-^ (8), 

since X^-i-S is the maximum condensation. Thus 

i^^-'-^hm •• <»)• 

which agrees with the equation obtained by Helmholtz for the 
case where the communication with the external air is by a 
simple aperture (§ 300). The present problem is nearly, but not 
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quite, a case of that treated in § 46, the difFerence depending 
upon the fact that the coefficient of dissipation in (7) is itself 
a function of tho period, and not an absolutely constant quantity. 
If the period, determined by «, and S be given, (9) shews that 
the internal variation of pressure (0) is a maximum when c = m^8, 
that ia, whetj the natural note of the resonator (calculated with- 
out allowance for dissipation) is the same as that of the generating 
Sound. The maximum vibration, when the coincidence of periods 
is perfect, varies inversely as S ; but, if 8 be small, a very slight 
inequality in the periods is sufiicient to cause a marked falling 
off in the intensity of the resonance {§ 49). In the practical 
use of resonators it is not advantageous to carry the reduction 
of S and o very far, probably because the arrangements necessary 
for connecting the interior with the ear or other sensitive ap- 
paratus involve a departure from the suppositions on which the 
calculations are founded, which becomes more and more important 
as the dimensions are reduced. When the sensitive apparatus 
is not in connection with the interior, as in the experiment of 
reinforcing the sound of a tuning-fork by means of a resonator, 
other elements enter into the question, and a distinct investigation 
is necessary (§ 819). 

In virtue of the principle of reciprocity the investigation of the 
jH-eceding paragraph may be applied to calculate the effect of a 
source of sound situated in the interior of a resonator. 

312. We now pass on to the further discussion of the problem 
of the open pipe. We shall suppose that the open end of the 
pipe is provided with an infinite flange, and that its diameter 
is small in comparison with the wave-length of the vibration 
under consideration. 

As an introduction to the question, we will further suppose 
that the mouth of the pipe is fitted with a freely moving piston 
without thickness and msss. The preceding problems, from 
which the present differs in reality but little, have already given 
us reason to think that the presence of the piston will cause 
no important modification. Within the tube we suppose (§ 255) 
that the velocity-potential is 

.l>={AcoSKX+SsmKjc)e"^* (t), 

where, as usual, k = 27r\"' = wa"'. At the mouth, where a; = 0, 



^•'^'■'■■' {^t'"'-' (^)- 
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Oa the right of the piston the relation between ^, and (3^) 
is by § 302 

/M^(l).=*-'^{-^}-&--« (^'' 

R being the radius of the pipe. From this the solution of the 
problem may be obtained without any restriction as to the 
smallugss of kR ; since, however, it is only when kR is smalt 
that the presence of the piston would not materially modify 
the question, we may as well have tbe benefit of the simplification 
at once by taking as in (1) § 311 

J>> = ulA=^— ^ w- 

Now, since the piston occupies no space, tbe values of {^) 

must be the same on hoth sides of it, and since there is no mass, 
the like must be true of the values of JJ^,dir. Thus 

^=-»i-ihr+'^) (5)- 

Substituting in (1), we find on rejecting the imaginary part, 
and putting for brevity B =1, 

= 'jsin/aE — 5 — co3*;iB[co3Jit-i«*,fl'co3Ka;8lnn< (6). 

In this expression the term contalniDg sinni depends upon the 
dissipation, and is the same as if there were no piston, while that 

involving -^ — represents the effect of the inertia of the external 

air in the neighbourhood of the mouth. In order to compare with 

previous results, let a be such that 

8kR . , 

Bmxa; — ^— CQaitx = BLnK{ic — a}; 

then, tbe squares of small quantities being neglected, 



(7), 



'''Stt 

n«(a:-a)co3ni-iK"iI'cosKa;sinn( (8). 



:.\..tK»'JIL' 
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These formnlfe shew that, if the dissipation be left out of account, 
the velocity-potential is the same as if the tube were lengthened 

by ^ of the radius, and the open end then behaved as a loop. 

The amount of the correction agrees with what previous investi- 
gations would have led us to expect as the result of the intro- 
duction of the piston. We have seen reason to know that the 

true value of a lies between ^ R and q— -S, and that the presence 

of the piston does not affect the term representing the dissipation. 
But, before discussing our resulta, it will be advantageous to in- 
vestigate them afresh by a rather different method, which besides 
being of somewhat greater generality, will help to throw light on 
the mechanics of the question. 

313. For this purpose it will be convenient to shift the origin 
in the n^ative direction to such a distance from the mouth that 
the waves are there approximately plane, a diajdacement which 
according to our suppositions need not amount to more than a 
small fraction of the wave-length. The difficulty of the question 
consists in finding the connection between the waves in the pipe, 
which at a sufficient distance from the mouth are plane, and the 
diverging waves outside, which at a moderate distance may be 
treated as spherical If the transition take place within a space 
small compared with the wave-length, which it must evidently 
do, if the diameter he small enough, the problem admits of solution, 
whatever may be the form of the pipe in the neighbourhood of 
the mouth. 

Fig. 63. 




At a point P, whose distance &om A is moderate, the velocity- 
potential is (§ 279) 

t=^e-'''6^ (1), 
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whence 

J.I. A'-liMt~n'\ 

~{l + i>cr) (2). 



dr 1^ 



Let us consider the behaviour of the mass of air included be- 
tween the plane section at and a hemispherical surface whose 
centre is A, and radius r, r being large in comparison with the 
diameter of the pipe, but small in comparison with the wave- 
length. Within this space the air must move approximately aa an 
incompressible fluid would do. Now the current across the hemi- 
spherical surface 

= 2irr*^ = -2^^'(H-iw)e«"'-"> = -27r.4'e'»' (3), 

if the square of kv be neglected. 

If, as before, we take for the velocity-potential within the pipe 

0= {AcoiKX-^Bnra.Kx)^'^ (4), 

we have for the current across the section at 0, 



<t)r 



= a-KBe"^ (5) 

and thus 



o-Kj5 = -2Tr^' (6). 

This is the first condition ; the second is to be found from the 
consideration that the total current (whose two values have just 
been equated) is proportional to the difference of potential at the 
terminals. Thus, if c denote the conductivity of the passage be- 
tween the terminal surfaces, 



'©).-'*'■ 



= — e-*"-J. (7). 



On substitutii^ for A' its value from (6), we have 



-^=""« (;+£)="■«{; 



"^ 2ttt 27rJ 



In this expression the second term is negligible in comparison with 
the first, for c is at most a quantity of the same order aa the radius 



..OOJ^ Ic 
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of the tube, and when the mouth is much contracted it is smaller 
still. Thus we may take 

^— *(-^£) («'• 

Suhstituting this in (4), we have for the imagiDary expression of 
the velocity-potential within the tube, if B be put equal to unity, 

or, if only the real part be retained, 

^= JsiHiciC cos «a;V COS n( — ^ cosKXsinnf (9). 

Following Helmholtz, we may simplify our results by introducing 
a quantity a defined by the equation 

tanKa= — (10). 

Thus 

4> = ^ cmnt — -^ OQ&Kxsm lU (11), 

and the corresponding potential outside the mouth is 

t ^.«>s(7i/-«r) „ (12). 

If R be the radius of the tube, we may replace cr by ttB*. 

When the tnbe is a simple cylinder, and the origin lies at a 
distance A£ from the mouth, we know that <re"'=A£ + /*B, where 
^ is a number rather greater than J x. In such a case (the origin 
being taken sufficiently near the mouth) *;a is a small quantity, 
and therefore from (10) 

a = ^ = Ai + ^ (13). 

At the same time cos k^ may be identified with unity. 
The principal term in ^ involving cosn(, may then be calcu- 
lated, as if the tube were prolonged, and there were a loop at a 
point situated at a distance /*5 beyond the actual position of the 
mouth, in accordance with what we found before. These results, 
approximate for ordinary tubes, become rigorous when the diameter 
is reduced without limit, friction being neglected, 

nK!,i,....::.\.AK»'^ie 
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If there be no flange at A, the value of e is slightly modified 
by the removal of what acts as an obstruction, but the principal 
effect is on the term representing the dissipation. If we suppose 
as an approximation that the waves diverging from ^ are spherical, 

'we must take for the current iir^ -/- instead of 2'nT* -^ . The 

dr dr 

ultimate effect of the alteration will be to halve the expression for 
the velocity-potential outside the mouth, as well as the corre- 
sponding second term in (involving sin nt). The amount of 
dissipation is thtis seen to depend materially on the degree in 
which the waves are free to diverge, and our analytical expressions 
must not be regarded as more than rough estimates. 

The eoirect theory of the open organ-pipe, including equations 
(11) and (12), was discovered by Helmholtz', whose method, 
however, diflfers considerably from that here adopted. The 
earliest solutions of the problem by Lagrange, D. Bernoulli, and 
Euler, were founded on the assumption that at an open end 
the pressure could not vary from that of the surrounding atmo- 
sphere, a piinciple which may perhaps even now be considered 
applicable to an end whose openness is ideally perfect. The fiict 
that in all ordinary cases energy escapes is a proof that there is 
not anywhere in the pipe an absolute loop, and it might have been 
expected that the inertia of the air just outside the mouth would 
have the effect of an increase in the length. The positions of the 
nodes in a sounding pipe were investigated experimeatally by 
Savart' and Hopkins', with the result that the interval between 
the mouth and the nearest nodeisalwajs less than the half of that 
separating consecutive nodes, 

314. Experimental determinations of the correction for an 
open end have generally been made without the use of a flange, 
and it therefore becomes important to form at any rate a rough 
eatiniate of its effect. No theoretical solution of the problem of 
an unflanged open, end has hitherto been given, but it is easy to 
see that the removal of the flange will reduce the correction 
materially below the value '82 E (Appendix A). In the absence 
of theory I have attempted to determine the influence of a flange 

' CrellB, Bd. 67, p. 1. 1860. 

* Kocherches aur les Tibratioua de I'air. Aim. d. Chiin, t, eov. 1823. 

* Aerial vibrationa. in cjlindrical tubes. Cnmbridge 'Traiisactione, VoL v. 
p, 231. 1833. 
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experimentally'. Two organ-pipes nearly enough in unison with 
one another to give countable beats were blown from an oi^n 
bellows; the effect of the flange was deduced from the difference 
in the frequencies of the beats according as one of the pipes was 
flanged or not. The correction due to the flange was about '2^ 
A (probably more trustworthy) repetition of this experiment by 
Mr Bosauquet gave ■25fl. If we subtract 'SSB from •S2R, we 
obtain SB, which may be regarded as about the probable value of 
the correction for an unflanged open end, on the supposition that 
the wave-length is great in comparison with the diameter of the 
pipe. 

Attempts to determine the correction entirely from experiment 
have not led hitherto to very precise results. Measurements by 
Wertheim' on doubly open pipes gave as a mean (for each end) 
•6635, while for pipes open at one end only the meai} result was 
•746 B. In two careful experiments by Bosanquet' on doubly 
open pipes the correction for one end was '635 R, when X = 12 5, 
and '543 B, when \ = 30 jB. Bosanquet lays it down as a general 
rule that the correction (expressed as a fraction of B) increases 
with the ratio of diameter to wave-length ; part of this increase 
may however be due to the mutual reaction of the ends, which 
causes the plane of symmetry to behave like a rigid waU. When 
the pipe is only moderately long in proportion to its diameter, a 
state of things is approached which may be more nearly repre- 
sented by the presence than by the absence of a flange. The com- 
parison of theory and observation on this subject is a matter of 
some difficulty, because when the correction is small, its value, as 
calculated from observation, ia affected by uncertainties as to 
absolute pitch and the velocity of sound, while for the case, when 
the correction is relatively larger, which experiment is more com- 
petent to deal with, there is at present no theory. Probably a more 
accurate vfdue of the correction could be obt^ed from a resonator 
of the kind considered in § 306, where the communication with 
the outside air is by a simple aperture; the "length" is in that 
case zero, and the " correction " is everything. Some measurements 
of this kind, in which, however, no great accuracy was attempted, 
will be found in my memoir on resonance*. 

' Phil. Mag. (5) iii. 166. 1877. 
' Atm. d. Chim. (S) t. isii, p. S94. 
» Phil. Mag. (5) IT. p. 219. 1877. 

* Pm. Trans. 1871. See also Sondliftnas, Pogg. Attn, t 110, 53, 219 (1870), and 
Eome remarks thereapos b; myself {Phil. Mag., Sept. 1870). 
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Various methods have been used to determine the pitch of 
resonators experimentally. Moat frequently, perhaps, the resonators 
have been made to speak after the manner of organ-pipes by a 
stream of air blown obliquely across their mouths. Although good 
results have been obtained in this way, our ignorance as to the 
mode of action of the wind renders the method unsatisfactory. In 
Bosanquet's experiments the pipes were not actually made to 
speak, but short discontinuous jets of air were blown across the 
open end, the pitch being estimated from the free vibrations as 
the sound died away. A method, similar in principle, that I have 
sometimes employed with advantage consists in exciting free vibra- 
tions by means of a blow. In order to obtain as well defined a note 
as possible, it ia of importance to accommodate the hardness of the 
substance with which the resonator comes into contact to the pitch, 
a low pitch requiring a soft blow. Thus the pitch of a test-tube 
may be determined in a moment by strikmg it against the bent 
'knee. 

In using this method we ought not entirely to overlook the 
fact that the natural pitch of a vibrating body is altered by a 
term depending upon the square of the dissipation. With the 
notation of § 49, the frequency is diminished from n to 
n (1 — J «*n"*), or if SB he the number of vibrations executed while 
the amplitude falls in the ratio e : 1, from n to 



^ SttvJ • 



The correction, however, would rarely be worth taking into 
account. 

The measurements given in my memoir on resonance were 
conducted upon a different principle by estimating the note of 
maximum resonance. The ear was placed in communication with 
the interior of the cavity, while the chromatic scale was sounded. 
In this way it was found possible with a iittle practice to estimate 
the pitch of a good resonator to about a quarter of a semitone. In 
the case of small flasks with long necks, to which the above method 
would not be applicable, it was found sufBcient merely to hold the 
flask near the vibrating wires of a pianoforte. The resonant note 
announced itself by a quivering of the body of the flask, easily per- 
ceptible by the fingera. In using this method it is important that 
the mind should be free from bias in sub-dividing the interval 
between two consecutive semitones. When the theoretical result 
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is known, it is almost impossible to arrive at an independent 
opinion by experiment. 

315. We will now, following Helmholtz, examine more closely 
the nature of the motion within the pipe, represented by the 
formula (II) § 313. We have 

^=Lcos{7d-e) (1), 

where i' = 1 ' + titCob'*«; (2), 

cos Ki 4!ir ^ ' 

a k'o- cos Ha C09 KX ,„, 

Stt 8in K (a; — a) ' ' 

In the expression for X' the Second term is very small, and 
therefore the maximum values of ^ occur very nearly when 

«{*-a) = (-7« + i),r, 

or -3J = im\-lX-a (4), 

where m is a positive integer. 

The distance between consecutive maxima is thus ^\ and the 
value of the maximum is sec' xa. The minimum values of L' occur 
approximately when K{x — a) = — rmr, 

or — a; = ^m\ — fit (5), 

and their mt^itude is given by 

Z/ = j—^ cos'Kaj = j-3 cos'mr (6). 

In like manner, 

g-J-C03(«l-x) (7), 

1 r» a COB* « (a! - a) . kV . , „. 

where J* = ic ^ ^+ -r-^ain'/ea: (8), 

i^iT COS «« sin KX 
'^>^°2i ^cos.(»-») » 

The maximum values of J* occur when 

-« = 5toX-ci (10), 

and the minimum values, when 

-« = imX-lX-a (11). 
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The approximate magnitude of the maximum is K'sec'*!, and 
that of the minimum kV cos' kz -j- iTr". It appears that the 
maxima of velocity occur in the same parts of the tube as the 
minima of condensation (and rarefaction), and the minima of 
velocity in the same places as the maxima of condensation. The 
series of loops and nodes are arranged as if the first loop were at a 
distance a beyond the mouth. 

With regard to tbe phases, we see that both and j^ are in 
general small; and therefore with the exception of the places 
where L' and iP are near their minima tbe whole motion is 
synchronous, aa if there were no dissipation. 

Hitherto we have considered the problem of the passage of 
plane waves along the pipe and their gradual dififusion from the 
mouth, without regard to the origin of the plane waves them- 
selves. All that we have assumed is that tbe origin of the motion 
is somewhere within the pipe. We will now suppose that the 
motion is due to the known vibration of a piston, situated 
at x = —l, the origin of co-ordinates being at the mouth. Thus, 
when ic = — i, 

^=Gcos»rf (12), 

and this must be made to correspond with the expression for the 
plane waves, generalized by the introduction of arbitrary amplitude 
and phase. 



We may take 



d<^ 



dx 



^ = SJcos{nt-€-x) (13), 



where /and ^ have the values given in (8), (9), while B and e are 
arbitrary. Compaiing (12) and (13) we conclude that 

f^ix COS Ka Bin kI „ ,, 

''"- 2^c.8«(i + .) '"'• 

r »os-.(;+,) ^^^. J 

\ cos'xa +11* J ^ " 

by which B and e are determined. 

In accordance with (12) § 313, tbe corresponding divergent 
wave is represented by 

1^ = — ~ — cos (n* — e — *tr) (16). 



B~i^^^ ^j3j 

The vibration outside the tube ie then, according to the value of 
o, equal to or smaller than the vibration which there would be 
if there were no tube and the vibrating plate were made part of 
the yz plane. 

316. Our equations may also be applied to the investigation 
of the motion excited in a tube by external sources of sound. 
Let us suppose in the first place that the mouth of the tube is 
closed by a fixed plate forming part of the yz plane, and that the 
potential due to the external sources (approximately constant 
over the plate) is under these circumstances 

"^ = H cos nt (1), 

■where -^ is composed of the potential due to each source and its 
image in the yz plane, as explained in § 278. Inside the tube let 
the potential be 

^ = ScosKx cos nt (2), 

so that ^ and its differential coefficient are continuous across the 
barrier. The physical meaning of this is simple. We ima^ne 
within the tube such a motion as is determined by the conditions 

that the velocity at the mouth is zero, and that the condensation 
at the mouth is the same as that due to the sources of sound when. 
the mouth is closed. It is obvious that under these circumstances 

n,.i,i.... ::.v..tK»yiC 
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the closing plate may be removed without any alteration in the 
motion. Now, however, there is in general a finite velocity at 
x = — l, taid therefore we cannot suppose the pipe to be there 
stopped, But when there happens to he a node at a; = — ^ that is 
to say when I is such that cos nc (Z 4- a) = 0, all the conditions are 
satisfied, and the actual motion within the pipe is that expressed 
by (2). This motion is evidently the same as might obtain, if the 
pipe were closed at both ends ; and in external space the potential 
ia the same as if the mouth t^ tlie pipe were closed with the rigid 
plate. 

In the general case in order to reduce the air at a; = — ? to rest, 
we must superpose on the motion represented by (2) another of 
the kind investigated in § 313, so determined as to give at a; = — Z 
a velocity equal and opposite to that of the first. Thus, if the 
second motion be given by 

we have e + % = 0, and 

g{ ''°'''!' + ''' + gsm-ril-g- ■!»'.; (3). 

[ cos" KB 47r" J ^ ' 

When smKZ = 0,w6 have, as above explained, 5=0. The maxi- 
mum value of B occurs when cos k (2 + a) = 0, and then 



"--^ («■• 

It appears, as migfat have been expected, that the resonance is 
greatest when the reduced length is an odd multiple of ^X 

317. From the principle that in the neighbourhood of a node 
the Inertia of the air does not come much into play, we see that 
in such places the form of a tube is of little consequence, and that 
only the capacity need be attended to. This consideration allows 
lis to calculate the pitch of a pipe which is cylindrical through 
most of its length {Q, but near the closed end expands into a 
bulb of small capacity {S). The reduced length is then evi- 
dently 

l + a + Str" .....(1% 

' HelmUoltz, CrelU, 18G0. 

B. n. 13 
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where a is the correction for the open end, and <x ia the area of 
the transverBe section of the cylindrical part. This formula is 
often useful, and may be applied also when the deviation from the 
cylindrical form does not take the shape of an enlargement. 

When the enlargement represented by S is too large to allow 
of the above treatment, we may proceed as follows. The dissipa- 
tion being neglected, the velocity potential ia the tube may be 
taken to be 

^ 5= wn « (jc — a) cos nf, 

the origin being at the mouth, while a = \itR approximately. At 
a; — — i, we have 

^ = n sin K(il + a) sin lU, 

and T^ = /c cos K fZ + a) cos «i. 

ax 

Now the condensation is given by s = — o~*0, and the condition 
to be satisfied bA, x = — l is 



# 



"(2), 



if it be assumed that the condensation within S is sensibly 
uniform. Thus 

jSn^a"* mn K (i + a) = o-« cos « (i + a), 



tan«(Z + a) = -^ (3) 

is the equation determining the pitch. Numerical examples of 
the application of (3) are given in my memoir on resonance 
(PhU. Trans. 1871, p. 117). 

Similar reasoning proves that in any case of stationary vitra- 
tions, for which the wave-length is several times as great as the 
diameter of the bulb, the end of the tube adjoining the "bulb 
behaves approximately as an open end if k8 be much greater 
than <T, and as a stopped end if k8 be much less than a. 

318. The action of a resonator when under the influence of a 
source of sound in unison with itaelf is a point of considerable 
delicacy and importance, and one on which there has been a 
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good deal of confusion among acoustical writers, the author not 
excepted. 

There are cases where a resonator ahsorhs sound, as it were 
attracting the vibrations to itself and so diverting them from 
re^ons where otherwise they would be felt. For example, 
suppose that there is a simple source of sound B situated in a - 
narrow tube at a distance J\ (or any odd multiple thereof) from a 
closed end, and not too near the mouth: then at any distant 
external point A, its effect ia biI. This is an immediate conse- 
quence of the principle of reciprocity, because if A were the 
source, there could be no variation of potential at B. The 
restriction, precluding too great a proximity to tbe mouth, may 
he dispensed with, if we suppose the source S to he diffused 
uniformly over the cross section, instead of concentrated in one 
point. Then, whatever may be the size and shape of the section, 
there is absolutely no disturbance on the further side. This is 
clear from the theory of vibrations in one dimension ; the reci- 
procal form of the proposition — that whatever sources of disturb- 
ance may exist bejond the section, Jj-^dtr = — may be proved 
from Helmholtz's formida (2) § 293, by taking for ^ the velocity 
potential of the purely axial vibration of the same period. 

It is scarcely necessary to say that, wbeoever tao energy 
is emitted, the source does no work ; and this requires, not 
that there shall be no variation of pressure at the source, for that 
in the case of a simple source is impossible, but that the variable 
part of the pressure shall have exactly the phase of the accelera- 
tion, and no component with the phase of the velocity. 

Other examples of the absorption (^ sound by resonators are 
afforded by certain modifications of Herschel's interference tube 
used by Quincke' to stop tones of definite pitch firom reaching 
the ear. 

In the combinations of pipes represented in Fig. 63, the sound 
enters freely at J ; at £ it finds itself at the mouth of a reso- 
nator of pitch identical with its own. Under these circumstances 
it is absorbed, and there is no vibration propagated along BD. 
It is clear that the cylindrical tube BG may be replaced by any 
other resonator of the same pitch (7), without prejudice to the 

' Togg. Ann. cxmii. 177. 1806. 

13—2 
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action of the apparatus. The ordinary explanation by interference 
(so called) of direct and reflected waves is then less applicable. 



w 




These cases where the source is at the mouth of a resonator 
must not be confused with others where the source' is in the inte- 
rior. If £ he a source at the hottook of a stopped tube whose 
reduced length ia i\, the intensity at an external point A may 
be vastly greater than if there had been no tube. In fact the 
potential at A due to the source at B is the same as it would be 
at £ were the source at A. 

319. For a closer examination of the mechanics of resonance, 
we shall obtain the problem in a form disembarrassed of unne- 
cessary difficulties by supposing the resonator to consist of a 
small circular plate, backed by a spring, and imbedded in an 
indefinite rigid plane. It was proved in a previous chapter, (30) 
§ 302, that if Jlf he the mass of the plate, f its displacement, 
/*f the force of restitution, B the radius, and a- the density of the 
air, the equation of vibration is 



r +T-Jf +^r-^ ^+*'f =-f (1), 

where F and f are proportional to e*"'. 

If the natural period of vibration (the reaction of external a; 
included) coincide with that imposed, the equation reduces to 

^a.Tw^lf^=F (2). 



U^ll. 
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Let ua now suppose that F is due to an external source of 
sound, giving when the plate is at rest a potential -^j, which will 
be nearly constant over the area of the platS. Thus 

^=-Sp.jr^ = i«cw.7r5*.i|r, (3); 

90 that iriPf = -^ = 2iV«"'a^s = iX-^^, (4), 

and the potential tf> due to the motion of the plate at a distance 
r will be 

^=-ff:^=_»>«i:^.^.C: (s). 

^ 2ir r K r ^'' tKT ^ " 

independent, it should be observed, of the area of the plate. 

Leaving for the present the case of perfect isochroniam, let us 
suppose that 

g— J«V + /t = (6), 

so that Sitk'^ is the wave-length of the natural note of the reso- 
nator. If M' be written for if+f^^, the equation correspond- 
ing to (5) takes the form 

A^^.K^-i-h-iiM''^-^ ; (7), 

from which we may infer as before that it k =» the efficiency of 
the resonator as a source is independent of i£. When the adjust- 
ment is imperfect, the law of falling oflf depends upon M'S~*. 
Thus if Jf be great and R small, although the maximum efficiency 
of the resonator is no less, a greater accuracy of adjustment is 
required in order to approach the maximum (§ 49). In the case 
of resonators with simple apertures Jf = ^<rJI", so that MST* 
varies as iT'. Accordingly resonators with small apertures re- 
quire the greatest precision of tuning, but the difference is not 
important. From a comparison of the present investigation with 
that of § 311 it appears that the conditions of efficiency are dif- 
ferent according as internal or external effects are considered. 

We will DOW return to the case of isochronism and suppose 
further that the external source of sound to which the resonator 
A responds, is the motion of a similar plate B, whose distance 
&om A is a quantity large in comparison with the dimensions 

n,.i,i ■....::. v.. l.K»<JIL' 
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of the plates. The intensity of B may be supposed to be such 
that its potential is 

. a-Ur 

+=v <*'• 

Accordingly i(r, = c"' e"*^, and therefore by (5) 

^ = ^/-^=l_.!_ (9), 

^ " tier %KC V ^ ' 

shewing that at equal distances from their sources 

^, : ■^ = e-*" : itec. (10). 

The relation of phases may he represented by regarding the 
induced vibration ^ as proceeding from B by way of A, and as 
being subject to an additranal retardation of JX, so that the whole 
retardation between B and A is c + JX. In respect of amplitude 
^ is greater than ip' in the ratiii> of 1 : kg. 

Thus when kc is small, the induced vibration is much the 
greater, and the total sound is much louder than if A were not 
permitted to operate. In this case the phase is retarded by a 
quarter of a period. 

It is important to have a clear idea of the cause of this 
augmentation of sound. In a previous chapter (§ 280) we saw 
that, when A is fixed, B g^ves out much less sound than might 
at first have been expected from the pressure developed. The 
explanation was that the phase of the pressure was unfavourable ; 
the larger part of it is concerned only in overcoming the inertia 
of the surrounding air, and is ineffective towards the performance 
of work. Now the pressure which sets A in motion is the whole 
pressure, and not merely the insignificant part that would of itself 
do work. The motion of A is determined by the condition that 
that component of the whole pressure upon it^ which has iiie phase 
of the velocity, shall vanish. But of the pressure that is due to 
the motion of A, the larger part has the phase of the acceleration ; 
and therefore the prescribed condition requires an equality 
between the small component of the pressure due to ^'s motion, 
and a pressure comparable with the large component of the 
pressure due to B^b motion. The result is that A becomes a 
much more powerful source than B. Of course no work is done 
by the piston A ; its effect is to augment the work done at B, 
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by modifying tha otherwise unfavourable relation between %h& 
phases of the pressure and of the velocity. 

The infinite phine in the preceding discussion is only required 
in order that we may find room behind it for our machinery of 
springs. If we are content with still more highly idealized 
sources and resonators, we may dispense with it. To each piston 
must be added a duplicate, vibrating in a similar manner, but in 
the opposite direction, the effect of which will be to make the 
normal velocity of the fluid vanish over the plane AB. Under 
these circumstances the plane is without influence and may be 
removed. If the size of the plates be reduced without limit they 
hecome ultimately equivalent to simple sources of fluid ; and we 
conclude that a simple source B will become more efficient than 
before in the ratio of 1 : ko, when at a small distance c from 
it there is allowed to operate a simple resonator (as we may call 
it) of like pitch, that is, a source in which the inertia of the 
immediately surrounding fluid is compensated by some adequate 
machinery, and which is set in motion by external causes only. 

In the present state of our knowledge of the mechanics of 
vibrating fluids, while the difficulties of deduction are for the 
most part still to be overcome, any simplification of conditions 
which allows progress to be made, without wholly destroying the 
practical character of the question, may be a step of great 
importance. Such, for example, was the introduction by Helm- 
holtz of the idea of a source coocentrated in one point, represented 
analytically by the violation at that point of the equation of 
continuity. Perhaps in like manner the idea of a simple reso- 
nator may be useful, although the thing would be still more 
impossible to construct than a simple source. 

320. We have seen that there is a great augmentation of 
sound, when a suitably tuned resonator is close to a simple 
source. Much more is this the case, when the source of sound is 
compound. The potential due to a double source is (§§ 294, 324} 

'^-"'-'■i'*^) m- 

If the resonator bo at a small distance c. 
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and therefore tbe potential due to the r^onator at s distance r' is 

If /J,, vanish, the resonator is without effect; but when /*,= + 1, 
that is, when the resonator lies on the axis of the double source, 
we have 

*-f^'"^ (')■ 

At a distance from the double source its potential is 

+=<'V • (*>• 

Thus we may consider that the potential due to the resonator 
is greater than that due to the double source in the ratio k'c' : 1, 
the angular variation being disregarded. 

A vibrating rigid sphere gives the same kind of motion to the 
surtouudjng air as a double source situated at its centre J but the 
substitution suggested by this fact is only pemiissible when the 
radius of the sphere is small in comparison with c : otherwise 
the presence of the sphere modiEes the aetion of the resonator. 
Nevertheless the preceding investigation shews how powerful 
in general the action of a resonator is -when placed in a suitable 
position close to a compound source of sound, whose character 
is such that it would of itself produce but little effect at a 



One of the best examples of this use of a resonator is afforded 
1^ a vibrating bar of glass, or metal, held at the nodes. A strip 
of plate glass abettt a foot Jong and an inch broad, of medium 
thickness (say ^ iilcb), supported at about 3 inches from the ends 
by means of string twisted roand it, answers the purpose very 
Well When struck by a hammer it gives but little sound except 
overtones ; and even these may almost be got rid of by choosing 
a hammer of suitaUe softness. Tins deficiency of sound is a 
consequence of tbe small dimensions of the bar in comparison 
with the wave4ength, which allows of the easy transference of atr 
from one side to the other. .If now the mouth of a resonator of 
the right pitch* b« held over one of the free ends, a sound of cou- 
^ To get the bett eBeat, the month of the rMountor onghi to be pretty close to 
the bar ; luid then the pitob i» decidedly lower th&n it would be in the opem. The 
final edjnatment jta.j be made l^ TaiTing the amonnt of ohstraetion. ThiB use of 
.s of great antiquity. 
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Biderable force and purity may be obtained by a well managed 
blow. la tbis way an improved harmonicon may be constructed, 
with tones much lower than would be practicable without reso- 
nators. In the ordiuaiy instrument the wave-lengths are su£B- 
ciently short to permit the bar to communicate vibrations to the 
air independently. 

The reinforcement of the sound of a bell in a well-known 
experiment due to Savart* is an example of the same mode of 
action; but perhaps the most striking instance is in the ar- 
rangement adopted by Hehnholtz in his experiments requiring 
pure tones, which are obtained by holding tuning-forks over the 
mouths of resonators. 

321. When two simple resonators A^, A^, separately in tune 
with the source, are close together, the eSect is less than if there 
were only one. If the potentials due respectively to A^, A^ be 
^1' 09> ^^ ™^y take 

a^a'—, a,=a^^—. 

Let R represent the distance A^A^, and ^^, -^,, the potentials 
that would exist at A^, A^, if there were no resonators; then the 
conditions to determine A^, A^ are by (5) §'319 

A 

■f',-l--D*= + wc-l, 
By hypothesis ^, and ^^ are nearly equal, and therefore 
. ^ . ^ -fi ... 



-CI). 



,.(2). 



Since ixR is small, the e£fect is much, less than if there were 
only one resonator. It must be observed however that the 
diminished effectiveness is due to the resonators putting one 
another out of tune, and if this tendency be compensated by an 
alteration in the spring, any number of resonators near together 
have just the effect of one. This point is illustrated by § 302, 
where it will be seen (32) that though the resonance does not 
depend upon the size of the plate, still the inertia of the air, which 
has to be compensated by a spring, does depend upon it. 

' Aim. d. Ckiw. t. XHT. 189S. 
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322. It will be proper to say a few words in this place on 
an objection, which has been brought forward by Boaanquet* as 
possibly invalidating the usual calculatioDS of the pitch of re- 
Bonators and of the coirection to the length of organ pipes. When 
fluid flows in a steady stream through a hole in a thin plate, the 
motion on the low pressure side \a by no means. of the character 
investigated in § 306. Instead of diverging after passing the hole 
80 as to follow the surface of the plate, the fluid shapes itself into 
an approximately cyUndrical Jet, whose form for the case of two 
dimensions can be calculated from formulse given by Kirchhoff*. 
On the high pressure side the motion does not deviate so widely 
from that determined by the electrical law. In like manner fluid 
passing outwards from a pipe continues to move in a cylindrical 
stream. If the external pressure be the greater, the character of 
the motion iis difiEerent. In this case the stream lines converge 
from all directions to the mouth of the pipe, afterwards gathering 
themselves into a parallel bundle, whose section is considerably 
less than that of the pipe. It is clear that, if the formation of jets 
took place to any considerable extent during the passage of air 
through the mouths of resonators, our calculations of pitch would 
have to be seriously modified. 

The precise conditions under which jets are formed is a subject 
of great delicacy. It may even he doubted whether they would occur 
at all in Motionless fluid moving with velocities so small that the 
corresponding pressures, which are proportional to the squares of 
the velocities, axe inconsiderable. But with air, as we actually 
have it, moving under the action of the pressures to be found in 
resonators, it must be admitted that jets may sometimes occur. 
While experimenting about two years ago with one of Konig'a 
brass resonators of pitch c', I noticed that when the corresponding 
fork, strongly excited, was held to the mouth, a wind of consider- 
able force issued from the nipple at the opposite side. This effect 
may rise to such intensity as to blow out a candle upon whose 
wicjc the stream is directed. It does not depend upon any peculiar 
motion of the air near the ends of the fork, as is proved by 
mounting the fork upon its resonance-box and presenting the open 
end of the hoi, instead of the fork itself, to the mouth of the 
resonator, when the effect is obtained with hut slightly diminished 



> Phil. Mag. Aug. 1677, p. 125. 
* fhil. Mag. Deo. 1876. 
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intensity. A similar result was obtained with a fork and re- 
sonator, of pitch an octave lower (c). Closer examination revealed 
the fact that at the sides of the nipple the outward flowing 
stream was replaced by one in the opposite direction, so that a 
tongue of flame from a suitably placed candle appeared to enter 
the nipple at the same time that another candle situated 
immediately in front was blown away. The two effects are of 
course in reality alternating, and only appear to be simultaneous 
in consequence of the inability of the eye to follow such rapid 
changea The formation of jets must make a serious draft on the 
energy of the motion, and this is no doubt the reason why it is 
necessary to close the nipple in order to obtain a powerful sound 
from a resonator of this form, when a suitably tuned fork is pre- 
sented to it. 

At the same time it does not appear probable that jet forma- 
tion occurs to any appreciable extent at the mouths of resonators 
as ordinarily used. The near agreement between the observed and 
the calculated pitch is almost a suEBcient proof of this. Another 
argument tending to the same conclusion may be dtawn from the 
persistence of the free vibratiooa of resonators {§ 311), whose dura- 
tion seems to exclude any important cause of dissipation beyond 
the communication of motion to the surrounding air. 

In the case of organ pipes, where the vibrations are very power- 
ful, these arguments are less cogent, but I see no reason for think- 
ing that the motion- at the upper open end differs greatly from^ that 
supposed in Helmholtz's calculation. No conclusion, to the con- 
trary can, I think, safely be drawn from, the phenomena of steady 
motion. In the opposite extreme case of impulsive motion jets 
certainly cannot be formed, as follows. flrom Thomson's principle 
of least energy (§ 79), and it is doubtful to which extreme the 
case of periodic motion may with greatest plausibility be assimi- 
lated. Observation by the method of intermittent illumination 
(§ 42) might lead to further information upon this subject. 
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CHAPTER XVII. 

AFFIICATIOKB OF LAFLACE's FCKCHONS. 

323. The geDeral equation of a velocity potential, when 
referred.to polar co-ordinates, takes the form (§ 241) 

di* dr K.n$d0\ dd) em'fl dut* ^ ^ ' 

If K Tanish, we have the equation of the ordinary potential, 
which, OB we know, is satisfied, if ^=t'^S^, where S^ denotes the 
spherical surface harmonic' of order n. On substitution it appears 
that the equation satisfied by 8^ is 

1 d / . .dSA 1 d^S, , , , ,.a A /«\ 
a-i^S3(*"^^wJ + ii?-^d^+"t'» + l)5. = (2). 

Now, whatever the form of -^ may he, it can be expanded in 
a series of spherical harmonics 

■+='^o + 'f', + '^»+ +'f.+ (3), 

where '^, wiU satisfy an equation such as (2). 

Comparing (1) and (2) we see that to determine -^. as a 
fttuction of r, we have 

or, as it may also be written, 



<;(«r)' 



■■(*). 
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In order to solve thia equatioB, we may observe that when r 
is very great, the middle term is relatively negligible, and that 
then the solution is 

i-f, = ^e*" + 5e-*«- (5). 

The same form may be assumed to hold good for the complete 
equation (4), if we look upon A and B no longer as constants, but 
as functions of r, whose nature is to be determined. Substituting 
in (4), we find for £, 

Let us assume 

B=B, + B^{ycrP + B,(iKr)-'+... + B,{iKry+...(r). 
and substitute in (6). Equating to zero the coefficient of (tVr)'*'^, 
we obtain 

B - B n{n + l)-s(s + l) __ (n-8)(n + B+l) 

^--^' — r^+T) — ~^' — 2(,+i) ^^^- . 



Thus 



«(« + !) 



»_» («-l)(«+2) . («-l)n(n + l)(«+2) 

■«.-■«. 272 g-I A. &C.; 



.2 
so that 

B-B U I "t« + l) , (n-n...(«+2) (n-2)...(« + 8) 
■"-■"- t^'*"X«^"*" 2.4. («r)' + 2.4.6.(i«r-)' 
1.2.3...2Tt 1 

"'"•■•''"2.4.6...2n.(iw)"} t^^* 

Denoting with Prof. Stokes' the series within brackets by 
f^ {tier), we have 

5 = B,/,Ci«r) (10). 

In like manner by changing the sign of i, we get 

^=A/.(-«^) (11). 

The symbols A^ and B^, though independent of r, are functions 
of the angular co-ordinates : in the most general case, they are 
any two spherical surface harmonics o{ order n. Equation (5) may 
therefore be written 

rt, = <S.e-*"/,()«r)+5,'e+"'-/,(-t«r) (12). 

' On the Commnnioiitioii of Tibretiona from a Tibrating Bodj to a Borroiindiiig 

Got. Phil. Tram. 1868. 
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By difTerentiation of (12) 

#.._«.8-te.J?.(,W)-|-'«+'"^.(-.-«r)....(13), 
where 

K (»*»■) = (1 + "^)/- ("*•) - **»•/.' (- *'^) Ci*)- 

The forms of the functions ^ ae far as n = 7, are exhihited in 
the accompanying table : 
r„{!<)=,+ 1 

F,{y)=j+ 4-t- 92/-"+ 9ir-* 
*'s's)=J'+ '+ 37y-'+ 60J/-'+ 60y-» 

F,(j)=s+16 + lB63/-'+ 7361/-*+ 8626y-»+ 66705r»+ 5670jr» 
Fg{j) = y + 22 + 3E2;/-> + 1890i/-'+ 9765^-"+ 340aOy-*+ 727663/-°+ 72766^-* 
^T(y)=!'+29 + *M2/-i + 42843f-»+2a935y-' + 148995y-* + E093E6y->+lO8108Oy-* 
+ 1081080^-' 

la order to find the leading terms is F^ (tier) when iicr is small, 
we hare on reversing the series in (9) 

/. («r) - 1 . S . 5 . . . (2« - 1) C.-..^- |l + .-.r + 1^ (.•^)' + . . j 

(15), 

whence by (14) we find 

^.(i«r) = l.S.6...(2»-l)(o + l)(i«rr 

324. An important case of our general formulae occurs when 
■^ represents a disturbance which is propagated wholly ouitoards. 
At a great distance from the origin, /, {ixr) =/, {- tier) = 1, and 
thus, if we restore the time factor (e*"Of we have 

rf, = 5[,6*'<^-'-) + S;e*-<°'+rt (1), 

of "which the second part represents a distui-hance travelling 
inwards. Under the circumstances contemplated we are there- 
fore to take S,' = 0, and thus 

r^, = SJ,{iia-)et'<-'*-'-'> (2), 

which represents in the most general manner the n* harmonic 
component of a disturbance of the given period diffusing itself 
outwards into infinite npace. 

n,.i,i ■....::. v.. IKt'JIL' 
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The origin of the disturbance may be in a prescribed normal 
motion of the surface of a sphere of radius c. Let us suppose 
that at any point on the sphere the outward velocity is repre- 
sented by Fe*"", TJ being in general a function of the position of 
the point considered. 

If U be expanded in the spherical harmonic series 

0"= P,+ i/,+ U^+ ... + fr,+ (3), 

Ve must have by (13) § 323 

U^=~^e'^'F,{iKc) (4). 

The complete value of ^ is thus 

^^_^ei.(.rt-r+c)2=A_ /.(^-w) (5), 

^ r F^ [iKc)-'*^ ' ^ ' 

where the summation is to be extended to all (integral) values of 
n. The real part of this equation will give the velocity potential 
due to the normal velocity fT'cos «(rf' at the surface of the 
sphere r = c. 

Prof. Stokes has applied this solution to the explanation of a 
remarkable experiment by Leslie, according to which it appeared 
that the sound of a bell vibrating in a partially exhausted receiver 
is diminished by the introduction of hydrogen. This paradoxical 
phenomenon has its origin in the augmented wave-length due to 
the addition of hydrogen, in consequence of which the bell loses 
its hold (so to speak) on the surrounding gas. The general expla- 
nation cannot be better given than in the words of Prof. Stokes : 

" Suppose a person to move his hand to and fro through a small 
space. The motion which is occasioned in the Eur is almost exactly 
the same as it would have been if the air had been an incompres- 
■"sible fluid. There is a mere local reciprocating motion, in which 
the air immediately in front is* pushed forward, and that imme- 
diately behind, impelled after the moving body, while in the 
anterior space generally the air recedes &om the encroachment of 
the moving body, and in the posterior space generally flows in 
from all sides to supply the vacuum which tends to be created ; so 
that in lateral directions the flow of the fluid is backwards^ a 

' The auBnmption <A a real valne far 17 is eqnirolent to limiting the aonusl 
Telocity to be la the Bitme pbiwe all over the sphere r=c. To include the most 
general aerial motion V would have to be treated aa complex. 
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portion of the excess of fluid in front going to supply the de- 
ficiency behind. Now conceive the periodic time of the motion 
to be continually diminished. Gradually the alternation of move- 
ment becomes too rapid to permit of the full establishment of the 
merely local reciprocating Sow; the air is sensibly compressed and 
rarefied, and a sensible sound wave (or nave of the same nature, 
in case the periodic time be beyond the limits suitable to hearing) 
is propi^ted to a distance. The same takes place in any gas ; 
and the more rapid be the propf^tlou of condensations and rare- 
factions in the gas, the more nearly will it approach, in relation to 
the motions we have under consideration, to the condition of an 
incompressible fluid; the more nearly will the conditions of the 
displacement of the gas at the surface of the solid be satisfied by a 
merely local reciprocating flow." 

In discussing the solution (5), Prof. Stokes goes on to say, 
"At a great distance from the sphere the function /^(t*r)* be- ■ 
comes ultimately equal to 1, and we have 

^..^^«-..»S^-|_ (6). 

" It appears (from the value of -X) that the component of the 

velocity aloi^ the radius vector is of the order r"*, and that in any 
direction perpendicular to the radius vector of the order r~*, so 
that the lateral motion may be disr^arded except in the neigh- 
bourhood of the sphere. 

" In order to examine the influence of the lateral motion in the 
neighbourhood of the sphere, let us compare the actual disturb- 
ance at a great distance with what it would have been if all lateral 
motion had been prevented, suppose by infinitely thin conical 
partitions dividing the fluid into elementary canals, each bounded 
by a conical surface having its vef tex at the centre, 

" On this supposition the motion in any canal would evidently 
be the same as it would be in all directions if the sphere vibrated 
by contraction and expansion of the surface, the same all round, 
and such that the normal velocity of the surface was the same as 
it is at the particular point at which the canal in question abuts 
on the surface. Now if [T were constapt the expansion of f^ would 



le slight ohangea in Ptot. Stokes' notation. 
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be reduced to its first term U^, and seeing that f^ (tVr) = 1, we 
should liave from (5), 



^ = - 






This expression will apply to any particular canal if we take Z^ to 
denote the normal velocity at the sphere's surface for that particular ~ 
canal ; and therefore to obtain an expression applicable at once 
to all the cauals, we have merely to write Z7for U^ To facilitate 
a comparison with (5) and (6), I shall, however, write XU^tor V. 
We have then, 

f = -'teM'^-r+r)^E^ (7). 

It must be remembered that this is merely an espression appli- 
cable at once to all the canals, the motion in each of which takes 
place wholly along the radius vector, and accordingly the expres- 
sion ia not to be differentiated with respect to 5 or « with the view 
of finding the transverse velocities, 

"On comparing (7) with the expression for the function ■^ in 
the actual motion at a great distance from the sphere (6), we see 
that the two are identical with the exception that U^ is divided 
by two different constants, namely F^{iKc) in the former case and 
F^{iKc) in the latter. The same will be true of the leading terms 
(or those of the order r~') in the expressions for the condensation 
and velocity. Hence if the mode of vibration of the sphere be 
such that the normal velocity of its surface is expressed by a 
Laplace's function of any one order, the disturbance at a great 
distance from the sphere will vary from one direction to another 
according to the same law as if lateral motions had been pre- 
vented, the amplitude of excursion at a given distance from the 
centre varying in both cases as the amplitude of excursion, in a 
normal direction, of the surface of the sphere itself. The only 
difference is that expressed by the symbolic ratio F^(vcc) ■.F^{i«c). 
If we suppose F^{iKc) reduced to the form f(,(cosa, + isinaj, 
the amphtude of vibration in the actual case will be to that in the 
supposed case as /t, to /i,, and the phases in the two cases will 
differ by a^ — a,. 

"If the normal velocity of the surface of the sphere be not 
expressible by a single Laplace's Function, but only by a series, 
finite or infinite, of such functions, the disturbance at a given 
R. n. 14 
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great distance from the centre will no longer vary from one direc- 
tion to another according to the same law as the normal velocity 
of the BUtface of the sphere, since the modulus p_ and likewise 
the amplitude a, of the imaginary quantity ^,(wc) vary with the 
order of the function. 

" Let us now suppose the disturbance expressed by a Laplace's 
function of some one order, and seek the numerical value of the 
alteration of intensity at a distance, produced by the lateral 
motion which actually exists. 

" The intensity will be measured by the via viva produced in a 
given time, and consequently will vary as the density multiplied 
by the velocity of propagation multiplied by the square of the 
amplitude of vibration. It is the last factor alone that is diETerent 
from what it would have been if there had been no lateral motion. 
The amplitude is altered in the proportion of fi^ to /*,, so that if 
ft' : n^ M, I^, I^ is the quantity by which the intensity that would 
have existed if the fluid had been hindered from lateral motion 
has to be divided. 

"If X be the length of the sound-wave corresponding to the 
period of the vibration, k = SttA."', so that xc is the ratio of the 
circumference of the sphere to the'length of a wave. If we sup- 
pose the gas to be air and X to be 2 feet, which would correspond 
to about 550 vibrations in a second, and the circumference 2irc to 
be 1 foot (a size and pitch which would correspond with the case 
of a common house-bell), we shall have ko = J. The following 
table gives the values of the squares of the modulus and of the 
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ratio 7, for the functions F^ {iiec) of the first five orders, for each 
of the values 4, 2, 1, ^, and J of ko. It will presently appear why 
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the table has been extended further in the direction of values 
greater than J than it has in the opposite direction. ' Five signi- 
ficant figures at least are retained. 

" When *«; = 00 we get from the analytical expressions 7, = 1. 
We see from the table that when kc is somewhat large /„ is liable 
to be a little less than 1, and consequently the sound to be a lit&e 
more intense than if lateral motion had been prevented. The 
possibility of that is explained by considering that the waves of 
condensation spreading from those compartments of the sphere 
which at a given moment are vibrating positively, i.e. outwards, 
after the lapse of a half period may have spread over the neigh- 
bouring compartments, which are now in their turn vibrating 
positively, so that these latter compartments in their outward 
motion work against a somewhat greater pressure than if such 
compartment had opposite to it only the vibration of the gas 
which it had itself occasioned; and the same explanation applies 
mutatis mutandis to the waves of rarefaction. However, the in- 
crease of sound thus occasioned by the existence of lateral motion 
is but small in any case, whereas when kc is somewhat small /, 
increases enormously, and the sound becomes a mere nothing 
compared with what it would have been had lateral motion been 
prevented. 

" The higher be the order of the function, the greater will be the 
number of compliments, alternately positive and negative as to 
their mode of vibration at a given moment, into which the surface 
of the sphere will be divided. We see from the table that for a 
given periodic time aa well as radius the value of /, becomes con- 
siderable when M is somewhat high. However practically vibra- 
tions of this kind are produced when the elastic sphere executes, 
not its principal, but one of its subordinate vibrations, the pitch 
corresponding to which rises with the order of vibration, so that k 
increases with that order. It was for this reason that the table 
waa extended from kc = 05 further in the direction of high pitch 
than low pitch, namely, to three octaves higher and only one octave 
lower. 

" When the sphere vibrates symmetrically about the centre, i. e. 
so that any two opposite points of the surface are at a given 
moment moving with equal velocities in opposite directions, or 
more generally when the mode of vibration is such that there is 
no change of position of the centre of gravity of the volume, there 

14—2 
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is no term of order 1. For a sphere vibrating in the manner of a 
bell the principal vibration is that expressed by a term of the 
order 2, to which I shall now more particularly attend. 

" Putting, for shortness, i?^ = q, we have 
g'-2g' + 9g + 81 

?*Ci + i) ■ 

" The minimum value of /, is determined by 

giving aj^NTOxinmtely, 

q = 12-859, «c = 3-586, /*,' = 13859, fi* = 12 049, 
/, = -86941; 
BO that the utmost increase of sound produced by hiteral motion 
Amounts to about 15 per cent. 

•' I now come more particularly to Leslie's experiments. Nothing 
is stated as to the form, size, or pitch of his bell ; and even if these 
bad been accurately described, there would have been a good deal 
of guess-work in fixing on the size of the sphere which should be 
considered the best representative of the bell. Hence all we can 
do is to choose such values for k and c as are comparable with the 
probable conditions of the experiment. 

"I possess a bell, belonging to an old bell-jn-air apparatus, 
which may probably be somewhat similar to that used by Leslie. 
It is nearly hemispherical, the diameter is 1'96 inch, and the pitch 
an octave above the middle c of a piano. Taking the number of 
vibrations 1056 per second, and the velocity of sound in air 1100 
feet per second, we have X= 12'5 inches. To represent the bell by 
a sphere of the same radius would be very greatly to underrate the 
influence of local circulation, since near the mouth the gas has but 
a litUe way to get round from the outride to the inside or the 
reverse. To represent it by a sphere of half the radius would still 
apparently be to underrate the effect. Nevertheless for the sake 
of rather under-estimating than exa^erating the influence of the 
cause here investigated, I will make these two suppositious suc- 
cesdvely, giving respectively c *= '98 and c = '49, kg — "4926, and 
KC = -2463 for air. 
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"If it were not for lateral motion the intensity would vary from 
gas to gas in the proportion of the density into the velocity of 
propagation, and therefore as the pressure into the square root of 
the density under a standard pressure, if we take the factor de- 
pending on the development of heat aa sensihly the same for the 
gases and gaseous mixtures with which we have to deal In the 
following Table the first column gives the gas, the second the 
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pressure p, in atmospherea, the third the density D under the 
pressure p, referred to the density of the air at the atmospheric 
pressure aa unity, the fourth, Q^, what would have heen the inten- 
sity had the motion heen wholly radial, referred to the intensity 
in air at atmospheric pressure as unity, or, in other words, a 
quantity varying as p x (the density at pressure 1)*. Then fol- 
low the values of q, I,, and Q, the last being the actual intensity 
referred to air as before, 

" An inspection of the numbers contained in the columns headed 
Q will shew that the cause here investigated is amply sufficient to 
account for the facts mentioned by Leslie." 

The importance of the subject, and the masterly manner in 
which it has been treated by Prof. Stokes, will probably be thought 
sufficient to justify this long quotation. The simplicity of the true 
explanation contrasts remarkably with conjectures that had pre- 
viously been advanced. Sir J. Herschel, for example, thought 
that the mixture of two gases tending to propagate sound with 
different velocities might produce a confusion resulting in a rapid 
stiQing of the sound. 

325. The term of zero order 

^^ = §^ei~ba-r) (1)^ 

where 5j is a complex constant, corresponds to the potential of a 
simple source of arbitrary intensity and phase, situated at the 
centre of the sphere (§ 279). If, as often happens in practice, the 
source of sound be a solid body vibrating without much change of 
volume, this term is relatively deficient In the case of a rigid 
sphere vibrating about a position of equilibrium, the deficiency is 
absolute ', inasmuch as the whole motion will then be represented 
by a term of order 1 ; and whenever the body is very small in 
comparison with the wave-length, the term of zero order must 
be insignificant. For if we integrate the equation of motion, 
VV "*" ^"^ = 0> °''^'' *^® small volume included between the body 
and a sphere closely surrounding it, we see that the whole quan- 
tity of fluid which enters and leaves this space is small, and that 
therefore there is but little total flow across the surface of the 
sphere. 



^ The centre ot the sphere being the origiii of cooidinateti. 
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Putting n = 1, we get for the term of the first order 

r+. = S.9'«-'){l+^} (2), 

and 8^ is proportional to the cosine of the angle between the direc- 
tion considered and some fixed axis. This expression is of the 
Bame form as the potential of a dovUe source (§ 294), situated at 
the centre, and composed of two equal and opposite simple sources 
lying on the axis in question, whose distance apart is infinitely 
small, and intensities such that the product of the intensities and 
distance is finite. For, if d: be the axis, and the cosine of the 
angle between x and r be ^ it is evident that the potential of the 
double source is proportional to 

It appears then that the disturbance due to the vibration of a 
sphere as a rigid body is the same as that corresponding to a 
double source at the centre whose axis coincides with the line of 
the sphere's vibration. 

The reaction of the air on a small sphere vibrating as a rigid 
body with a harmonic motion, may be readily calculated from pre- 
ceding formulae. If ^ denote the velocity <^'the sphere at time t, 

U,t^-il> (3). 

and therefore for the value of ^ at the surface of the sphere, we 
have from (5) § 324, 

^--^-^"^ (*)• 

The force H due to aerial pressures accelerating the motion is 
^veu by 

47ro* J /i (iKc) 



= -iKap<^i 


iM)!""'''^- 


If we write 






m-'- 


then 


B = -i>t^l-S 


inasmuch as 


f-.wf. 



-pf 



F,lfmy 



..(6), 



.^1 (6), 
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The operatioD of the air is therefore to increase the eflFectiye 
inertia of the sphere hyp times the inertia of the air displaced, 
and to retard i^e motion hy a force preportional to the velocity, 
and equal to ^irpt^ .qiia^, these effects being in general functions 
of the frequency of vibration. By intreduction of the values of /, 
and F^ we find 

/. (tw) _2 + AiV-*«*c' „. 

F,{iKc) 4 + *V *■ •'' 

80 that, p=r^^" ^=rf^* -f^J- 

When KC ia small, we have approximately p = i, 2 = J k'c'. 
Hence the effective inertia of a small sphere is increased by one- 
half of that of the air displaced — a quantity independent of the 
frequency and the same as if the fluid -were incompressible. The 
dissipative term, which corresponds to the energy emitted, is of 
high order in kc, and therefore (the effects of viscosity being 
disregarded) the vibrations of a small sphere are but slowly 



The motion of an ellipsoid through an incompressible fluid baa 
been investigated by Green', and his result is applicable to the 
calculation of the increase of effective inertia due to a compressible 
fluid, provided the dimensions of the body be small in comparison 
with the wave-length of the vibration. For a small circular disc 
vibrating at right angles to its plane, the increase of effective 
inertia is to the mass of a sphere of fluid, whose radius is equal to 
that of the disc, as 2 to tt. The result for the case of a sphere 
given above was obtained by Poisson*, a short time before the 
publication of Green's paper. 

It has been proved by Maxwell" that the various terms of 
the harmonic expansion of the common potential may be re- 
garded as due to multiple points of corresponding degrees of com- 
plexity. Thus Vi is proportional to jj— 3. jt- (-) , where there 

are i differentiations of r"" with respect to the axes h^, A,, &c.i any 
nurdber of which may in particular cases coincide. It might perhaps 

1 Edii^argh TransaclUita, Deo. 16, 1833. Also Gieea'a Mathemaliail Paper*, 
edited hj Perrers. Macmillan A Co., 1871. 

* MSmoiret de VAcadSmie det Seieneet, Tom. xi. p. 631. 
» Maiwell'B Eleclricity and Magastum, Ch. n. 
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have been expected that a similar law would hold for the velocity 
potential with the substitution of r^e"*^ for r~\ This however 
is not the case; it may be shewn that the potential of a quadruple 

source, denoted by ,, ,, . , corresponds in general not to the 

term of the second order simply, viz., S^ /»(*»""). I'ut to a 

combination of this with a term of zero order. The analogy there- 
fore holds only in the single instance of the double point or source, 
though of course the function r"'e~'"' after any number of differ- 
entiations continues to satisfy the fundamental equation 

(v'+«')+-o. 

It is perhaps worth notice that the disturbance outside any 
imaginary sphere which completely encloses the origin of sound 
may be represented as due to the normal motion of the surface of 
any smaller concentric sphere, or, as a particular case when the 
radius of the sphere is infinitely small, aa due to a source concen- 
trated in one point at the centre. This source will in general be 
composed of a combination of multiple sources of all orders of 
complexity. 

326, When the origin of the disturbance is the vibration of a 
rigid body parallel to its axis of revolution, the various spherical 
harmonics S^ reduce to simple multiples of the zonal harmonic 
P, (ji), which may be defined as the coefficient of e' in the expan- 
sion of {1 — 2e /I + e*]"* in rising powers of e. And whenever the 
solid, besides being symmetrical about an axis, is also symmetrical 
with respect to an equatorial plane (whose intersection with the 
axis is taken aa origin of co.-ordiuates), the expansion of the 
resulting disturbance in spherical harmonics will contain terms of 
odd order only. For example, if the vibrating body were a circular 
disc moving perpendicularly to its plane, the expansion of ^ 
would contain terms proportional to P^ (/t), P, (/*), P, (/*), &c. In 
the case of the sphere, as we have seen, the series reduces 
absolutely to its first term, and this term will generally be prepon- 
derant. 

On the other hand we may have a vibrating system symmetri- 
cal about an axis and with respect to an equatorial plane, but in 
such a manner that the motions of the parts on the two sides of 
the plane are opposed. Under this head comes the ideal tuning 



218 ENEBGY EMITTED [326. 

fork, composed of equal spheres or parallel circular discs, whose 
distance apart varies periodically. Symmetry shews that the 
velocity-potential, beiog the same at any point and at its image in 
the plane of symmetry, must be an even function of /t, and there- 
fore expressible by a series containing only the even functions 
P, (//), P, (ji), &c. The second function P, Qi) would usually 
preponderate, though in particular cases, as for example if the 
body were composed of two discs very close tc^ether in comparison 
with their diameter, the symmetrical term of zero order might 
become important. A comparison with the known solution for the 
sphere whose sur&ce vibrates according to any law, will in most 
cases furnish material for an estimate as to the relative importance 
of the various terms. 

327. The total emission of energy by a vibrating sphere ia 
found by multiplying the variable part of the pressure (proportional 
to TJr) by the normal velocity and integrating over the surface 
(§ 245). In virtue of the conjugate property the various spherical 
harmonic terms maybe taken separately without loss of generality. 
We have (§ 323) 



^, — ixa — /^ {ixr) 



#■- = _ -* 
dr 



(*(<«- 



F,{iKr) 



.<!). 



dr ~ 



..(2), 
..(3). 



or on rejecting the imaginary part 

_ ^ [^ cos « (a* - r) + a' sin « (oi - r)l 
- -^[ aco3*(a(-r)-/3Bin<((rf-r)l 
where F=<x + t^, /=a' + iff 

= ~j(s,*d<r [off C03*« (oi -r) - a'/Sain** (at-r) 

+ (ora' - /S/y) sin « (of - r) cos « (a* - r)]. 
When this is integrated over a long range of time, the periodic 
terms may be omitted, and thus 

/.//+.^<iS.*-^(«/S'-a'«//s.'*r it). 
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Now, since there can he on the whole no accumulation of 
energy in the space included hetween two concentric spherical 
surfaces, the rates of transmission of energy across these surfaces 
must he the same, that is to say r"" (a'j8 — ffa) must be independent 
of r. In order to determine the constant value, we may take the 
particular case of r indefinitely great, when 

K (»'«'■) = »'^' 0=0, ^ = «r, 

/.{j«r) = l, a' = l, ^ = 0. 

Thus a'y9-j8'a=jw, identically (5). 

It may be observed that the left-hand member of (5) when 
multiplied by i is the imaginary part of (a + 1)3) (a' — iff') or of 
F^ (tier)/, (—iicr), so that our result may be expressed by saying 
that the imaginary part of F^ {**»')yi (— »'*'") is ixr, or 

K (»*»■) /. (- "J") - K C- »'^) /, (*"«'•) = 2tw (6). 

In this form we shall have occasion presently to make use of it. 

The same conclusion may be arrived at somewhat more directly 
by an application of Helmholtz'e theorem (§ 294), i.e. that if two 
functions u and v satisfy through a closed space 8 the equation 
(V' + «*) M = 0, then 



iK-i-'My^-o m- 



If we take for 8 the space between two concentric spheres, 
making 

r ' r ' 

we find that r"'{F.(i*r)/,(-i«r) -^, (-»(«■)/, (wr)) must be 
independent of r. 

We have therefore 

80 that the expression for the energy emitted in time t is (since 
W=^^patjls'da (8). 

nK!,i,....::,.\.AK)'^ie 
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It will be more instructive to exhibit IT as a function of the 
normal motion at the surface of a sphere of radiud c. From (2) 

-^-* = — -J L<^os Kat (a cos *c + p am kc) 

+ sin Kat (a sin «c — ^ cos kc) ], 

80 that, if the amplitude of -^ be U^, we have aa the relation 
between 8^ and t7_ 

c'(7,' = (a^ + ^S/ (9). 

"^-^ ^-W^jj^''^'^ ci«)- 

This formula may be verified for the particular cases n = and 
n = 1, treated in §§ 280, 325 respectively. 

328. If the source of disturbance be a normal motion of a 
small part of the surface of the sphere {r = c) in the immediate 
neighbourhood of the point /i = 1, we must take in the general 
solution applicable to divergent waves, viz. 

+ _-^e«.<-r+.)S^^^/.(,-„) (1), 

- K2» + l)P.w£V<J^- ?5ii PMll^dS (2) 1 

for where U is sensible, P, (/*) = 1. Thus 

In this formula 1 1 UdS meaautes the intensity of the source. 

If ixc be very small, 

4^,=l-.-«c + ..., 4^=£cc(l+J-) + ...&c.; 
SO that ultimately 

^=-^7/^^ (*'■ 

and the waves diverge as from a simple source of equal magnitude. 

n,.i,i.... ::.v..tK»yie 
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We will now examine the problem when kc is not very small, 
taking for simplicity the case where i^ is required at a great 
distance only, so that /,{iiw) = 1. The factor on which the rela- 
tive intensities in various directions depend is 

* 2 F,{i,co) '■>• 

and a complete solution of the question would involve a discussion 
of this series as a function of fi and kc. 



Thus, if 



j(2„+l) P>)_ 



■Y^- ^UudB .[W + CfY .e'^-'*'^*i> (7), 

whero tanfl-ff : F. (S). 

The intensity of the vibrations in the various directions is thus 
measured by i^ + G*. It aa before, ^, = a + i/3, 

i._v2« + l a-P.W 1 

■■*^-^~2~ ?+^ 

,2»+l ;8P» 

-"-^^ 7+F 

The followii^ table gives the means of calculating F and Q 
for any value of /^ when ko = \, 1, or 2. In the last case it is 
necessary togoaafarasn = 7to get a tolerably accurate result, and 
for larger values of *:c the calculation • would soon become very 
laborious. In all problems of this sort the harmomc analysis seems 
to lose its power when the waves are very small in comparison 
with the dimensions of bodies. 



..(9). 







KC 


= 4- 




« 


Sn 


2p 


(» + l)a+(»'+^) 


(n + i)^-i-[.' + iS^ 




1 

2 
8 

6 


+ 2 
+ 4 
M 
- 466 
+ 14902 
+ 175692 


+ 1 
7 
86 
+ 868 
+ 8141 
-631419 


+ ■4 

+ -1B46I63 

- -0601891 

-■0084627 

+ -0004668 

+ ■0000144 


+ ■3 

- -3280768 

-■0328886 

+ ■0068201 

+ ■0002642 
-■0000264 
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«C = 1. 



- 


• 


^ 


(n + i)B-i-(a«+iJ') 


<" + i)^-i-(«'+P'} 




1 

2 

8 
4 
6 
6 
7 


+ I 

+ a 

6 
53 
+ 296 
+ 4951 
- 40613 
-936340 


+ 1 
1 

8 
+ 81 
+ 461 

- 3179 

- 63251 
+ 601217 


+ ■25 

+ ■6 

-■1404*9 
- -046784 
+ ■004488 
+ ■000787 
-000047 
-•000006 


+ ■25 
-■3 
- -324719 

+ -030013 

+ -ooeaia 

-■000505 
-■000073 
+ ■000004 



n 


• 


/S 


(„ + i)„+{„i + ^ 


(n + i)^+{«' + ^) 





*■ 1 


+ 3 


+ -1 


+ ■2 


1 


+ a 


-t- 1 


-h-6 


+ -3 


a 


+ 175 


- 25 


+ -46980 


- -67114 


3 


- 8 


- 4 


-35 


-176 


4 


- 16-1875 


+ 36-125 


- -04870 


+ -10667 


B 


+ 186-636 


+ 85'4S75 


+ ■03436 


+ -01115 


6 


+ 538-80 


-I177^3 


+ ■00209 


- -00466 


7 


-8621^7 


-8945-8 


-■00073 


-■00033 



The most intereaticg question on which this anal^is informs 
as is the influence which a rigid sphere, situated close to the 
source, has on the intensity of sound in different directions. 
By the principle of reciprocity (§ 294) the source and the place of 
observation may be interchanged. When therefore we know the 
relative intensities at two distant points B, B', due to a source A 
on the surface of the sphere, we have also the relative intensities 
(measured by potential) at the point A, due to distant sources at 
£ and £". On this account the problem has a double interest. 

As a numerical example I have calculated the values of .^4 i& 
and.F'+G* for the above values of kc, when /* = 1, ^1* = — 1, /t = 0, 
that is, looking from the centre of the sphere, in the direction of 
the source, in the opposite direction, and laterally. 

When «c is zero, the value of F*+ O* is "25, which therefore 
represents on the same scale as in the table the intensity due to 
an unobstructed source of equal magnitude. We may interpret «c 
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as the ratio of the circumference of the sphere to the wave-length 
of the Bound. 



« 


/* 


Fua 


F' + O' 


i 


I 

-I 




■521503+ -IMilTi 

■159149 ''484U9i 
■430244 --2165391 


-294291 
-269729 
■231999 


1 


I 
-1 




■C67938+-238369i 
-■440055 --302609; 
+ -321903 --364974i 


■502961 
-286220 
■236828 


a 


1 
-1 




■79683 + -234211 

■24964 +^60686i 

-■16381 --676621 


■3182 
-8562 



In looking at these figures the first point which attracts 
attention is the comparatively slight deviation &om uniformity 
in the intensities in different directions. Even when the circum- 
ference of the sphere amounts to twice the wave-length, there is 
scarcely anything to be called a sound shadow. But what is 
perhaps still more unexpected ia that in the first two cases the 
intensity behind the sphere exceeds that in a transverse direction. 
This result depends mainly on the preponderance of the term of 
the first order, which vanishes with /i. The order of the more 
important terms increases with kc ; when kC is 2, the principal 
term is that of the second order. 

Up to a certain point the augmentation 6f the sphere will 
increase the total energy emitted, because a simple source emits 
twice as much energy when close to a rigid plane as when entirely 
in the open. Within the limits of the table this effect masks the 
obstruction due to an increasing sphere, so that when /a = — 1, 
the intensity is greater when the circumference is twice the wave- 
length than when it is half the wave-length, the source itself 
remaining constant. 

If the source be not simple harmonic with respect to time, the 
relative proportions of the various constituents will vary to some 
extent both with the size of the sphere, and with the direction 
of the point of observation, illustrating the fundamental character 
of the analysis into simple harmonics. 
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When Kc is decidedly less than one-half, the calculatioD may 
be conducted with sufficient approximation algebraically. The 
result is 

+ terms iu kV (10). 

It appears that so far as the term in a:V, the intensity is an 
even function of jj., viz. the same at any two points diametrically 
opposed. For the principal directions /*= + J, or 0, the numerical 
calculation of the coefficient of kV is easy on account of the simple 
values then assumed by the functions P. Thus 

(/* = 1), i^'+ ff- = i + -r|, «V + -77755 «V + 

= -l), J™+G' = i + Tir«'c'+ 02753 «V+ 

C/* = 0), J^+G' = i- i «V+-19534«V+ 

"When «V can be neglected, the intensity is less in a lateral 
direction than immediately in front of or behind the sphere. Or, 
by the reciprocal property, a source at a distance will give a greater 
intensity on the surface of a small sphere at the point furthest 
from the source than in a lateral position. 

If we apply these formulfe to the case of «c = ^, we get 
{/(^l), i?™+(?' = -3073, 
(a* = -1), J^+(7'=-2604, 

which agree pretty closely with the results of the more complete 
calculation. 

For other values of /i, the coefficient of k'c' in (10) might be 
calculated with the aid of tables of Legendre's functions, or from 
the following algebraic expression in terms of /*', 

= -78138 + 1-5 /* + -85938 ^" - "03056 /**. 

The difference of intensities in the directions /*= + l and 
/i = — 1 may be very simply expressed. Thus 

> For the forms of the ftmelionB P, eee g 334. 
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If«.|, i 



•0148. 
'(;'-0029. 
= -0002. 
oi F*-^ O^ approximates to 

I bearing on the explanation 



If KC = I, i k' 
If.c-i, }«■ 

At the same time the total val 
'25, when kc is small. 

These numbers have an iotetestii 
of the part played by the two ears in the perception of the quarter 
from which a sound proceeds. 

It should be observed that the variations of intensity in different 
directions about which we have been speaking are due to the 
presence of the sphere as an obstacle, and not to the fact that 
the source is on the circumference of the sphere instead of at 
the centre. At a great distance a small displacement of a 
source of sound will affect the phase but not the intemity in any 
direction. 

In order to find the alteration of phase we have for a small 
sphere 

Uji-0='G:F='Kc{--l + ^ft), or e='Ke{-l+^n) nearly. 
Thus in (7) 

from which we may infer that the phase at a distance is the same 
as if the source had been situated at the point /i=l, r = fc 
(instead of r = c), and there bad been no obstacle. 

329. The functional symbols / and F may he expressed in 
terms of P. It is known' that 



1^-2^^ 

or, changing /t iuto 1 — ^, 

Consider now the symbolic operator -P, [1 ~ j~)t *°*^ '®'' ^* 
operate on y"'. 

' Thomson and Tait'a Nat. Phil. S 763 (qaoted Erom Miuph;). 

B. n. 15 , 
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Since (|)'.l.(-I)(-2) (-»),-", 

A comparison with (9) § 323 now shews that 

/.&)=J-P.(l-|).i C2), 

from which we deduce by a known fonnula, 

^/.(.)..-p.(i-|)l=(-.)-p.(|).»^ m. 

In like manner. 

If we now identify y with iter, we see that the general solution, 
(12) § 323, may be written 

'^" ^ ' ' \a.t«r/ Mr ' "Vo.tucr/ ixr ^ ' 

from which the second term is to be omitted, if no part of the dis- 
turbance be propagated inwards. 

Again from (14) § 323 we see that 

y" \ dyj' y ' 
wtaoo, J.M.j^p.(l_|)(l_|).l (5), 

--^- "-^-^m/i ^- 

Using these expressions in (13) § 323, we get 
dr ^ ' ■ • Vd . »«•/ dAKT iier 

-es:p.{^)-^.'^ (8). 
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330, We have already considered in some detail the form 
assumed by our general expressions when there is no source at 
infinity. An equally important class of cases is defined by the 
condition that there be no source at the origin. We shall now 
investigate what restriction is thereby imposed on our general 



Reversing the series for/,, we have 

1.3.5... C2ji-1),^ _,' „ ■ 

+ (-l)"S,'e+'"(l-i«r+ ...)}, 
shewing that, as r diminishes without limit, r^, approximates to 

^■- '•''•°4-""" i^-^(-')-^-i- 

In order therefore that ■^^ may be finite at the origin, 

s,+(-irs;=o (1) 

is a necessary condition; that it is sufficient we shall see later. 
Accordingly (12) § 323 becomes 

rir, = S, !«-*-/, (i/cr) - C- l}"e+'^/, {- iW)] (2). 

If, separating the real and imaginary parts of /,, we write (as 
before) 

/.-"' + >? (3), . 

(2) may be put into the form 

rf_=:-2i-"S'.{a'8in(*r + inir)-^'cos(«r+}n7r)} (4). 

Another form may be derived from (4) § 329. We have 

-««(-')-«.^.(j^)-"-^ (=)• 

Since the function P, is either wholly odd or wholly even, the 
expression for ^, is wholly real or wholly imaginary. 

In order to prove that the value of ^, in (5) remains finite 
when r vanishes, we begin by observing that 
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9 ain itr f+l 

^-/_/-'"*' ®- 

*\a.%Kr) ter J_i " \d.iKr/ '^ 

= p^P^(fi)e'^df^ (7), 

as is obvious when it is considered that the effect of differentiating 
«<"»' any number of times witb respect to iter is to multiply it by 
the corresponding power of /t. It remains to expand the expres- 
sion on the right in ascending powers of r. We have 

P^PMe^d^=f\F,M |i + .W.p+^'.^'+ ... 

(t«r)- . 1 

Now any positive integral power of /t, such as /*', can be 
expanded in a terminating series of the functions P, the function 
of highest order being P^ It follows that, Up <n, 



J%'P,0*)d/t = O, 



by known properties of these functions; bo that the lowest power 

[+1 
of iAT in I P^{ii)e^'*dfi. is (i/n-)". Ketainlng only the leading 

term, we may write 

J" p. W e^d,. - j-!i!£_ J_%- p, (^) i^. 

From the expression for P^ (^n) in terms of /t, viz. 
-,, 1.3.5. ..(2n-l) f , n(n-l) .^ 

+ 2.4.(2n-l)(2n-3) ** — f ^ ^' 

we see that 

/*" = - ' " ,'"' — j^ P, (/J.) + terms in fi of lower order than ^" ; 
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and therefore 

_ 1.2.3...« 2 ,g, 

1,3.5... (2»-l) 2» + l ^ '■ 

Accordingly, by (5) and (7) 

^•-^«(-')-«-o:t?(S+T)+ ("»■ 

which Bhews that ijr^ vanishes with r, except when n = 0. 

The complete series for if-^, when there is no source at the 
pole, ia more conveniently obtained by the aid of the theory of 
Bessel's functions. The di£FerentiaI equations (4) § 200, satisfied 
by these functions, viz. 

S-il+(-5>=» (")■ 

may also be written in the form 

^ + (l-^>^* = (12). 

It is known (§ 200) that the solution of (11) subject to the 
condition of finiteness when ^ = 0, is y = j1 /_ (?), where 

«^- («) = 2- r (m + 1) i^ " 2. (2m + 2) 



■^2.4.(2m + 2)C2m + 4)"" ""J ^^^^' 



is the Bessel's function of order m. * 

When m is integral, r(m + l) = l .2.3 ...m; but here we have 
to do with n fractional and of the form n + J , » being integral. 
In this case 

r(„+i)=LM^j!Lti).V,. (i*j. 

Referring now to (12), we see that the solution of 

g.(:_±^),=„ a^,, 

under the same condition of finiteness when e = 0, is 

e = As^J,(z) (16). 
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Now the function ■^,, with which we are at present concerned, 
satiBfiea (4) § 323, viz. - . 

^{^'-('-^V.-o -W' 

which 18 of the same form a3(15), if m = n+J; so that the solu- 
tion iB 

-.(...^ («■)-'/ ^,M 

, M-V2 (, W 

-^1.3...(2» + l)v'T r 2.(2« + 3) 



..(18). 



''2.4.(2n + 3)(2» + 5) '■ 
Determining the constant by a comparison with (10), we find 
t. = -2(-l)-.«.S.(^)j-„,(«.) 

= -2.-«f-irs («W)- < .V 

':•«( 'J "•1.3.5...(2n + l)l' 2(2n + 3) 



2.1.(2» + 3)(2n + 5) 2.1 .6.(2)1 + 3) (2n + 5) (2n + 7) J 

(19), 

as the complete expression for '^, in rimng powers of r. 

Comparing the different expressiona (3) and (19) for ^,, we 
ol>taia 

p Jd\ sinjcr f^\i 

If JT = a + i/?, the corresponding ezpiesskais fw -^ , are 

= — -5—=- {a flin («r + J wtt) — j8 gob (at + J mr)] 



-ii^i-irs.p. f-ji-l j^ . '-its- 



_ 2 »(-l)-»-il. (.■«■)-- f _ » + 2 „ 1 , , 

" 1.3.5...(2»+1) ( 2»(2« + 3) J ^ '' 
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It will be convenient to write down for reference the forms of 

-^ for the first three orders, 
or 



TO " KT ' 

J-^, _ 2iVcS'j f sinw 



, 25. f sidat) 

V, = ' -^COSOT* (■, 

" r ( KT } 



df, 2.'S. I 
dr r" 1 






8in «T 4- — cos Kr\ 



-(«r-|)» 



331. One of the moat interesting applications of these results 
is to the investigation of the motion of a gas within a ri^d 
spherical envelope. To determine the free periods we have only 

to suppose that -j^- vanishes, when r is equal to the radius of the 

envelope. Thus in the case of the symmetrical vibrations, we 
have to determine k, 

tanor = kt (1), 

an equation which we have already considered in the chapter 
on membranes, § 207. The first finite root (ot' = 1-4303 w) corre- 
Bponds to the symmetrical vibration of lowest pitch. In the case 
of a higher root, the vibration in question has spherical nodes, 
whose radii correspond to the inferior roots. 

Any cone, whose vertex is at the origin, may be made rigid 
without affecting the conditions of the question. 

The loops, or places of no pressure variation, are given by 
(xr)"" sin KT = 0, or Kr = rmr, where m is any integer, except 
zero. 

The case of n = 1, when the vibrations may be called dia- 
metral, is perhaps the most interesting. fT,, being a harmonic 
of order 1, is proportional to cos 9 where 9 is the angle between r 
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and some fixed direction of reference. Since -^ vanishes only 

at the poles, there are no conical nodes' with vertex at the centre. 
Any meridianal plane, however, is nodal, and may be supposed 

rigid. Along any specified radius vector, ■ly^ and -^ vanish, and 

change sign, with cos kt- («»■)"' ein xr, viz. when tan kt = kt. The 
loops in the present case therefore coincide with the nodal surfaces 
of the radial vibrations. 



To find the spherical nodes, we have 



..(2). 



The first root is Kr = 0. Calculating from Trigonometrical 
Tables by trial and error, I find for the next root, which cor- 
responds to the vibration of most importance within a sphere, 



The wr sways from side to side in much the same manner as 
in a donbly closed pipe. Withoirt analysis we might anticipate 
that the pitch would be higher for the sphere than for a closed 
pipe of equal length, because the sphere may be derived from the 
cylinder with closed ends, by filling up part of the latter with 
obstructing material, the effect of which must be to sharpen the 
aprtng, while the mass to be moved remains but little changed. 
In fact, for a closed pipeof length 2r, 

r : \ = -25. 

The sphere is thus higher in pitch than the cylinder by about 
a Fourth. 

The vibration now under consideration is the gravest of which 
the sphere is capable ; it is more than an octave graver than the 
gravest radial vibration. The next vibration of this type ia such 

that «r = 340-35 jJq.oi 

r : X = -9454, 
and is therefore higher than the first radial. 

1 A node is a mrface which might be snppoBed rigid, via. one across which there 
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When KT is great, the roots of (2) may be coDveniently calcu- 
lated by means of a series. K /cr = mw — y, then 

tanw = 7— i T^h,, 

&OIQ which ve find 

2 16 , ,„. 

KT — rim , , + (3). 

When n = 2, the general expression for B^ ia 
iS, = A^ (coh'5 — i) + (^1 cos ft» + S, sin o) sin d cos d 

+ ( J, cos 2m + 5, sin 2<b) sin'fi. . ..(4), 
from which we may select for special consideration the following 
notable cases : 

(a) the zonal harmonic, 

-9, = ^,Cco3»e-i) (4). 

Here -^* ia proportioDal to sin 25, and therefore vanishes 

when & =■ ^w. This shews that the equatorial pbne is a nodal 
surface, so that the same motion might take place within a closed 
hemisphere. Also since 8^ does not involve a, any meridianal plane 
may be regarded as rigid, 

(/3) the sectorial harmonic 

jS, = ^, cos 2(u sin* (5). 

Here again -^ varies as sin 20, and the equatorial plane is 

nodal But -r^ varies as sin 2<d, and therefore does not vanish 

independently of 0, except when sin 2ra s= 0. It appears accordingly 
that two, and but two, meridianal planes are nodal, and that these 
are at right angles to one another, 

(7) the tesseral harmonic, 

St = A^ cos a Bind cos d (6). 

In this case -J^ vanishes independently of to with cos 2d, that 
is, when = \it, or fir, which gives a nodal cone of revolution 
whose vertical angle is a right angle. -^ varies as sin », and 
thus there is one meridianal nodal plane, and but one. 
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The spherical nodes are given by 

^'^=4?7S39 (7). 

of which the first finite solution is 

giving a tone graver than any of the radial group. 

In the case of the general harmonic, the equation giving the 
tones possible within a sphere of radius r may be written (21) 
§330 

tan(OT- + in5r)=:j8:a (8), 

p/^)/.!^ = (9). 

or again, 

2»- j;^j («r) -/^,(«r) (10). 

Table A shews the values of X for a sphere of radius unity, 
corresponding to the more important modes of vibration. In £ is 
exhibited the frequency of the various vibrations referred to the 
gravest of the whole system. The Table is extended fax enough to 
include two octaves. 

Table A, 
Givins the T&lneB of X for a spheie of unit radios. 



\i 

"S-a 

It 







1 


3 


S 


4 


-6 


6 





1-3983 
■81334 
■57623 
■44670 
■36485 
■80833 


3'0186 
1-0677 
■68251 
■506E;3 
•40330 
■33523 


1-6800 
■86196 
-69208 
-4S380 


1-393 
■7320 

-5246 


1113 
■6386 


-9300 


-6002 
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Tablb B. 



Htchrf eftoh 
tone, ietaiT«d 

to gTEtTMt. 


Order 

of 

Harmonic 


Number 
of internal 


Fitoli o[ each 
tone, refeired 
to graTeet. 


Order 
of 


Hnmber 

of internal 


1-0000 
1-6056 
a-1688 
2-169 
2-712 


1 

a 



s 

4 









3-8640 
8-2458 
8-6021 
8-7114 
8-773 


1 
6 
2 

6 


1 



1 

1 





332, If we drop unnecessary constants, the particular solu- 
tion for the vibrations of gas within a spherical case of radius 
unity is represented by 

'f-.-S.("-)"'^„+lWo»>(-«<-9) (1). 

where « is a root of 

2.j;^,(.)./^M (2). 

In generalising this, we must remember that S, may he com- 
posed of several terms, corresponding to each of which there may 
exist a vibration of arbitrary amplitude and phase. Further, each 
term in S, may be associated with any, or all, of the values of k, 
determined by (2). For example, under the head of n = 2, we 
might have 

^r, = ^ (cos-e - 4) (*^r)"* J^^^ («,r) cos («,<rf + 5.) 

+ B cos 2« eia' Q («/)"* i^.+j C*^) "^^ (*»<rf + ''>). 
K, and K^ being different roots of 

2«^j (.)-/,(«). 

Any two of the constituents of ^ are conjugate, t.e. will vanish, 
when multiplied together, and integrated over the volume of the 
sphere. This foUows from the property of the spherical harmonics, 
wherever the two terms considered correspond to different values of 
n, or to two different constituents of S^. The only case remaining 
for consideration requires us to shew that 

JV*. Kr)-' J.^, («■••)• («i^)"'^,^i(«.r) -0.. 



..(3), 



1 rhomMm and Tait's ^a(. Phil,, p. 161. 
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where «, and «, are different roots of 

2-^.ti («)-•'..,(«) W. 

which is an immediate consequence of a fundameatal property of 
these functions (§ 203). There is therefore no difficulty in adapt- 
ing the general solution to prescrihed initial circumstances. 

In order to illustrate this suhject we will take the case, where 
initially the gas ia in its position of equilibrium but is moving with 
constant velocity parallel to ae. This condition of things would be 
approximately realised, if the case, having been previously in uni- 
form motion, were suddenly stopped. 

Since there is no initial condensation or rarefaction, all the 

quantities 0^ vanish. If -^ be initially unity, we have ^ = a; = r/*, 

which shews that the solution contains only terms of the first 
order in spherical harmonics. The solution is therefore of the 
form 

'^ = ji,(«,r)~ v. («,»■)/* cos «,(rf 

+ .4,(«,r)"*J|(«,r)/tcoa«,trf+ (5), 

where «,,/(,, &c. are roots of 

2«J-,'(«) = J,(«) (6). 

To determine the coefKcienta, we have initially for values of r 
from to 1, 

r = ^,(*,r)-*^,(«.r) + ^.(v)"*''| («.»■) + (7). 

Multiplying by rJAicr) and integrating with respect to r from 
to 1, we find 

]^r^J^{Kr)dr=AK''^{\j {Kr)Jrdr (8), 

the other terms on the right vanishing in virtue of the conjugate 
property. Now by (16), § 203, 

2/^' Rj («r)]Vdr = [J,' («)r + (1 -^)[J,Wr 

= (l-|)[-^l(*)? C9), 

by (6). 

D,:„l,;tdtv Google 
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The evaluation of I r^JJicrjdr may be effected by the aid of 

a general theorem relating to these functions. By the fundamental 
differential equation 

whence by integration by parts we obtain, 

^»|V+V,{«r)rfr = nr"J,(Kr)-r»«^^^^.., <10), 

or, if we make r = 1, 

^fV*+iJ,(tfr)t;7- = n/.(K) -«/;(«) (U). 

Thus in the case, with which we are here concerned, 

^ j^ r'j, («■) dr.^J, («) - ./,'(«) - /,(«) by (0). 
Equation (8) therefore takes the form 

'*"<«'-2)^,(*) ^^^^' ■ 

and the final solution is 

^-^'ik'-^-^'--- ('^)- 

where the summation is to be extended to all the admissible 
values of k. 

Wben t = 0, and r =s 1, we must have -^ =/*, and accordingly 

^7^2-1 ('*>• 

It will be remembered that the higher values of k are approxi- 
mately, (3) § 331 

Ksimw (15). 

The first value of nc is 2'0S15, and the second 5*94-02, whence 

2 



= ■85742, _j^= -06009, 
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Bhewing that the first tenn in the series for ^ ia by far the most 

important. 

It may be well to recall here that 



^.»V#.(^-"")- 



..(16). 



Equation (14} may be verified thus ; The quantities k are the 
rootB of 

or, if ^ = 3 *J. (z), the roots of 0'= 0, where <^ satisfies 

f + jf+(l-|)*.0 (17). 

Now, since the leading term in the expansion of if>' in ascending 
powers of z, is Independent of z, we may take 



tf>' = const. 



{-$H-3' 



whence, by taking the loganthtns and differentiating, 
_ .^" ^ 2z 2z 

<l>' «,* — b' «,' — z* 

If we now put 3° = 2, we get by (17), 

333. In a similar maimer we may treat the problem of the 
vibrations of air included between rigid concentric spherical 
surfaces, whose radii are r, and »-,. For by (13) § 323, if -^ 
vanish for these values of r, 

whence 



.,ir,-ri=!iLM. 



where as before 

F^{+iKr) = o. + i&..., (2). 
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When the difference between r^ and r, is very small compared with 
either, the problem identifies itself with that of the vibration of a 
spherical sheet of air, and is best solved independently. In (Ij 
§ 323, if ■^ be independent of r, as it is evident that it must ap- 
proximately be in the case supposed, we have 

JL|(sme*)+ 1 f*+«v+.o (3). 

Bin P flp V ""/ Sin' dttr ^ ^ " 

whose solution is simply 

^^=K-- W- 

while the admissible values of «" are, given by 

KV = »(n + l) (5). 

The interval between the gravest tone (n = 1) and the next is such 
that two of them would make a twelfth (octave + fifth). The pro- 
blem of the spherical sheet of gas will be further considered in 
the following chapter. 

334. The next application that we shall make of the spherical 
harmonic analysis is to investigate the disturbance which ensues 
when plane waves of sound impinge on an obstructing sphere. 
Taking the centre of the sphere as origin of polar co-ordinates, and 
the direction from which the waves come as the axis of ^, let ^ 
be the potential of the unobstructed plane waves. Then, leaving 
out an unnecessary complex coefficient, we have 

0_gic|ot+rt==g6m/_g*(rM fjj^ 

and the solution of the problem requires the expansion of 6*=^ in 
spherical harmonics. On account of the symmetry the harmonics 
reduce themselves to Legendre's functions P^ (/*), so that we may 
take 

e*^ = .4, + ^,P,+ ...-l-^,P, + (2), 

where A^.-. are functions of >*, but not of ^ From what has been 
already proved we may anticipate that A^, considered as a func- 
tion of r, must vary as 

pf^')!iE^, ora8r^*J-,,(«r), 

but the same result may easily be obtained directly. Multiplying 
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(2) by P, 0*), aad integniting with respect to /t from /t = 
/* = + 1, we find 


-1 to 


jy. W e*" d/x - a/ V.)' ■'/' - jI^ 


.(3); 


and, as in § 330, 




py.M-'-'^-^p.Qi^)-'^. 




80 that finally 




2«+l -^-ISl&j- «r ' V2n--'-tl^'^) 





In the problem in hand the whole motion outside the sphei 
piay be divided into two parts ; the first, that represented by ^ 
and corresponding to undisturbed plane waves, and the second 
a disturbance due to the presence of the sphere, and radiating out- 
wards from it If the potential of the latter part be ^, we have 
(2) § 324 on replacing the general harmonic S, by a_ P^ {p), 

^^=-«.^.W.«-'-'i^,(i^)| <'^- 

The velocity potential of the whole motion is found by addition 
of (^ and ^, the constants a, being determined by the boundary 
conditions, whose form depends upon the character of the obstruc- 
tion presented by the sphere. The simplest case is that of- a rigid 
and fixed sphere, and then the condition to be satisfied when r = e 
is that 

S+f-» («>. 

a relation which must of course hold good for each harmonic 
element separately. For the element of order n, we get 

Corresponding to the plane waves ^ = e*'('^"'"*', the disturbance 
due to the presence of the sphere is expressed by 

T y 1- 

^ _«=« 2n + l„/ d \ d 



f d \ d sin Kc „,,--. , ,a\ 
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At a Bufficient distance from the source of dtsturbaDce we may 
take /, (tier) = 1. In order to pass to the solution of a real 
problem, we may separate the real and imagioary parts, and * 
throw away the latter. On this supposition the plane waves are 
represented by 

[^] = C08«(fflt+ic) (9). 

Confining ourselves for simplicity's sake to parts of space at a 
great distance from the sphere, where f^ [iKr) = 1, we proceed to 
extract the real part of (8). Since the functions i* are wholly 
even or wholly odd, 

\ d sin xc 



is wholly real or wholly imaginary, so that this factor presents no 
difficulty. {i'^(iKc)}'',howe7er, is complex, and since J), («c)=aa+ti3. 



if tan 7 = — j9 -^ a. 
Thus 



When therefore n is even, 
[^] = (2n + 1) — cos {« ((rf - r + c) + 7) 

while^if n be odd, 

[^] - (2tt + 1) _ isin [« (a* - r + c) + 7] 

As examples we may write down the terms in [■^], in- 
volving harmonics of orders 0, I, 2. The following table (A the 
functions P^ (/*) will be useful. 

R. 11. 16 
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P,-l, 

P.-iif-'-i). 

P.-'i(M'-',i'-+A), 

- We have, 

n-0, a* + /3* = l + «•{!•, tan7,--«c, 

r , , 3«c' f 1 . , 4 1 " <? Bin KC ■ < / . . <, , , 
t+J-— I'V+p^l j^..-^.^.»„l,(„i-r + c)+7,l 

C"). 

''{j^+»Jr}=^-0-'-4)-1'(-'-'-+«)+vJ...(15). 

The solution of the problem here obtained, though analytically 
quite general, is hardly of practical use except vhen tec is & small 
quantity. In this case we may advantageously expand our results 
in rising powers of kc 

X coa {K(at-r+c) +%] (16). 

[+J 2^(l-#«-o'-A«V + A«V+...) 

X /t.sin {«(«/ — r + c) +7,} (17), 

[fj — |^a-*'"»'+*«v+...) 

x(/i'-J)coe(«(o!-r + c)+7,) (18). 
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It appears tbat while [^,] and [-^J are of the same order in 
the small quantity ko, [^J is two orders higher. We shall find 
presently that the higher harmonic components in [i|r] depend upon 
still more elevated powers of ko. For a first approximation, then, 
we may confine ourselves to the elements of order and 1. 

Although [^J contains a cosine, and [^J a sine, they never- 
theless differ in phase hy a small quantity only. Comparing two 



- a sin («r + J wn-) — ^ cos («r + J nir) 

— (-^y i.a.l^'^'I+i) + "Ki'" P"*™ of "• 

identically. Dividing by acoa (*t + ^nw), we get ultimately 

* , , , ^ ^ (-1)" niter)'" 

^ ^ ' a a cos (kt + Jtmt) 1 .3.5 ... (2n + l) 

When n is even, this equation becomes on substitution for a of 
its leading term, 

*'°'^-f- > + l)V+l) (1. 3. sT! (2^-1)1 ' ■■<"''■ 
■ For example, if n = 2, 

—(!).=-¥=?- 

When n is at all high, the expressions tan icr and j8 -r- a become 
very nearly identical for moderate values of ler. 

When n is odd, we get in a nearly similar manner, 

. ,ff_ n (^r)"" , 

cot«r + ^ - ^„ + ij(2n+l) (1.3.6. ..(2n- 1)1'"^ •■■■" 
or 

. . "_ w (licr)*'*' 

tan«r + ^- („ + ij (gn + l) [1 .3.5 ... (Sn-l}!"' 

From these results we see that when n is even, 
7 ■= — «c approximately, 
and when n is odd, 

7 = Jit - «c approximately. 



..(20). 



16—2 . 



244 INTENSITY OF SECONDABY WAVES, [334. 

The velocity-potential of the dieturbance due to a amall rigid 
and fixed Bphere is therefore approximately, 

[w+[«--^a+W'»«'(<"i--) 

— ^(l+4rtco».(a(-r) (21), 

if T denote the volume of the obstacle, the corresponding direct 
wave being 

[<^] = cos « (oi + a) (22). 

For a given obstacle and a given distance the ratio of the 
amplitudes of the scattered and the direct waves is in general pro- 
portional to the inverse square of the wave-length, and the ratio of 
intensities is proportional to the inverse fourth power (§ 296). 

In ord^r to compare the intensities of the primary and 
scattered sounds, we may suppose the former to originate in a 
simple source, provided it be sufficiently distant {R) from T. 
Thus, if 

^^j^ cos^gf-a) ^23j^ 

f^^ = -;^*f^ + 5/*)<:oB«(a<-r) (24); 

so that at equal distances JTrom their sources the secondary and 
the primary waves are in the ratio 

-^a+w (25). 

The intensities are therefore in the ratio 

^(l+W (26). 

which, in the case of /* = + 1, gives approximately 
6172 r 



IPX* 



..(27). 



It must b6 well understood that in order that this result may 
apply, X must be great compared with the linear dimension of T, 
and S must be great compared with X. 

To find the leading term in the expression for -^^i when tee is 
small, we have in the first place, 

r,i.:ii"... ■:.v..l.K»'JIC 
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1.3.6..,(2n-I)t 2.ii.(2n+3)+'-; '■^°'- 



a' + /? - ^. (.■«) X ^, (- i«c) 

.(1.3.5...<2„-l)(„+l)(«)T{l+j^fe^^l + ...| 

(29); 

BOtliat 

' ^"l 1.3...(2n-l)(n + l)l' 2. (»+l) C2n-I) + - ) 

(30). 

Hence, from (10), 

^- r(l.3.6...(2»-l))-(n+l)° 

''{'-'°'( (2«/2)"(L-l) ^2^^))^-}--<"'- 

When n is even, 7^ = — ko approximately, and then 

r^,i„ e(«)-».-ii,(^) 

l-^-J r (1 . 3 (2»-l)l'(«+l) "»«('« "^J 

''{'-•'■((2.t"2)"(2n-l)^2-;il2^) + } ('^'> 

while if » be odd, we have merely to replace i" by ^*', the 
result being then still real. 

By means of (31) we may verify the first two terms in the 
expressions for [^,], [f J, in (17), (18). To the case of n = 0, (31) 
does not apply. 

Agiun, by (31), 
[V'J-i^,El-i^.**c»l{M'-jM}8iii{«(a(-r + c) + 7.1...(33), 

[fJ-g^ (/*'-*/*' + Al««(«(«'-'- + c)+7.! (3*). 

Combining (17), (18), (33), (34), we have the value' of [f] 
complete as far as the terms which axe of the order x'c' compared 
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with the two leading terms ^ven in (21). In compoundiog the - 
partial expressioaa, it ie as necessary to be exact with respect to 
the phases of the components as with respect to their amplitudes; 
but for purposes requiring only one harmonic element at a time, 
the phase is often of subordinate importance. In such cases we 
ma^ take 

(n even) 7 = — kc, (n odd) 7 = Jw — «& 

From (31) or (32) it appears that the leading term in ^, rises 
two orders in kc with each step in the order of the harmonic^ and 
that '^, is itself expressed by a series containing only even, or only 
odd, powers of kc. But besides being of higher order in kc, the 
leading term becomes rapidly smaller as n increases, on account of 
the other factors which it contains. This is evident, because for 
all values of n and /i,P,(^)<l; the same is true of n-^n + l; 
while f only affects the phase. 

In particular cases any one of the harmonic elements of [tfr] 
may vanish. From (11), (12) since o' + jS" cannot vanish, we 
have in such a case 

'\d.%KC/ d.KO KC 

the same equation as that which gives the periods of the vibra- 
tions of order n in a closed sphere of radius c A little con- 
sideration will shew that this result might have been expected. 
The table of § 331 is applicable to this question and shews, among 
other things, that when kc is small, no harmonic element in [■<}r] 
can vanish. 

In consequence of the aerial pressures the sphere is acted ou 
by a force parallel to the axis of /i, whose tendency is to set the 
sphere into vibration. The mi^nitude of this force, if <r be the 
density of the fluid, is given by 



2Tc'«rJj^ + ^)Md/t, 



in which, by the conjugate property of Legendre's functions, only 
the term of the first order affects the result of the integration. 
Now, when r = c, 

' d.tKC KC "^ 



■ n 1.^1 f, C**c) d 



•oogW 
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where 

^ (i«c) = 1 +~ , F, {wc).«o +2+ I-. 

In order that the force may vanish. It would he necessaiy that 

d SJDKC /, (ilCC) d* Bin KC _ - 

d.KC' KO -^1 ("») {d.Kc)' KC ~ ' 

which cannot he eatisfied hy any real value of kc We conclude 
that, if the sphere be free to move, it will always he aet into 
vibration. 

If instead of being absolutely plane, the primary waves have 
their origin in a unit source at a great, though finite, distance It 
from the centre of the sphere, we have 

^.._ij^«-»S(2„+,)i..„.i..Q_^)»^...(35), 

+ = _ ^ e..i.<-«-«.. 2 (2„ + 1) BiM&tja 

xP.f^)^™^? (36). 

On the sphere itself r = c, so that the value of the total poten- 
tial at any point at the sur&ce is 

fp / (J \tmicc f.<icc) p f d \ d Bini« 1 

'"[■^•U.w^ir+'°'i'.(i»!) •U.w.i.Ki TO J- 

This expreasion may be simplified. We liave 

,d\ .Jn«o ^ 1 |_(_ij ,„^ M + «*■"/. (-<«)), 

'\d,tKcJ KO 2WC0' ^ ' J'\ ' ^•^ 'I 

d fd\ 5^ . 1 ((_ i).,.<«i? (fe) _ ««"/.(-(«)), 

d.*nj '\d.vec/ ko 2«'c^^^ ' '^ 

and thus tlie quantity within square braclceta may he written 

«*» F. (to)/. (- inc) - F. (- <«e)/. (to) 

2to .f.Cto) 

which by (6) §327 is identical withe'" [P. (to)]-. Thus 
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w&ich is the same aa if the source had been on the sphere, and 
the point at which the potential is required at a great distance 
(§328),and is an example of the general Principle of Reciprocity. By 
assuming the principle, and making use of the result (3) of § 328, we 
see that if the source of the primary waves be at a finite distance 
B, the value of the total potential at any point on the sphere ia 

*+*=-SS'''""'"''*''^(^»+''-P-W^;^ (38)- 

If A and B be any two points external to the sphere, a unit 
source at A will give the same total potential at £, as a unit 
sonrce at B would give at A. In either case the total potential is 
made up of two part^, of which the first is the same as if there were 
no obstacle to the free propagation of the waves, and the second 
represents the disturbance due to the obstacle. Of these two 
parts the first is obviously the same, whichever of the two points 
be regarded as source, and therefore the other parts must also be 
equal, that is the value of -^ at 5 when ^ is a source is equal to 
the value of '^ at ^ when £ is an equal source. Now when the 
source .il is at a great distance B, the value of -^ at a point B 
whose angular distance from A ia C08~*^, and linear distance 
from the centre is r, is (36) 

X p ( ^ ] ^ —— 

" W'»«C/ d.KO' KC ' 

and accordingly this ia also the value of ^ at a great distance B, 
when the source is at B. But since i/' is a disturbance radiating 
outwards from the sphere, its value at any finite distance B may 
be inferred from that at an infinite distance by introducing into 
each harmonic term the factor /, {tKB). We thus obtain the fol- 
lowing symmetrica! expression 

- (39), 

which gives this part of the potential at either point, when the 
other is a unit source. 
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It should be observed that the general part of the argament 
does not depend upon the obstacle being either spherical or rigid. 

From the expansion of e"^ in spherical harmoaics, we may 
deduce that of the potential of waves issuiug from a unit simple 
source A finitely distant (r) from the origin of co-ordinates. The 
potential at a point B at an infinite distance S from the origin, 
and in a direction making an angle cos"' ft with r, will he 



the time factor being omitted. 
Hence by the expansion of e**^ 

from which we pass to the case of a finite S by the simple intro- 
duction of the factor/, {ikB). 

Thus the potential at a finitely distant point 5 of a unit source 
at .^ is 

*-^^<2»+i) '■■{lii^) '^/.(»^) -PM-m 

335. Having considered at some length the case of a rigid 
spherical obstacle, we will now sketch briefly the course of the 
investigatioD when the obstacle is gaseous. Although in all 
natural gases the compressibility is nearly the same, we will sup- 
pose for the sake of generality that the matter occupying the sphere 
differs in compressibility, as well as in density, from the medium in 
which the plane waves advance. 

Exterior to the sphere, is the same exactly, and '^ is of 
the same form as before. For the motion inside the sphere, if 
K' = 2ir + V be the internal wave-length, (2) § 330, 

+.- ^l«-"/.(«V) - (- 1)" e*'''/. (-'V)!, 

^ _ ??^ . ,■"■ (a si„ (,v + Jnjr) - ;3 cob («V + }mr)|, 

satisfying tlie condition of continuity through the centre. 
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If (T, a' be the natural densities, m, m' the compressibilities, 

'^-'-■'^, (1); 

and the conditions, to be satisfied by each harmonic element 
separately, are 

f+f (ou.«ide)-f (inride) (2), 

o-{0+'^ (outside)] = i/^ (inside) (3), 

expressing respectively the equalities of the normal motions and 
of the pressures on the two sides of the boundii^ surface. From 
these equations the complete solution may be worked out; but 
■we will here confine ourselves to finding the vtdue of the leading 
terms, when «c, kc are very small. 

In this case, when r=c, 

V'o (inside) = — Swt'a,' 1 

f-(i„dde).,i.'.<| (*)■ 



*. = ! 



■■(5). 



..(6). 



■^^ (outside) = — 

^(outside)— a 

Using these in (2), (3), and eliminating a,', retaining only the 
principal term, we find 

i?& m! — 7n 



-m- 



In like manner for the term of first order, 
■^, (inside) = - ^a^K^c/i "] 
«(in»ide)— 1<./,> (8). 



=%iccfi ^ 



^ = .-«„ I (9). 



:,\.AK)'^ie 



.yn 
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f, (outside) =^;i 



^■(»«tade)— jj^^ 



..(10), 



which give 





--fi- 






(")• 


At a distance from the spher 


the disturbance due to it 












■^=J«*''*^""K + fli^} 










=-f»--{'=^ 


=+3 




"} 


m 


If we introduce the relationa 










m 4m:» 











and throw away the imaginary part, we obtain 

as the expression for the most important part of the disturb- 
ance, corresponding to (21) § 334 for a fixed rigid sphere. It 
appears, as might have been expected, that the term of zero order 
is due to the variation of compressibility, and that of order one to 
the variation of density. 

From (13) we may fall back on the case of a rigid fixed sphere, 
by making both tr' and m' infinite. It is not sufficient to make o-' 
by itself infinite, apparently because, if m' at the same time 
remained finite, k'c would not be small, as the investigation has 



When m' - m, <r' — ff are small, (13) becomes equivalent to 

irT (m' — m it' — a ) , , , 

■^ = - j;;^ |— ^- + -^^ MJ C03 « Co* - »•). 

corresponding to = cos «ri at the centre of the sphere. This 
^rees with the result (13) of § 296, in which the obstacle may be 
of any form. 
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la actual gases m' = m, and the term of zero order disappears. 
If the gas occupying the spherical space be iDComparablj lighter 
than the other gas, o-' == 0, and 

V'-3^/*cos*{af-r) (14), 

so that in the term of order one, the effect is twice that of a rigid 
body, and has the reverse sign. 

The greater part of this chapter is tahen from two papers by 
the author "On the vibrations of a gas contained within a rigid 
spherical envelope," and an "Investigation of the disturbance pro- 
duced by a spherical obstacle on the waves of sound'," and from 
the paper by Professor Stokes already i-eferred to. 



1 Uatn. SoeUtj/'i Proetedingi, Muoh 14, 1672; KoY. 11, 1873. 
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CHAPTER XVIII. 

SPHERICAL SHEETS OF AIR. MOTION IN TWO DIMBNBIONS. 

336. In a former chapter (§ 135), we saw that a proof of 
Fourier's theorem might be obtained by considering the mechanics 
of a vibratiog string. A similar treatment of the problem of 
a spherical eheet of air will lead us to a proof of Laplace's 
expaneioD for a function which is arbitrary at every point of 
a spherical sur&ce. 

As in § 333, if ^ ia the velocity-potential, the equation of 
continuity, referred to the ordinary polar co-ordinates 6, a, takes 
the form. 



.^ = „.iJ_^^(.i.,§) + ^« 



^^ = a'- 



dc ~" Isinfl dev"^ ddj^sin'e dto'i ■ 

Whatever may be the character of the free motion, it can 
be Etnalysed into a series of simple harmonic vibrations, the 
nature of which is determined by the corresponding functions 
y^, considered as dependent on space. Thus, if ijrix e''^, the 
equation to determine -^ as a function of & and w is 

Again, whatever function ^ may be, it can be expanded by 
Fourier's theorem' in a series of sines and cosines of the multiples 
of a>. Thus 
^ = ^, + ■^i cos » -I- -^j' sin w + ^, cos 2(B -H ■^/ sin 2t» 

+ + ■^j cos »» +^,' sin *» + (2), 

^ We here introdnee the condition tb«t ii reoon ftftei one rerolntiini round tlit 
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where the coefiBcients +1,,^, ••■^,'1 ^,' ••• *re functions of 5 only; 
and hy the conjugate property of the circultur functions, each 
term of the series must satiufy the equation independently. 
Accordingly, 

ii^l(''«*f)-^i+-'^*--» <») 

18 the equation from which the character of ^, or ^ft^ is to be 
determined. This equation may be written in various ways. 

In terms of ^ (= cos ^, 
or, if v = sin 0, 

■'a-^3^-'+«(i-2^^-+»''.'+.-»-+.=o...(5). 

where A' is written for kV. 

When the original function ^ is symmetrical with respect 
to the pole, that is, depends upon latitude only, s vanishes, and 
the equations simplify. This case we may conveniently take 
first. In terms of /*, 

(•-'••4/-^'-t+'>--» («'■ 

The solution of this equation involTes two arbitrary constauts, 
multiplying two definite fiinctions of ft, and may be obtained 
in the ordinary way by assuming an ascending series and de- 
termining the exponents and coefficients by substitution. Thus 

, .(, i" , , f (y- 2.3) , 

^--^l^-n''* 1.2.3.4 " 

y(t'-2.3)(ft'- 



1.2.3.4.5.6 



J _( *'-1.2 . (i'-1.2)(l'-3.4) , , 1 _, 

+^i''-T:2:r'' + 1.2.3.4.5 /''-fej-CT. 

in which A and B are arbitrary constants. 

Let us now further suppose that ■^ besides being symmetrical 
round the. pole is also symmetrical with respect to the equator 
(which is accordingly nodal), or in other words that ^ is an 
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even function of tbe sine of the latitude (/*). Under these circum- 
stances it is clear that B must vanish, and the value of ^ be 

.expressed simply by the first series, multiplied by the arbitrary 
constant A, This valjie of the velocity-potential is the logical 
consequence of the original differential equation and of the two 
restrictions as to symmetry. The value of k' might appear 
to be arbitrary, but from what we know^ of the mechanics of the 
problem, it is certain beforehand that h' is really limited to a 
aeries of particular values. The condition, -which yet remains 
to be introduced and by which h is determined, is that the 
original equation is satisfied at the pole itself, or in other words 
that the pole is not a source ; and this requires us to consider 
the vcdue of the series when fi = l. Since the series is an 
even function of fi, if the pole /i, = + 1 be not a source, neither 
will be the pole /* = — !, It is evident at once that if A* be of 
the form n (n + 1), where n is an even integer, the series termi- 

. nates, and therefore remains finite when fi = \; but what we 
now want to prove is that, if the series remain finite for /» = 1, 
A' is nece^iarily of the above-mentioned form. By the ordinary 
rule it appears at once that, whatever be the value of A*, 
the ratio of successive terms tends to the limit ft*, and there- 
fore the series is convergent for all values of /* less than unity. 
But for the extreme value /i = 1, a higher method of discrimi- 
nation is necessary. 

It is known' that the infinite hypergeometrical series 

af> a{a-H)b {b + l) a(a+l)(a + 2)h(b+l){b + 2) 

is convergent, if c + d—a — b be greater than 1, and divergent 
if c + d-a-b be equal to, or less than 1. In the latter case 
the value of c + d — a — b affords a criterion of the degree of 
divergency. Of two divergent series of the above form, for 
which tho values of c + d — a — b are different, that one is relativdy 
infinite for which the value of c + d—a — b is the smaller. 

Our present series (7) may be reduced to the standard form 
by taking A' = n (n + 1), where n is not assumed to be integral 
Thus 

' Beole'i Finite Diffenneei, p 79. 

Diiz.dtv Google 
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'-0''+ 1.2.3.4 "— ■ 

1.2 1^ * 1.2.3.4 "^ ■•■ 

_ 1 . (->»)«" + » , . . (-in)(-}.4-l)(i« + i)tt" + i + l) „. 

-^* rrj ^ + 1.2.i.} '' 

+ (9). 

which is of the staaclard form, if 

Accordingly, since e + d — a-h = l, the series is divergent for 
/4 = 1, wnlesa it terminate; and it terminates only when n is an 
even integer. We are thus led to the conclusion that when 
the pole is not a source, and ■^j is an even function of /*, A' must. 
be of the form » (« + 1), where n is an even integer. 

In like manner, we may prove that when -ilr^ is an odd function 
of /I, and the poles are not sources, -li = 0, and V must be of the 
form «(n + X), ii being an o(?(f integer. 

If n be fractional, both series are divergent for fi=±l, and 
although a combination of them may be found which remains 
finite at one or other pole, there can be no combination which 
remains finite at hatk poles. If therefore it be a condition that 
no point on the surface of the sphere is a source, we have no 
alternative but to make n integral, and even then we do not 
secure finiteness at the poles unless we further suppose A^O, 
when n is odd, and B = 0, when n is even. We conclude that 
for a complete spherical layer, the only admissible values of tjr, 
which are functions of latitude only, and proportional to harmonic 
functions of the time, are included under 

where P„ (/t) is L^endre's function, and n is any odd or even 
int^er. The possibility of expanding an arbitrary function of 
latitude in a series of Legendre's functions is a necessary con- 
sequence of what has now been proved. Any possible motion 
of the layer of gas is represented by the series 

VnatrfN 



I-P,M(Ao 



-+B.sin- 

Jn {n + 1) at \ 



(10)- 
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When t = 0, 

^=j,+J,P» + ... + AP»+ (11). 

and the value of -^ when ( = is an arbitrary function of latitude. 

The method that we have here followed has als6 the advanti^e 
of proving the conjugate property, 



f'p,(j*)P„(M)df,= (12), 



where n and m are different integers. For the functions P (fi) 
are the normal functions (§ 94) for the vihrating ajatem under 
consideratioD, and accordingly the expression for the kinetic 
energy can only involve the squares of the generalized velocities. 
If (12) do not hold good, the products also of the velocities must 
enter. 

The value of ^ appropriate to a plane layer of vibrating gas 
can of course be deduced as a particular case of the general solu- 
tion applicable to a spherical layer. Confining ouraelvea to the 
case where there is no source at the pole (ji = 1); we have to in- 
vestigate the limiting form of ^ = CPJ^ft), where n (n + 1) = «*c', 
when c' and n' are infinite. At the same time /i — 1 and v are 
infinitesimal, and cv passes into the plane polar radius (r), so 
that nv = ier. For this purpose the most convenient form of P^(ji.) 
is that of Murphy' : 



- (13). _ 

The limit is evidently 

+-c{i-^+^.-g^+-}-c^.C"-) (»), 

shewing that the Bessel's function of zero order is an extreme case 
of Legendre's functions. 

When the spherical layer is not complete, the problem re- 
quires a different treatment. Thus, if the gas he hounded by walls 
stretching along two parallels of latitude, the complete integral 
involving two arbitrary constants will in general be necessary. 

I Thomioa and Tait'B ;f<il. Phit S 733. [t = 8in> J#, not 4 Eiii*ie,] Todhunter'a 
Laplaee't FKnetiont, § 19. 
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The ratio of the constante and the admissihle values of i' are to be 
determined by the two boundary conditions expressiog that at the 
parallel in question the motion is wholly in longitude. TheTalue 
of li being throughout numerically less than unity, the series are 
always convergent. 

If the portion of the surface occupied by gas be that included 
between two parallels of latitude at equal distances from the 
equator, the question be.comes simpler, since then one or other of 
the constants A and B in (7) vanishes in the case of each normal 
fiinction. 

337. When the spherical area contemplated includes a pole, 
we have, as in the case of the complete sphere, to introduce the 
condition that the pole is not a source. For this purpose the solu- 
tion in terms of v, i.e. sin 0, will be more convenient. 

If we restrict ourselves for the present to the case of qmimetry, 
we have, putting a = in (5) § 336, 

»(l-^^-+tl-V)* + 4V+.= (1). 

One solution of this equation is readily obtained in the ordinary 
way by assuming an ascending series and substituting in the 
differential equation to determine the exponents and coefficients. 
We get' 

^ (0.1-A-)(|.3^-g(*.5-.V ,...} „, 

This value of -^^ is the most genera! solution of (1), subject to 
the condition of finiteness when v = 0. The complete solution 
involving two arbitrary constants provides for a source of arbitrary 
intensity at the pole, in which case the value of "^^ is infinite when 
V = 0. Any solution which remains finite when k = and involves 
one arbitrary constant, is therefore the most general possible under 
the restriction that the pole be not a source. Accordingly it is 
unnecessary for our purpose to complete the solution. The nature 
of the second function (involving a logarithm of'i') will be illus- 
trated ia the particular case of a plane layer to be considered 
presently. 

^ Heine's Kvgel-futitliont», % 28. 
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By writing n(n + l) for J' the series within brackets becomes 

njn + l) , («-2)n(n+l)(« + 3) ., 

a' 2'. 4* ^ '* 

or, when reduced to the standard hypergeometrical form, 

(-^)a^ + i) , , (-^>.)(-^« + l)(i» + ^)(^n + ^ + l) ., 
^ 1.1 "^ 1.2.1.2 "^ ■*■•■•' 

corresponding to 

a = - Jm, 6=5n+ 4, c = l, d = l. 

Since e + d—a — h=^, the series converges for all values of v 
from to 1 inclusive. To values of (= sin"" p) greater than Jir 
the solution is inapplicable. 

When n is an integer, the series becomes identical with 
Legendre's function P, (/i). If the integer be even, the series 
terminates, but otherwise remains infinite. Thus, when n = 1, the 
series is identical with the expansion of fj., viz. ^(1 — "*)> in powers 
of v. 

The expression for ■^ in terms of v may be conveniently applied 
to the investigation of the free symmetrical vibrations of a spheri- 
cal layer of air, bounded by a small circle, whose radius is less than 

the quadrant. The condition to be satisfied is simply -^ = 0, an 

equation by which the possible values of h', or (cV, are connected 
with the given boundary value of v. 

Certain particular cases of this problem may be treated by 
means of Legendre's functions. Suppose, for example, that n = 6, so 
that A*=«'c* = 42. The corresp<Mjding solution is ■t^ = AP^(jt.). 

The greatest value of fi for which ^ = is /i. = •8302, corre- 
sponding to 6 = 33° 53' = -59137 radians'. 

If we take c$ = r, so that r is the radius of the small circle 
measured along the sphere, we get 

«• = V(*2) X -59137 = 3-8325, 
which is the equation connectii^ the value of k {— SttV) with the 
curved radius r, in the case of a small circle, whose angular radius 
is .HS' 63'. If the layer were plane (§ 339), the value of w would 
be 3-8317 ; so that it makes no perceptible difference in the pitch 
of the gravest tone whether the radius (r) of given length be 
' The radian ia the nnit of oironlar meaenre. 

17-2 
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straight, or be curved to an arc of 33", The result of the com- 
parison wouia, however, be materially different, if we were to take 
the length of the circumference as the same in the two caaes, that 
is, replace c0=rhj cv = r. 

In order to deduce the symmetrical eolution for a plane layer, 
it is only necessary to make c infinite, while cv remains finite. On 
account of the infinite value of h*, the solution assumes the simple 
form 

+ -4|l-^ + 2rp-^:^r:p + ...} (4), 

or, if we write cv = r, where r is the polar radius in two dimensions, 

+ -^{'--^+2'^- }-^J.M (3), 

as in (1*) § 336. 

The differential equation for ^ in terms of v, when c is infinite 
and cv = r, becomes 

df^ rdr 

An independent investigation and solution for the plane problem 
will be given presently. 

338. When s is different from zero, the differential equation 
satisiied by the coefficients of sin so), cos fiw, is 

p-(l-p')^ + „l,l-i^)^' + A'^,-i^^, = (I), 

and the solution, subject to the condition of finiteness when n^O', 
is easily found to be 

.(» + l)-y , 



-+^ir = (6). 



<I,,~Ap'\1 + 



2(2, + 2) 

t{s+l)-k- (« + 2)(8 + 3)-y . 
"'' 2(2! + 2> • 4C2« + 4) " ■*"" 



or, if we put h' =n{n + l), 

(.-«)J«-» + 2)j£^+«+l)C« + n + 3) . 1 

2.4.(25+2)(2i + 4J "-r.-.j ^^,. 

' The solution ma; be completed b; the addition of a seoonit {unction derived 
from (2) b; cbaugiDg the sign of i, nhich occurs in (1) only as a', bnt a modification 
is necessary, when « is a ponitive integer. Tlie melhoA of procedore will be 
ciemplified preKenlly in the eaef of the plane layer. 
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We have here the complete solution of the problem of the 
vibrations of a spherical layer of gas bounded by a ainaU circle 
whose radius is less than the quadrant. For each vatue of 8, there 
are a series of possible values of n, determined by the condi- 

tioQ -^ = ; with any of these values of n the function on the 

right-hand side of (2), when multiplied by cossib or sinsiu, is a 
normal function of the system. The ^gregate of all the normal 
functions corresponding to every admissible value of s and n, with, 
an arbitrary coefficient prefixed to each, gives an expression 
capable of being identified with the initial value of ^, i.e, with a 
function given arbitrarily over the area of the small circle. 

When the radius of the sphere c is infinitely great, A' is infinite. 
If cv=r, hV = ^'r', and (2) becomes 

t.-^V|l -87(2j^)+ 2.4.(2. + 2)(ai + 4) - -} <^*' 

a function of r proportional to J^ («r). 

In "terms of ft, the dififerential equation satisfied by the co- 
efficient of C03S(t), or sin 30), is 



|{<-'*-)$l 



+ h^^^--!!—,f^ = (4). 



Assuming ^,= (1 — ^*)'V.' ^^ ^^ *** ^^® equation for ^, 

(.^-l'')^:-^(.^+^l-^+i''•-'<f+^)}'^.-'>■■■-^^l 

which will be more easily dealt with. 
To solve it, let 

0_ = y*- -I- o^^"+» 4- a,/*'** + . . . + o^m'"'*" + ■ -. 

and substitute in (5). The coefficient of the lowest power of 
ft is (:((a-l); so that a=0, or a = l. The relation between 
"ini-fv ^°^ '^w fouiid by equating to zero the coefficient of /*' *, is 

where n (n + 1) = &*. 
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The complete value of ^, is accordiDgly given by 

. . (, , («-»)(«+.n-i) , , («-.i)(.-»+a)(»+i.+iK'+»+3) , 

*• -^r* O ''+ 1.2,3.4 '' 

, (t-n)(t-n + i)(t-n + i)(s + n+l)(B + n + S)(s+tl+S) , 1 
* 1,2,3,4,5,6 ''"*■•■•} 



+ B /■ + 



(»-»i + l) (» + »H-2) 
2.3 ' 



(8-«+l}(a-B + 3)(a + w + 2)(3 + 
2,3,4,5 



„.(6), 



where A aad B are arbitrary constants ; 

and ^.= (1 -/*")'>, (7). 

We have now to prove tbat the condition that neither pole is 
a source requires that n — s be a positive integer, in which case 
one or other of the series in the expression for <fi^ terminates. 
For this purpose it will not he enough to shew that the series 
(unless terminating) are infinite when /* = ± 1 ; it will be necessary 
to prove that they remain divergent after multiplication by 
(1 —/*')", or as we may put it more conveniently, that they are 
infinite when /t = ± 1 in comparison with (1 —/*')" . It will be 
8u£Bcient to consider in detail the case of the first series. 

We have 

, . (s-n)(fi + w + l) (s-n)(s-n + 2){s + n+l)(s + n+5) , 
"*" 1.2 "*" 1.2.3.4 "•" 

which is of the standard form (8) § 336 

ab a(a + l)h{b + l) 
'^cd'^c{o + l)d{d + l)'^'"' 

if a«i«-in, J = ls + in + i, c = l, d = ^. 

The degree of divergency is determined by the value of 
« + J — c — d, which is here equal to s — 1. 
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Oq the other haod, the hinomial theorem gives for the ex- 
pansion of (1 —/A*)" 

. + i£^. + i£a£+i),. + 

which is of the Btandard form, il 

a=^s, c=l, b = d, and makes a + b — c — d^^s — l. 

Since a — I > ^s — 1, it appears that the series in the expression 
for <^, are infinities of a higher order than (1 —/*')"", and there- 
fore remain infinite after multiplication by (1 — ^*) . Accordingly 
^, cannot be finite at both poles unless one or other of the series 
terminate, which can only happen when n — « ia zero, or a positive 
integer. If the integer be even, we have still to suppose S = ; 
and if the int^er be odd, A = 0,m order to secure finiteneas at 
the poles. 

In either case the value of <f>, for the complete sphere may be 
put into the form 

^■-^■^^-^y''-W '«)■ 

where the constant multiplier is omitted. The complete expres- 
sion for that part of ■^ which contains cos aw or sin sco as a factor 
is 4iherefore 

0OS»|~ ,* 

' sinstu »_4 " dfi' ""^' ^ " 

where A^ is constant with respect to fi and w, but as a function 
of the time will vary as 

co,(*^itl)^*+.) (10). 

For most purposes, however, it is more convenient to group 
the terms for which n is the same, rather than those for which s 
is the same. Thus for any value of n 

^ = 2 v'^^^^iA.coasa + B.Bmgt.i) (11), 

where every coeiEcient A^ B, may be regarded as containing a 
time factor of the form (10). 

Initially -^ is ap arbitrary function of /t and w, and therefore 
any such function is capable of being represented in the form 
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^ = 2°"r'.'^-!^^(^."coe»« + B.-Binto) (12), 

■^ •-• "/* 

which is Laplace's ezpansiou in spherical suriace harmonics. 

From the differential equation (o), or from its general solution 

(6), it is easy to prove that ^, is of the same form as -^ 'f>,-t> ^^ 

that we may write 

,.(13), 

(in which no connection between the arhitnuy constants is as- 
serted), or in terms of ^ by (7), 

+.=(i-cr(|.)V, (1*). 

Equation (13) is a generalization of the property of Iiaplace'a 
functions used in (8). 

The corresponding relations for the plane prohlem may be 
deduced, as before, by attaching an infinite value to n, which 
in (13), (14) is arbitrary, and writing nv= nr. Since /t' + 1^ = 1, 



♦•-(i)'*- 



*.=-(-?^)>- 



'^, being r^arded as a function of t*. In the limit ft, (even 
though subject to differentiation) may be identified with unity, 
and thus we may take 

*--(-'^K^')"*' ••■■<")• 

When the pole is not a source, •^^ is proportional to J,(«r). 
The constant coefficient, left ondetermined by (15), may be 
readily found by a comparison of the leading terms. It thus 
appears that 

J. («r) = (- 2n-)- (j-^,)V.(„) (10). 

a well-known property of Bessel's functions'. 

The vibrations of a plane layer of gas are of course more 
easily dealt with, than those of a layer of finite curvature, but 

> Todhnnter's Laploee't Fmcticmi. 1 33a 

n,„iz..JtvG00gIc 
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I have preferred to exhibit the indirect as* well aa the direct 
method of iavestigatiou, both for the sate of the spherical problem 
itself with the corresponding Laplace's expansion', and because 
the connection between Bessel's and Laplace's functions appears 
not to be generally understood. We may now, however, proceed 
to the independent treatment of the plane problem. 

S3d. If in the general equation of simple aerial vibrations 
y'^ + x'ljr = 0, 

we assume that -^ ia independent of z, and introduce plane polar 
coordinates, we get (§ 241) 

eP^ Id^ 1 d^^ 

(fo' '*"r dr'^r' d8' 

or, if ^ be expanded in Fourier's series 

■f = ^. + -^, + ...+^.+ (-2), 

where ■^^ is of the form ^, cos n^ + B^ sin n^. 



i|^ + «'*=0 (1); 






S:-+(«--?)+-=» (')• 



This equation is of the same form as that with which we had to 
deal in treating of circular membranes (§ 200) ; the principal 
mathematical difference between the two questions lies in the 
fact that while in the case of membranes the condition to be 
satisfied at the boundary is ^ = 0, in the present case interest 

attaches itself rather to the boundary condition -X = 0, corre- 
sponding to the confinement of the gas by a rigid cylindrical 
envelope. 

The pole not being a source, the solution of (3) is 

f, = AJ,(,Kr) (4), 

and the equation giving the possible periods of vibration within 
a cylinder of radius r, is 

J.'<«r)-0 (5). 

' I have been mncb assuted b; Heine'e Handbuch der Kugtlfimetionen, BeTlin, 
1861, and by Sir W. Thomsoii'B papers on LftplMe'e Theory of the Tides, Phil. 
Mag. Vol. IV. 1876. 

■ I here recnx to the nnul notation, but the reader iriU nndentaad that n oor. 
reapondB to the i of preoeding seations. Then of Laplace's fanotioiiB ienowinSnito. 
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The lower values of icr aatisfying (5) are given in the following 
tahls', which was calculated from Hauseu's tables of the functions 
J by means of the relations allowing J^ to be expressed in terms 
of t/^^and J^, 



Nmubn of In. 
lar nodes. 


„=0 


»-l 


„-2 


«=3 





3832 


1-841 


3 OH 


4-201 


1 


7<15 


6-332 


6-705 


801S 


2 


10'174 


8-536 


9-965 


U-344 


3 


13-324 


11-706 






4 


16-4n 


14-864 






6 


19-616 


18-016 







The particular solution may be written 

■^,= (jicoan5 + Sainn5) t?, (iw) cos /arf 

+ ((7co8n^ + i)sinn^./,(/£r)sini<ai (6), 

where A, B, C, D are arHtrary for every admissible value of 
n and k. As in the corresponding problems for the sphere and 
circular membrane, the sum of all the particular solutions must 
be general enoi^h to represent, whwi ( = 0, arbitrary values of 
^ and ■^. 

As an examine of compound vibrations we may suppose, as 
in § 332, that the initial condition of the gas is that defined by 

•^ = 0, ^ = a! = r cos 0. 

Under these tnrcumstances (6) reduces to 

•^ = ^j cos 5 /, («,r) cos Kfit + A^ cos J^ («,r) cos «^i + ...(7), 

and, if we suppose the radius of the cylinder to be unity, the 
admissible values of k. are the roots of 

J/W-O (8). 

The condition to determine the coeEScients A is that for all values 
of r from r = to r = 1, 

r = AJ;(v)+^/.(v) + (9). 

' Notes on BeBBel'a Faactiona. FUl. Mag. Nov. 1872. 
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whence, as in § 332, 

^-r4^) <'»>• 

The complete solution is therefore 

, „ 2 cos dJJxr) , 

^-^ (;^-i)-./.w °°'"^ <")■ 

where the summation extends to all the values of k determined 
bj (8). 

If we put / = and r = 1, we get from (9) and (10) 

^;?^-i w. 

an equation wtich may be verified numerically, or by an analy- 
tical process similar to that applied in the case of (14) § 332. 
We may prove that 

1<^ J,' («) = constant + 2 log [ 1 — ■, J , 
whence by differentiation ■ 

J," (z ) _- 2a 
J-,'(.)= ■^«'-^- 
From this (12) is derived by putting z = l, and having regard 
to the fundamental differential equation satisfied by i/,, which 
shews that 

J,"(l) : /.'(l) — 1. 

Hitherto we have supposed the cylinder complete, so that 
1^ recurs after each revolution, which requires that n be integral ; 
but if instead of tho complete cylinder we take the sector included 
between ^=0 and 0=^, fractional values of n will in general pre- 
sent themselves. Since -^ vanishes at both limits of ff, ^ must 
be of the form 

^ = ^cos (Kot + e) cosn0 t^{*w) (13), 

where n = vr^. , v being integral. If ^ be an aliquot part of 
IT (onr itself), the complete solution involves only integral values 
of n, as might have been foreseen ; but, in general, functions of 
fractional order must be introduced. 

An interesting example occurs when ^ = 2Tr, which corre- 
sponds to the case of a cylinder, traversed by a rigid wall 

n,.i,i ■....::. v.AKt'^IC 
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stretcliing from the ceDtre to the circumference (compare § 207). 
The effect of the wall is to render possible a difference of pressure 
on its two sides ; but when no such difference occurs, the wall 
may be removed, and the vibrations are included under the 
theory of a complete cylinder. This state of things occurs 
when V is even. But when v is odd, n is of the form (integer + i), 
and the pressures on the two sides of the wall are different. In 
the latter case J^ is expressible in finite terms. The gravest 
tone is obtained by taking v=\, or n = J, when 



..(14). 



and the admissible values of k are the roots of tan « = 2«. The 
first root (after « = 0) is k=1-1655, corresponding to a tone 
decidedly graver than any one, of which the complete cylinder is 
capable. 

The preceding analysis has an interesting application to 
the mathematically analogous problem of the vibrations of water 
in a cylindrical vessel of uniform depth. The reader may 
consult a paper on waves by the author in the Philosophical 
Magazine for April, 1876, and papers by Prof. Guthrie to which 
reference is there made. The observation of the periodic time 
is very easy, and in this way may be obtained an experimental 
solution of problems, whose theoretical treatment is far beyond 
the power of known methods. 

340. Betuming to the complete cylinder, let us suppose it 
closed by rigid transverse walls at z = 0, and z = l, and remove 
the restriction that the motion is to be the same in all transverse 
sections. The general differential equation (§ 241) is 



dr' '^rdr'^r' de^"*" dz' 



Let ^ be expanded by Fourier's theorem in the series 
+ = J. + fl;co.™ + S,oo8?p + ... + B;cos(y^) + ...(2), 

where the coefficients H^ may be functions of r and 6. This form 
secures the fulfilment of the boundary conditions, when 2 = 0, z = l, 
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and each term must satisfy the differential equation separately. 
Thus 

^+;-rfr+?^ + r-^V)^'=** ^^^- 

which is of the same form as when the motion ia independent of 
z, k" being replaced by k' — ^'tiT', The particular solution may 

therefore be written 



-K(?,cosn5+i>.3iDn^co8py.J,(V«'-p%"r'.r)sinKa(...(4), 

which must be generalized by a triple summation, with respect to 
all integral values of p and n, and also with respect to all the 
values of «, determined by the equation, 

J:(jK'-pVr.r) = (5). 

If )- = l, and .K" denote the values of « given in the table (§ 339), 
corresponding to purely trausverse vibrations, we have 

^.E-+p-^ (6). 

The purely axial vibrations correspond to a zero value of K, 
not included in the table. 

341. The complete integral of the equation 

^-Jt-(«--?)t.=o a,, 

when there is no limitation as to the absence of a source at the 
pole, involves a second function of r, which may be denoted by 
'f-ni"^)- Thus, omitting unnecessary constant multipliers, we may 
take (§ 200) 

ilr =Ar^\l ~ + ^ I 

y„ ^T Y 2.2 + 2n^2:4-.2 + 2«.4 + 2n -'I 

+ ^'-^^-2T^-^ 2.4.2-2«.4-2n --} f^\ 

but the second series requires modification, if n be integral. When 
« = 0, the two series become identical, and thus the immediate 
result of supposing n = in (2) lacks the necessary generality. The 

Diailz.T.r:,.\.AK»yH. 
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required solution may, however, be obtained by tbe ordinary rule 
applicable to Bucli cases. Denoting the coeEScients of A and B 
in (2) by/(n), /(— n), we have 
t = A/(n) + Bf{-n) 
= (^ + S)/(0) + (^-£)/(0)n+(a + S)/'(0)^ + .... 

by Maclaurin's theorem. Hence, taking new arbitrary constants, 
we may write as the limiting form of (2), 

t..^/(0) + B/(0). 
In tliis equation/{0) ia </,(Kr) ; to find/'{0) we have 

f t^r" kV* 1 

/(»;. r-logrjl- 2-2:^-^^ + 2^ 2 + 2».l + 2„---f 



^-i 



2 + 2»2.4.2 + 2n.4. + 2n 



If u denote the general term (involving r"") of the series within 
brackets, taken without regard to sign, 

ldu_dlogu __ 2 2 _ 2 

«d« ^ 2 + 2a 4 + 2» '" 2m + 2» ' 

so that f^;-) = — U^nS , 

if «._l + l + |+... + i (3). 

Thu. /■(0) = l„g,{l-^; + |^-2^. + ...} 

and the complete integial for the caae n = is 



■('.-(4 + iSlogr) I-" 



For the general integral value of n the corresponding ex- 
pression may be derived by means of (15) § 338 

*-=(-^"-)"G(^)-)"+' («• 
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The formula of derivation (5) may be obtained directly from 
the differential equation (1). Writing a for kt and putting 

*. = «•*. (6). 

we find in place of (1) 

-df^—i- rfr + '*'--» (''■ 

Again (7) may be put into the form 

•■^.+("«)^J+.i*.-'' ■ («)• 

from which it follows at once that 

*--3^-*- f^'- 

so thai *. - (j^)'*. (ID). 

oily (6) '^•-'"(3i)"+> ("'■ 

which is equivalent to (5), since the constants in -^^ are arbitrary 
in both equations. 

The serial expressions for i^„ thus obtained are convergent for 
all values of the argument, but are practically useless when the 
argument is great. In such cases we must have recourse to semi- 
con vei^nt series corresponding to that of (10) § 200, 

Equation (1) may be put into the form 

^^-^^-ir^(«'t.)..¥.=o a.,,. 

whence by § 323 (4), (12), we find as the general solution of (1) 

, r<r s-i-i.rU l'-4«', (l'-4«")(3'-4n') 
' " ^ ' ( 1 . SiKT 1 . 2 (micry 

(l'-fa')(3'- fa') (5'-4»') 1 

1.2.3.(8;«>-J' *■■■! 

„,. ,-l*l.r(, 1'-*"' (I'-lnKS'-fci") 

(l'-4.')(3'-4»')(5'-tn') 1 
+ 1.2.3.(8.-«r)' *■•■} '■ •'• 
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Wben n is iotegral, these aeries are infinite and ultimately 
divergent, but (^ 200, 302) this circumstance does not interfere 
with their practical utility. 

The most importaot application of the complete integral of {1) 
is to represent a disturbance diverging from the pole, a problem 
which has been treated by Stokea in bia memoir on the communi- 
cation of vibrations to a gas. The condition that the disturbance 
represented by (13) shall be exclusively divergent is aimply 
i) =0, aa appeara immediately on introduction of the time factor 
g**** by supposing r to be very great; the principal difficulty of 
the question consists in discovering what relation between the 
■ coefficients of the ascending series corresponds to this condition, 
for which purpose Stokes employs the solution of (1) in the form 
of a definite integral. We shall attain the same object, perhaps 
more simply, by using the results of § 302. 

By (22), (24) § 302 

/^^^4 ^,f, 1' , 1'.3' 1 



-(£)'' 



1.8i«^1.2.(8fc)' ••■■) 

= i,rlZW + </.W]-j^-^^^ (14). 

and thus the question reduces itself to the determination of the 
form of the right-hand member of (14) when z is small. By (5) 
§ 802 and (5) § 200 we have 

^Tr[K(z) + iJ^{z)} = z + iiTr + higher terms in z (15), 

so that all that remains is to find the form of the definite int^ral 
in (14), when z is smalL Putting iv/(/3' + z') = y — jS, we have 

J«VW+a') !, y U 3 

When z is small, z'(2)/)"' is also small throughout the range of 
iutegration, and thus we may write 

The first integral on the right is 

\_-j-i3-jJ-^--1-H(i')-H' + (16)', 

1 Tie Morgnn's Tlifffrenlial nnif Inlegral Catridm, p. C53. 
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where 7 is Euler'a constant ('5772...); and, as we may easily 
satisfy onrselves by integration by parts, tlie other int^rals do not 
contribute anything to the leading terms. Thus, when z ie veiy 
small. 



-mH 



'^1.2.(8ii)" ■■■) 

= 7 + log(W + i>'»+ (17). 



Replacing z by kt, and comparing with the form assumed by (4), 
when r is small, we see that in order to make the series identical 
we must take 

^=7 + logi + logK+4iTr, B = \; 

BO that a series of waves diverging &om the pole, whose expression 
in descendisg series is 

^■-C-Z-lV^l --';_+ ''■»' - 1 (18) 

^' I2.W t 1.8.«-*l.2.(8i«r)' ) ^ '■ 

is repreaented also by the ascending series 






..{19). 



In applying the formula of derivation {11) to the descending 
series, the parts containing e"*" and e"*""* as factors will evidently 
remain distinct, and the complete integral for the general value 
of n, subject to the condition that the part containing e+*" shall 
not appear, will be got by differentiation from the complste 
integral for n = subject to the same condition. Thus, since 

l.yWt.=* 

* . {^\\-<~ ji - rU + -''-a^ 

^' KiKTJ \ 1.8.W^1.2.(8i«r)' 

-1.1. 3'. 5. 7 1 , , 

-1.2.S.(8i».)' + --) t^°'' 

E. n. 18 . I 
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or, in tenoB of tlie asceading series, 






These expressions are applied by Prof. Stokes to shew how feebly 
the vibrations of a string, (corresponding to the term of order 
one), are communicated to the surrounding gas. For this purpose 
he makes a comparison between the actual sound, and what would 
have been emitted in the same direction, were the lateral motion 
of the gas in the neighbourhood of the string prevented. For a 
piano string corresponding to the middle C, the radius of the 
■wire may be about -02 inch, and X is about 25 inches ; and it 
appears that the sound is nearly 40,000 times weaker than it would 
have been if the motion of the particles of air had taken place in 
planes passing through the axis of the string. "This shews the 
vital importance of sounding-boards in stringed instruments. 
Although the amplitude of vibration of the particles of the sound- 
ing-board is extremely small compared with that of the particle 
of the string, yet as it presents a broad surface to the air it is able 
to excite loud sonorous vibrations, whereas were the string 
supported in an absolutely rigid manner, the vibrations which it 
could excite directly in the air would be so small as to be almost or 
altogether inaudible." 

Fig. 64. 




"The increase of sound produced by the stoppage of lateral 
motion may be prettily exhibited by a very simple experiment. 
Take a tuning-fork, and holding it in the fingers after it has been 

DKiiiz.T.,,\..t)oyic 
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made to vibrate, place a sheet of paper, or the blade of a broad 
knife, with ita edge parallel to the axis of the fork, and as near to 
the fork as conveniently may be without touchiEg. If the plane of 
the obstacle coincide with either of the planes of symmetry of the 
fork, as represented in section at A or B, no effect is produced ; 
but if it be placed in an intermediate position, such aa G, the 
sound becomes much stronger '." 

342. The real expression for the velocity-potential of sym- 
metrical waves diverging in two dimensions is obtained from (18) 
§ 341 after introduction of the time factor e""^ by rejecting the 
imt^inary part ; it is 

*.-(£^)''"'(«'--w{'-T:i!iLF'^-} 

in which, as iisual, two arbitrary constants may be inserted, one as 
a multiplier of the whole expression and the other as an addition 
to the time. 

. The problem of a linear source of uniform intensity may also 
be treated by the general method applicable in three dimensions. 
Thus by (3) § 277, if p be the distance of any element dx from 0, 
the point at which the potential ia to be estimated, and r be the 
smallest value of p, so that p' = r* 4- ie*, we may take 

,-_./;^=./;^* (^). 

which must be of the same form as (1). Taking y=p — r, we 
may write in place of (2) 






from which the varioTis expressions follow as in (14) § 341. When 
ler is great, an approximate value of the integral may be obtained 
by neglecting the variation of •J{^r-\-y), since on account of the 
rapid fluctuation of sign caused by the factor e"*"* we need attend 

" Phil. Trani. 1868. 

18—2 
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only to small values of y. Now 

f'coaxdx ["smxdx //7r\ ... 

J. -^-J. v^-Vlri '*'■ 

so that * = y(i) .-" (1 - .) = y'(^) e-'frtW (5). 

Introducing the factor e*^, and rejecting the imaginaiy part of 
the expreaeioa, we have finally 

*"\/(S)'»"'"'-'-W (6). 

as the value of the velocity-potential at a great distance. A 
similar argument is applicable to shew that (1) is also the expres- 
sion for the velocity-potential on one side of an infinite plane 
(§ 278) due to the uniform normal motion of an infimteaimal strip 
bounded by parallel lines. 

In like manner we may regard the term of the first order 
(20) § 341 as the expression of the velocity-potential due to double 
sources uniformly distributed along an infinite straight line. 

From the point of view of the present section we see the 
significance of the retardation of ^\, which appears in (1) and in 
the results of the foUowing section (16), (17). In the ordinary 
integration for surface distributions by Huyghens' zones (§ 283) 
the whole effect is the half of that of the first zone, and the phase 
of the effect of the first zone is midway between the phases due 
to its extreme parts, i.e. ^\ behind the phase due to the central 
point. In the present case the retardation of the resultant rela- 
tively to the central element is less, on account of the prepon- 
derance of the central parts. 

343. In illustration of the formulEe of § 341 we may take 
the problem of the disturbance of plane waves of sound by a 
cylindrical obstacle, whose radius is small in comparison with 
the length of the waves, and whose axis is parallel to their 
plane. (Compare § 335.) 

Let the plane waves be represented by 

^_gi.toi+i)_gwoi girroM* (ly 

The general expansion of <f> in Fourier's series may be readily 
effected, the coefficients of the various terms being, as might 

n,.i,i ■....::. v.. l.Kt'JIL' 
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be anticipated, simply the Beaeel's functions of corresponding 
orders; but, as we confine ourBelves here to the case where o 
the radius of the cylinder is small, we will at once expand in 
powers of r. 

Thus, when r = c, if e*'"' be omitted, 

= l-i«'c' + i«c.coe5+ (2), 

■^ = ~^i^c + iK.co&0+ (3). 

The amount and even the law of the disturbance depends upon 
the character of the obstacle. We will begin by supposing the 
material of the cylinder to be a ^ of density a and compressi- 
bility m ; the solution of thg problem for a rigid obstacle may 
6nally be derived by suitable suppositions with respect to tr, in'. 
If K be the internal value of k, we have inside the cylinder by 
the condition that the axis is not a source (§ 339), 

80 that, when r = c, • 

^ (inside) = ^, (1 -J/c'c*) + J,c (1 - J/e^c*). cos 5... (*), 

^(inside) = -^A^k'c^-A^ (1 - |k''c') cos 5 (5). 

Outside the cylinder, when r = c, we have by {19), (21) §341, 

T, f . *«o\ 5, cos 5 ,„, 

t-5,(7 + log^J + -i^;j— (6), 

dr " 0, S^ ^''• 

The conditions to be satisBed at the surface of separation 
are thus 

-^,«V = -«V + 2B, (8), 

^A(l-i«"i=^ = l-i«'«"+-B.(7 + log'f') (9), 

. /, 3kV\ . B, 

^■(1-— )-'-;:? <"'■ 

^A«(i-'?)-™+^ (11). 
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from wLich by elimiuatiDg A^, A^ we get approximately 



B, 



= i.V(l-7v)-i'^«-^ (12), 

•^.-••■''ttI (")■ 

Thue at a distance ■ from the cylinder we have by (18) and 
(20) § 341, 



\ 2ra 



.«...(U). 



Hence, correspondiDg to the primary wave 

^ = coe-:^ {at + x) (15), 

the scattered wave is approximately 

2ir . ire' (m' — m ff' — <r J Stt , , ,,, ,,„, 

*— Tw"l"2sr+7+7'=°'T"T("'-'-»^> W- 

The fact that ^fr varies inversely as >,"■ might have been 
anticipated by the method of dimensions aa in the corresponding 
problem for the sphere (§ 335). Aa in that case, the B3m3metrical 
, part of the divergent wave depends upon the variation of com- 
pressibility, and would disappear in the application to an actual 
gas, and the term of the first order depends upon the variation of 
density. 

By fnipposing </ and m' to become infinite, in such a manner 
that their ratio remains finite, we obtain the solution corre- 
sponding to a rigid and immoveable obstacle, 

2v.mf ,. 

The analysis of this section is applicable to the mathematically 
analogous problem of findiog the effect of a cylindrical obstacle 

n,.i,i ■....::. v.. IKtyiC 
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on plane waves of transverse vibration in an elastic solid, the 
direction of vibration being parallel to tlie axis of the cylinder. 
If the densities be <t, a' and the rigidities be n, n', and 7 denote 
the transverse displacement, the boundary conditions are 

7 (inside) = 7 (outside), 

tC -T (inside) = " 3^ (outside). 

The result is that, corresponding to the primary waves 

7 = cos^6( (18). 

the disturbance is 

Stt . wc" f ff — 0- fl' - 



For an application to the theory of light the reader is referred 
to a paper by the author, ' On the manufacture and theory of 
difiraction gratings'.' 

The exceeding smallnesa of the obstruction offered by fine 
wires or fibres to the passage of sound is strikingly illustrated 
in some of Tyndall's experiments. A piece of stiff felt half an 
inch in tbickness allows much more sound to pass than a wetted 
pocket-handkerchief, which in consequence of the closing of 
its pores behaves rather as a thin lamina. For the same reason 
fogs, and even niia and snow, interfere but little with the free 
propagation of sounds of moderate wave-length. In the case 
of a hiss, or other very acute Bound, the effect would perhaps 
be apparent. 

' FkU. Mag. Vol. ilto. 1874 
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CHAPTER XIX. 

FLUID FEICTION. PEINCIPLE OP DYNAMICAL 81MILABITY. 

34<4. The equations of Chapter XL and the conseqnencea that 
Tre have deduced from them are based tipon the assumption (§ 236), 
that the mutual action between any two portions of fluid separated 
by an imaginary surface is normal to that surface. Actual fluids 
however do not come up to this ideal ; in many phenomena the 
defect of fluidity, usually called viscosity or fluid friction, plays an 
important and even a preponderating part. It will therefore be 
proper to inquire whether the laws of aerial vibrations are sensibly 
influenced by the viscosity of air, and if so in what manner. 

In order to understand clearly the nature of viacoeity, let us 
conceive a fluid divided into parallel strata in such a manner that 
while each stratum moves in its own plane with uniform velocity, 
a change of velocity occurs in passing from one stratum to another. 
The simplest suppo^tion which we can make is that the velocities 
of all the strata are in the same direction, bat increase uniformly 
in magnitude as we pass along a line perpendicular to the planes 
of stratification. Under these cinnunstauces a tangential force 
between contiguous strata is called into play, in the direction of 
the relative motion, and of magnitude proportional to the rate at 
which the velocity changes, and to a coefficnent of viscosity, com- 
monly denoted by the letter /& Thus, if the strata be parallel to 
xy and the direction of their motion he parallel to y, the tangential 
force, reckoned (like a pressure) per unit of area, is 



dv 



..(1). 



^d!^ 

The dimensions of /* are {ML'^T'']. 

The examination of the origin of the tangential force belongs 
to molecular science. It has been explained by MaxweU in ac- 
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cordance with the kinetic theory of gases as resulting from inter- 
change of molecules between the strata, giving rise to diffusion of 
momentum. Both by theory and experiment the remarkable 
conclusion has been established that within wide limits the force 
is independent of the density of the gas. For air at d° Centigrade 
Maxwell' found 

>t = 0001878 (l + -00366^ (2), 

the centimetre, gramme, and second beii^ unita. 

345. The investigation of the equations of fluid motion in 
which regard is paid to viscous forces can scarcely be considered 
to beloi^ to the subject of this work, but it may be of service 
to some readers to point out its close connection with the more 
generally known theory of solid elasticity. 

The potential energy of unit of volume of Tiniformly strained 
isotropic matter may be expressed* 

= jKS' + Jn(2e* + 2;"+2/-fS» + a' + 6'+c^ (1), 

in which S(=e+/+^) is the dilatation, e, / jr, a, 5, c are the six 
components of strain, connected with the actual displacements a, A? 
by the equations 

da J. d0 dy ,_. 

' = ^' f=Ty' 3 = 2 <2). 

a = ^ + ^ h^^-^- c=- + ^ f3) 

dz dy' dx dz' dy das ^ '' 

and m, n, k are constants of elasticity, connected by the equation 

« = »■- J» (4). 

of which M measures the rigidity, or resistance to sheariTig, and k 
measures the resistance to change of volume. The components of 
stress P, Q, B, 8, T, U, corresponding respectively to e,f, g, a, b, e, 
are found from V by simple differentiation with respect to those 
quantities; thus 

P = «S + 2?i(«-JS) &c (5), 

8 = na &c {6). 

1 On the TiBcoait; m Internal Fiiotlon of Air aud otltet Qaeee. Phil. Tram. 
1866. 

■ TbomBOD and Tait'B Nalmal PkiUnophy. Appendix C. 

n,.i,i ■....::. v.AKt'^ie 
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It X, Y, Zhe the componeDta of the applied force reckoned per 
unit of volume, the equations of equilibrium are of the form 

S-f-f-^-"*" m. 

from which the equations of motion are immediately obtainable 
by means of D'Alembert's prindpla Itt terms of the displace- 
ments a, ^, y, these equations become 

'i+i-'x. + n^-. + X.O &c (8), 

'-S-I+S (»)• 

In the ordinary theory of fluid friction no forces of restitution 
are included, but on the other hfmd we have to consider viscous 
forces whose relation to the velocities (u, v, k) of the fluid elements 
is of precisely the same character as that of the forces of restitution 
to the displacements (a, /3, y) of an isotropic solid. Thus if S' be 
the velocity of dilatation, so that 

., du dv dto 



dx'^dy'' 



..(10). 



the force parallel to x due to viscosity is, && in (8), 

'£+S»S-+"'" ■ ("'■ 

So far K and n are arbitrary constants; but it has been argued 
with great force by Prof, Stokes, that there is no reason why a 
motion of dilatation uniform in all directions should give rise to 
viscous force, or cause the pressure to difler from the statical pres- 
sure corresponding to the actual density. In accordance with this 
argument we are to put k = ; and, as appears from (6), n coincides 
with the quantity previously denoted by ft.. The Motional terms 
are therefore 

f , . , d (du , dv , rfajN) , 



5 237) the equations of motion take the form 



/Dm v\ . ^P i 1 d /du dv , dto\ _ „ „, 
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or, if there be no applied forces and the square of the motion be 
neglected, 

du dp . , d fdu dv dw\ _ „„, 

''•5+<|-'''"-*''s(ai+5+s)-<' ("'• 

We may observe that the dissipative forces here considered 
correspond to a dissipation function, /whose form is the same with 
respect to m, r, w as that of V with respect to a, yS, 7, in the theory 
of isotropic solids. Thus putting « = 0, we have from (1) 

in agreement with Prof. Stokes' calculaticm'. The theory of friction 
for the case of a compressible fluid was first given by Poisson*. 

346. We will now apply the differential equations to the in- 
vestigation of plane waves of sound. Supposing that v and w are 
zero and that u, p, &c. are functions of a: only, we obtain from 
(13)§S45 

f'dt^dx 3 d^ ^ W- 

The equation of continuity (3) § 238 is in this case 
^ dM_ 

dt'^di~ 

and the relation between the variable part of the pressure Bp and 
the condensation e is as usual (§ 244) 

Sp = o*p,» (3). 

Thus, eliminating Sp and « between (1), (2), (3), we obtain 
tPu ,d'u ifi ^u 

de ** dx* Sp,d3^dt~^ ^*'' 

which is the equation given by Stokes'. 

Let us now inquire how a train of harmonic waves of wave- 
length \, which are maintained at the origin (ir => 0), fade away 

^ Camhridgt Trantaetiotu, 1861. % 49. 

■ Journal de VEeole Poh/Uehnique, t. un. eah. 20, p. 139. 

' Cambridge Trtaaactwnt, 131$, 
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as X increaees. AsBuming that m varies as e", we find as in 
§1*8, 

y - ^e""* cos (n( - j8a:) (5), 

4/tn' 

-""" ^-'-ttC??' ^-r%^ e"- 

In tlie application to »ir at ordinary pressures ;* may be con- 
sidered to be a very small quantity and ita square may be 
neglected. Thus 

«==. '-^- (')■ 

It appears that to this order of appt-oximation the velocity of 
sound is unaffected by fluid friction. If we replace n by 2waX"', 
the expression for the coefficient of decay becomes 

'-WJ^ <*>• 

shewing that the influence of viscosity is greatest on the waves of 
short wave-length. The amplitude is diminished in the ratio 
e : 1, when x = a~*. In c G. s. measure we may take 

p,==0013, ^ = -00019, a = 33200; 

whence a! = 8800X* : (9). 

Thus the amplitude of waves of one centimetre wave-length is 
diminished in the ratio e : 1 after travelling a distance of 88 
metres. A wave-length of 10 centimetres would correspond nearly 
to g" ; for this case x = 8800 metres. It appears therefore that at 
atmospheric pressures the influence of friction is not likely to be 
sensible to ordinary observation, except near the upper limit of the 
musical scale. The mellowing of sounds by distance, as observed in 
mountainous countries, is perhaps to be attributed to friction, by 
the operation of which the higher and harsher components are 
gradually eliminated. It must often have been noticed that the 
sound s is scarcely, if at all, returned by echos, and I have found' 
that at a distance of 200 metres a powerful hiss loses its character, 
even when there is no reflection. Probably this effect also is due 
to viscosity. 



' AcoQBtical ObBOTTatiotfB, Phil. Mag., Jnna, 1877. 
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In highly rarefied air the value of a as given in (8) is much 
increased, fi being constant. Sounds even of grave pitch may then 
be a£fected within moderate distances. 

From the observations of Golladon in the lake of Geneva it 
would appear that in water grave sounds are more rapidly damped 
than acute sounds. At a moderate distance firom a bell, struck 
under water, he found the sound short and sharp, without musical 
, character. 

347. The effect of viscosity in modifying the motion of air in 
contact with vibrating sohds will be best understood from the solu- 
tion of the problem for a very simple case given by Stokes. Let us 
suppose that an infinite plane (yz) executes harmonic vibrations in 
a direction (y) parallel to itself. The motion being in parallel 
strata, u and to vanish, and the variable quantities are fiinc- 
tions of X only. The first of equations (13) § 345 shews that the 
^essure is constant ; the corresponding equation ia v takes the 
form 

■ ^ = ^^ n\ 

dt pda^ ^^^■ 

similar to the equation for the linear conduction of heat. If we 
now suppose that v is proportional to e^, the resulting equation 

in a; is 

d^v . np ,_, 

3? = '^" <■'>■ 

and its general solution 

v = Ae-" + Be^y' (3), 

^-A^>^'-> <*> 

If the gas be on the positive side of the vibrating plane the motion 
is to vanish when a; = + oi . Hence B = 0, and the value of v 
becomes on rejection of the imaginary part 

r = ^,-0'oo.{„-y(a).j (6), 

correspondii^ to the motion 

K=^co3n( (6) 

at x = 0. The velocity of the fluid in contact with the plane is 
usually assumed to be the same as that of the plane itself on the 



where 
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appaieotly sufficient ground that the contrary would implj an 
infinitely greater smoothness of the fluid with respect to the solid 
than with respect to itself. On this supposition (5) expresses the 
motion of the fluid on the positive side due to a motion of the 
plane given by (6). 

The tangential force per unit area acting on the plane is 
dv 

"^ V(^)l-eosn( + Bin„e} = -V(W;*)(F+A^)...(7), 

if j4 = 1. The first term represents a dissipative force tending to 
stop the motion ; the second represents a force equivalent to an 
increase in the inertia of the vibrating body. The magnitude of 
both forces depends upon the frequency of the vibration. 

We wiE apply this result to calculate approximately the velocity 
of sound in tubes so narrow that the viscosity of air exercises a 
sensible influence. As in § 265, let X denote the total transfer of 
fluid across the section of the tube at the point x. The force, 
due to hydrostatic pressure, acting on the slice between x and 
a; + Sa: is, as usual, 

dx '^ dar 



-s-£s...-i,s.'-^ (8). 



The force due to viscosity may be inferred jrom the investigation 
for a vibrating plane, provided that the thickness of the layer of 
air adhering to the walls of the tube be small in comparison with 
the diameter. Thus, if P be the perimeter of the tube, and Tbe 
the velocity of the current at a distance from the walls of the 
tube, the tangential force on the slice, whose volume is SSa;, is 

i>y (7) 

-p&V(iw)(i'+i^), 



-i>a«V(i».rt(f+^f)*s W. 

The equation of motion ^or ikis period is therefore 

J JX, „. .PSa:/dX ld'X\ , . d-X 
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The velocity of sound is approximately 

"{-»lx/(l.)} ("'. 

or Id the case of a ciicultur tube of radius r, 

"HAi-)} ■■ <'^>- 

The result expressed in (12) was first obtained by Helmholtz. 
An elaborate investigation of this problem has also been given by 
Kirchhoff', who included in his calculation not only the effect of 
friction but also that of the conduction of heat. Kirchhoff's result 
is of the same form as (12), but t/(fip~^) is replaced by the quantity 
(called 7) 

^/©-(^^^• c^'. 

where 6 is Newton's value of the velocity of sound, and w is a co- 
efficient of conduction, equal according to the kinetic theory of 
gases to ^fip'K 

The diminution of the velocity of sound in narrow tubes, as 
indicated by the wave-length of stationary vibrations, was observed 
by Kundt (§ 260), and has been specially investigated by 
Schneebeli' and A. Seebeck'. It appears that the diminution of 
velocity varies as r^, in accordance with (12), but, when n varies, it 
is proportional rather to n"' than to n"* Since /* is independent 
of the density (p), the efifect would be increased in rarefied air. 

348. In the course of this work we have had frequent occasion 
to notice the importance of the conclusions that may be arrived at 
by the method of diraenaiona. Now that we are in a position to 
draw illustrations from a greater variety of acoustical phenomena 
relating to the vibrations of both solids and fluids, it will be con- 
venient to resume the subject, and to develope somewhat in detail 
the principles upon which the method rests. 

In the case of systems, such as bells or tuning-forks, formed of 
uniform isotropic material, and vibrating in virtue of elasticity, the 

' Poffg. Ami. t. CTZHT. 177. 1868. • Fogg. Ann. t. c xxi T i . 296. 1869. 

• Pagg. Ann. t. cum. 104. 1670. 
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acoustical elements are the shape, the linear dimensioD c, the 
Constanta of elasticity q and ft, (§ 149), and the density p. Hence, 
by the method of dimensions, the periodic time vari^ ccsteris 
paribus as the linear dimension, at least if the amplitude of vibra- 
tion be in the same proportion; and, if the law of isochronism 
he assumed, the last-named restriction may be dispensed with. In 
fact, since the dimensions of q and p are respectively [Jtfi"* 2^ 
and [ML^, while ^ is a mere number, the only combination 
capable of representing a time is y"* . p* . c. 

The argument which underlies this mathematical shorthand is 
of the following nature. Conceive two geometrically similar bodies, 
whose mechanical constitution at corresponding points is the 
same, to execute similar movements in such a manner that the 
corresponding changes occupy times' which are proportional to the 
linear dimensions — in the ratio, say, of 1 : n. Then, if the one 
movement be possible as a consequence of the elastic forces, the 
other will be also. For the masses to be moved are as 1 : n*, the acce- 
lerations as 1 : n~*, and therefore the necessary forces are as 1 : n*; 
and, since the strains are the same, this is in fact the ratio of the 
elastic forces due to them when referred to corresponding areas. 
If the elastic forces are competent to produce the supposed motion 
in the first case, they are also competent to produce the supposed 
motion in tlie second case. 

The dynamical similarity is disturbed by the operation of a 
force like gravity, proportional to the cubes, and not to the squares, 
of corresponding lines; but in cases where gravity is the sole 
motive power, dynamical similarity may be secured by a different 
relation between corresponding spaces and corresponding times. 
Thus if the ratio of corresponding spaces be 1 : «, and that of 
corresponding times be 1 : n , the accelerations are in both cases 
the same, and maybe the effects offerees in the ratio 1 : n' acting 
on masses which are in the same ratio. As examples coming under 
this head may be mentioned the common pendulum, sea-waves, 
whose velocity varies as the square root of the wave-length, and the 
whole theory of the comparison of ships and their models by 
which Mr Froude predicts the behaviour of ships from experi- 
ments made on models of moderate dimensions. 

' The conception of an alteration of acale in apace has been made familiar \ij 
the nnlTersal nee of maps and models, but the oorreaponding oonception for time 
Ib often leas distinct. Befeienee to the ease of a moaioal oomposition performed at 
diltetent apeeda ma^ assiet tbe imaginatian of the atndent. 
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The same comparison that we bave employed above for elastic 
solids applies also to aerial vibrations. The pressures in the cases to 
be compared are the same, and therefore when acting over areas in 
the ratio 1 : n', give forces in the same ratio. These forces operate 
on masses in the ratio 1 : n', and therefore produce accelerations in 
the ratio 1 : ti^, which is the ratio of the actual accelerations when 
both spaces and times are as 1 : n. Aecordinglj the periodic times 
of similar resonant cavities, filled with the same gas, are directly as 
the linear dimension — a very important law first formulated by 
Savart. 

Since the same method of comparison applies both to elastic 
solids and to elastic fluids, an extension may be made to systems 
into which both kinds of vibration enter. For example, the scale 
of a system compounded of a tuning-fork and of an air resonator 
may be supposed to be altered without change in the motion other 
than that iurolved in taking the times in the same ratio as the 
linear dimensions. 

Hitherto the alteration of scale has been supposed to be 
uniform in all dimensions, but there are cases, not coming under 
this head, to which the principle of dynamical similarity may be 
most usefully applied. Let us consider, for example, the fiexural 
vibrations of a system composed of a thin elastic lamina, plane or 
curved. By §§ 214, 215 we see that the thickness of the lamina b, 
and the mechanical constants q and p, will occur only in the com- 
binations qh* and bp, and thus a comparison may be made even 
although the alteration of thickness be not in the same proportion 
as for the other dimensions. If c be the linear dimension when 
the thickness is disregarded, the times must vaiy cceteria paribus 
as q~^.p^.(^ .b~\ For a given material, thickness, and shape, the 
times are therefore as the squares of the linear dimension. It must 
not be forgotten, however, that results such as these, which involve 
a law whose truth is only approximate, stand on a different level 
from the more immediate consequences of the principle of simi- 
larity. 
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APPENDIX A. (§307). 

The problem of detemiming the correction for the open end of a 
tube is one of conaiderable difGcolty, even when there is an infinite 
flange. It is proved in the text(§ 307) th&t the correction a is greater than 

JtJ?, and leoa than^— £. The latter value ia obtained by calculating 

the energy of the motion on the sappoBition that the Telocity parallel 
to the axis is constant over the plane of the mouth, and comparing this 
enwgy with the square of the total current. The actual velocity, no 
doubt, increases from the centre outwards, becoming infinite at the sharp 
edge ; and the assumption of a constant value is a somewliat violent one. 
Nevertheless the value of a so calculated turns out to be not greatly in 
excess of the truth. It ia evident that we should be justified in ex- 
pecting a very good result^ if we assume an axial velocity of the form 

l + Cy + Z-'J,, 

r denoting the distance of the point considered from the centre of the 
mouth, and then determine fi. and ft' so as to make the whole eneigy a 
mininiiim, The onei^ BO calculated, though necessarily in excess, must 
be a very good approxdmatioii to the trutL 

In carrying out this plan we have two distinct problems to deal with, 
the determination of the motion (1) outside, and (2) inside the cylinder. 
The former, being the easier, we will take first. 

Hie conditions are that ^ vanish at infinity, and that when a; = 0, ^ 
vanish, except ovw the area of the circle r = jS, where 

t-'^^-^i ■■■<"• 

Under these circomBtances we know (§ 378) that 

*-im <* 



292 COBKECnON FOR OPEN ENDS. 

wliera p denotes the distance of the point where ^ is to be estimated 
from the element of area dv. If ow 

it P represent the potential on itself of a disc of radius £, whose 

den8ity = l+/*-^ + /*-^. 

The value cf ^ is to be calculated by the method employed in the t«xt 
(§ 307) for a unifonn density. At the edge of the disc, when cut down 
to radius a, we have the potential 

„ , 20 /Ml' 356 ii'a» ,„, 



i'=J^'"2wd<»r{i+/»J+Kj} 



,14 6 , 314 , 214 , 89 ,) ... 



cm effecting the integration. This quantity divided by n gives twice the 
kinetic energy of the motion defined by (1). 

The total current 

= £'2.r*(l+,.^+/I,')-,«'(l + i, + }rt (5). 

We have next to consider the problem of determining the motion of an 
incomprescdble fluid within a ri^d cylinder und^ the conditions that the 
axial velocity shall be uniform whena; = — oo, and when «—0 shall be of 
the fonn 

^ = 1+/*;^ + /,^. 

It will conduce to cleamesB if we separato firom ^, that part of it which 
oorrespcoids to a nnif onn flow. Thus, if we take 

^ = 1 + J;. + J/ + ^, 

^ will ecm^espond to a motion, which vanishes when x is~ numerically 
great. When as = 0, 

g-,.(r--l)+K(,'-J) (GJ, 

if for the sake <^ brevity we put R= 1. 

> The dcnBitjr of the flnid ifl mippoBed to be unit}'. 
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Now iji may bo expanded in the series 

1,-S-,<rj,ipr) (7), 

where p denotes a root of the equation 

■^.'(y)-" (8)'. 

Each term of thia series satiafiea the condition of giving no radial 
velocity, when r = 1 ; and no motion of any kind, when a; = — oo . It 
remains to determine the coefficients a, so as to satisfy (6), when x=0. 
From r=0 to r= 1| we must have 

whence multiplying by J^ {pr) rdr and integrating from to 1, 

P«, K (y)]* - 2/,' '■*.^. (F-) l/« (r- - J) + /•' ('■- J)), 

every term on the left, except one, vanishing by the property of the 
fimctions. For the right-hand side we have 



I rdrJ^{pr) = 0, 
f^f*drJ,{pr) = ^,J,{p), 



The veloci^-potential ijt of the whole motion is thus 

♦ -(1 4.i^ + J/).H.4SS±^Il^ ^/.W....(IQ), 

the summation extending to all the admissible values of p. We have 
now to find the energy of motion of so much of the fluid as is included 
between x = 0, and a; = — ^ where ^ is so great that the relodty is there 
sensibly constant. 

"By Green's theorem 
2(kiiieticenea^)= jV^2w(fr (aj-O)- f ^^ Sirr* (x = -i). 

1 The mnnericsl valaes ol the looti m apiowumatoly 

Ji= 8-881705, ft- 7015, j.,=10-174, 

p.=13M*, p,=16-471, ft=l8-616. 
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Saw, when x = — t, 

BO that the second term is vl([ + ^fi + sf*')* 

In calculatiog the first term, we must remember that if p^ and p^ be 
two diSerent Tolaea of p, 

I 2TrrdrJ„ (p,r) J„ (p/) = 0. 
ThuH 

Accordingly, on restoring S^ 

2 (kinetic energy) = wS'?(l + 5/t + J/i')* 

To this must be added the energy of the motion on the positive tdde 
of a; = 0. On the whole 
2 kinetic energy / 16 ^ f o -A 8\)* _, 

Hence, if a be tbe correction to tlie leBgtli, 

■^ = [1 + ii/^ + III/*' + (6* S;*"'* ri) /*' 
+ {24,(Sp--8S!i-') + H41w.' 

+ 124^ (S^-- 16:Sp-'+ 642p-) + ^}^^+(l + 1^ + M'- 
By numerical calculation Irom the valaes of ^ 

2p"' = -00128266 ; 1p-' - 8Sp"'= -00061253, 
3p*"'- 162p-' + 642p-'= 00030351, 

and thus |j=[l + -9333333,*+ -6980951/ 

+ -2622728 / + -363223 ^/ + -1307634 /"] ^ (1 + J^, + J ,(')• 
^, -0666667,^ + -0685716 / - -0122728/1'- -029890/1/ - -0196523/1" 
(l + J/i + J/i')' 

(")■ 

The fraction on the right io the ratio of two quadratic functions of 
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fi, fi,', and our object is to determme its maximiun value. In general if 
S and S" be tw^o quadratic functioiu, the maximum and minimum values 
of z = S-i-3' are given by the cubic equation 

- A«"' + as"' - 0'»"' + a' = 0, 
where S= Oft' + &/i" + c + %fit' + 2^/* + 2A/i/j 

5* = a'/t' + 6'/i" + c' + 2/y + 2^11. + 2A'/iju', 

A-afe + 2/gA-V-V-eA' = ^^*'-'^>^^"^>"^^~''-^>', ■ 

^2{9h~af)f -i-2{hf-hg)g' -^Zi/g-ch)},:, 
and S", A', are derived frcon and A bj interchanging the accented and 
unaccented letters. 

In the present oaae, since S' is a. product of linear factors, A' = ; 
and since the two factors are the same, 0' = 0, so that s = A h- ® sitaply. 
Substituting the numerical values, and effecting the calculations, we 
find a = -0289864, which is the maximum value of the fraction confiiBtent 
with real vtJues of /i and /i'. 

The (Mrreeponding value of a is 'S2J22J7, than which the true 
correction cannot be greater. 

If we assume /i' = 0, the greatest value of « then possible is ■024363, 
which gives 

a= -8281465'. 

On the other hand if we put /t — 0, the maximum value of z comes 
out -027653, whence 

a = -825353-H. 

It would appear irom this result that the variable part of the 
normal velocity at the mouth is better represented by a term varying as 
c*, than by one varying as )■". 

The value a = -82425 is probably pretty close to the truth. If the 
normal velocity be assumed constant, a = '848826ff; if of the form 
l+fir*, a=^ -828155, when /i is suitably determined ; and when the. 
form 1 + ^r* + /*V*, containing another arbitrary constant, is made 
tie foundation of the calculation, we get a = -8242 R. 

The true value of a is probably about -825. 

In the case of /* == 0, the minimum energy corresponds to ^' = 1 -1 03, 
so that 

:5*.i+ 1-103 -£. 

lie 5* 

On this supposition the normal velocity of the edge {r — S) would be 
about double of that near the centra 

' Notes on Bessel's (nnotionB. Phil. Mag. Nov. 1872. 
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NOTE TO § 273. 

A method of obtaining Foisaou's solution (8) gircQ by liouville' ia 
worthy of notice. 

If r be the polar radius vector measured from any point 0, and tiie 
general differential equation be integrated over the volume induded 
between spherical surfaces of radii r and r -f dr, we find on tranaforma- 
tion of the second integral by Green's theorem 
(P(rX) . (TfcX) 

de' "** rf/ 



..(a), 



in which X= li^da, that is to sayia proportional to the mean value 

of ^ reckoned over tbe spherical surface of radius r. Equation (a) may 
be regarded as an extension of (1) § 279 ; it may also be proved from 
the expression (5) § 241 for v'^ i^ terms of the ordinary polar ctMirdi- 
nat^ T, 0, u. 

The general solution of (a) is 

rK = x{<^t + r)*0{at-r) (fi), 

where x a^*! ^ i^re wbitrary functions ; but, as in § 279, if the pole be 
not a source, x (f*') + ^ («<) = 0, so that 

r\ = x(a< + r)-x(o*-*-) (y). 

It appears from (y) that at 0, when r=0, X=2x'(o*), which is 
therefore also tbe value of 4t^ at at time t. Again from (y) 

so that 






or m the aotatioa of § 273 



2x'«-y/i'«<fc + |,[r///(r)Ar] .(S). 

By writing (U in place of r in (8) we obtain the value of 2\'(at), or 
i7r<t>, which agrees with (8) § 273. 

I lionTQle, torn, i. p. 1, 185S, 
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NoU on Progresmve Waves. From Ih-e Proeeedmga qf the Lotvdon 
Mathematical Society, Vol. IX. No. 125. 

It has often been remarked that, when a group of waves advances 
into still water, the velocity of the group is less than that of the indi- 
vidual waves of which it is composed ; the waves appear to advance 
through the group, dying away as they approach ita anterior limit 
This phenomenon was, I believe, first explained by Stokes, who re- 
garded the group as formed by the superposition of two infinite trains 
of waves, of equal amplitudes and of'nearly equal wave-lengtha, ad- 
vancing in the same direction. My attention waa called to the subject 
about two years since by Mr Froude, and the same explanation tlien 
occurred to me independently'. In my book on the "Theory of 
Sound" (§ 191), I have considered the question more generally, and 
have shewn that, if F be the velocity of propagation of any kind of 
waves whose wave-length is X, and k = 2irAr', then JJ, the velocity of 
a group composed o£ a great number of waves, and moving into an un- 
disturbed part of the medium, is expressed by 



-^ a). 



or, as we may also write it, 



tJ: r-H-^ (2). 

Thus, if Fee \", U=(l-n)7. (3). 

In fact, if the two infinite trains be represented by coBK(r^ — jc) 
and cos k' ( V't - x), their reanltant is represented by 

cos K ( Fit - «) -t- cos k' ( r'( - k), 

I Another phsnomeuon, also mentioned to me by Mr Fronde, admits of a 
Bimilsr explanation. A steam laouoh mOTing quioUy throi^ the water is ao- 
oompauied I17 a peonliar aystem of diverging waves, ol which the moat striMng 
featnie is the obliquity of tbe line oontaining the greatest elevations of suooeseive 
waves to the wave-bontB. This wave pattern may be explained by the super- 
podtion ol two (or more] infnite trains of waves, of slightly difteriug wave-lengths, 
whose directions and velocities of propagation are bo related in each case that there 
is no change of position relatively to the boat. The mode of composition will be 
best understood by drawing on paper two sets of parallel and equidistant lines, 
sabjeot to the above condition, to represent the creets of the component trains. In 
the case of two trains of slightly different wavo-lengths, it may be proved that the 
tangent of the angle between the line ol maxima and the wavfr-fronts is half the 
ton^t ol the angle between the wave-fionts and the boat's oonne. . 
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which is equal to 



(^V'-kF^ k'-k 1 (kT' + kF^ k' + k > 



If V— N, F'— F be small, we huve a train of vaves whose amplitude 
Taries slowly &om one point to another between the limits and 2, 
fanning a seiiea of groups separated from one another by redone com- 
paratively &ee from disturbance. The positioQ at time t of the middle 
of that group, wbloh was initially at the <»igin, is given by 

which shews that the velocity of the group is (K'F'-(cF)-*-(<c'-it). 
In the limit, when the number of waves in each group ia indefinitely 
great, this result coincided with (1). 

The following particular oases are worth notice, and are here tabu- 
lated for convenience of comparison : — 

Fee A, U=0, Reynolds' disconnected pendulums. 

V ec A*, U= J F, Deep-water gravity waves. 

F =c X*, U^V, Aerial waves, &c. 

FeoX"*, P=^F, Capillary water waves. 

FwX"', P=2F, Flexural wavee. 

The capillary water waves are those whose wave-length is so small 
that the force of restitution dae to capillarity largely exceeds that due 
to gravity. Their theoty has been given by Thomson {Phil. Mag., 
Nov. 1871). The flexural waves, for which U=2V, are those cor- 
responding to the bending of an elastic rod or plate ("Theoiy of 
Sound," § 191). 

In a paper read at the Plymouth meeting of Ute British Association 
(aftervards printed in "Nature," Aug. 23, 1877), Pro£ Oabome 
Beynolda gave a dynamical explanation of the fact that a group of 
deep-water waves advances with only half the rapidity of the indi- 
vidual wavea It appears that the energy propagated across any point, 
when a train of waves is passing, is only one-half of the energy neces- 
sary to supply the waves which pass in the same time, so that^ it die 
train of waves be limited, it is impossible that its front can be propa- 
gated with the full velocity of the waves, because this would imply the 
acquisition of more energy than can in tact be supplied. Prof. Eeynolda 
did not contemplate the cases where more energy is propagated than 
corresponds to the waves passing in the same time ; but his argument, 
applied conversely to the results already given, shews that such cases 
must exi^t. The ratio of the energy propagated to that of the passing 
waves is t' : F; thus the energy propagated in the unit time is f : F 
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(d that exiatiug in a length V, or U timea that exkting in the unit 
length. Accordingly 

Eneigy propagated in onlt time : Energy c^itiiiiied (on an average) 
in unit length cd(«F) : rfk, by (1). 

Ab an example, I will take the case of Bmall itrotational waves in 
water of finite depth 2'. If x be measured downwards from the surface, 
aud the elevation (h) of the wave be denoted by 

h==Mcoa{tU~Kx) (i), 

in which n - k F, the correspouding velocity -potential (tjt) is 

i—ra " ^_\.^ ia{M-a) (6). 

This value of ^ Batisfiea the general difierential equation for irrota- 
tional motion (v'^ = 0), makes the vertical velocity -y- zero when 

s-l, and — -r- when 3 = 0. The velocity of propagation is j^ven by 

'"'Vfr^- <«>• 

We may now calculate the eneigy contained in a length x, which is 
suppoBcd to indade so great a number of waves that &actional parts 
may be left out of account. 

For the potential energy we have 

r^^ffp Ij edadx=ypjh'dx=lgpB'.x (7). 

For the kinetic energy, 



.lp/(, 



Md.,yiJi:. (8), 



by (1) and (6). If, in accordance with the argument advanced at the 
end of this paper, the equality of V, and T be assumed, the value of 
the velocity of propagation follows from the present expressions. The 
whole energy in the waves occupying a length x is therefore (for each 

unit of breadth) 7, + T = ^ffpff" . (c (ft), 

H denoting the maximum elevation, 

1 Prof. BaynoldB coosideis the troohoidal wave ol Banldne and Fioode, which 
invclTsB moleookr rotation, 
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We liave next to calculate tLe energy propagated ia tune t across a 
plane for wMch x is constant, or, in other words, the work ( W) that 
must be done in order to sustain the motion of the plane (considered 
as a flexible lamina) in the face of the fluid preasurea acting npon the 
front of it. The Tariable part of the pressure (Sp), at depth s, is 
given by 

-■ d^ p^e-l^-l + e-'b-O , , ^ 



while for the horiiontal velocity 



— cob(iU-m!); 



»,th.t w.jjsp^d^di..ypH-. n. [n- ^".„ ] (10), 

on integration. From the value of F in (6) it may be proved that 

and it is tiins verifled that the value of W for a unit time 

= — ^ — ' X energy in nnit length. 

As an example of the direct calculation of U, we may take the case 
of waves moving under the joint influence of gravity and cohesion. 

It is proved by Thomson that 

P-^ + r^ (11), 

where T' is the cohesive tension. Hence 

-M^*r.'-^hi^'0f <-)■ 

When K is small, the surface tension is n^ligible, and then U— JFj 
but when, on the contrary, k is large, IT=^V, as has already been 
stated. When Tte=g, U=7. This corresponds to the minimum 
velocity of propagation investigated by Thomson. 

Altliough the moment from interference groups seems satisfactory, 
an independent investigation ia desirabla of the relation between 
energy existing and energy propagated. For some time I was at a loss 
for a method applicable to all kinds of waves, not seeing in particular 
why the comparison of energies should introduce the consideration of 
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a variation of wave-length. TLe following investigation, in vMch tho 
increment of wave-length ia imaginary, may perhaps te considered to 
meet the want : — 

Let \sa suppose that the motion of every part of the medium is 
resisted by a force of very small magnitude proportional to the mass 
and to the velocity of the part, ihe effect of which will be that waves 
generated at the origin gradually die away ea x increases. The motion, 
which in the absence of friction 'would be represented by cos (nl — kx), 
under the influence of friction ia represented by e-'™dos(n(— km), 
where ju is a small positive coefficient. In strictness the value of k is 
also altered by the friction ; but the alteration ia of the second order as 
regards the irictional forces, and may be omitted under the circnm^ 
stanoes here supposed. The energy of the waves per unit length at 
. any stage of degradation is proportional to the square of the amplitude, 
and thus the whole energy on the positive side of the origin is to the 
energy of SO much of the waves at their greatest value, i.e., at the 
origin, as would be contained in the unit of length, as j^e-^dse i 1, 
or as (V)"' '• !• ^^ energy transmitted through the origin in the 
unit time is the same as the enei^ dissipated ; and, if the Mctional 
force acting on the element of mass m be hmv, where v is the velocity 
of the element and h is constant, the eneigy dissipated in unit time is 
hSmv' or 2hT, T being the kinetic energy. Thus, on the assumption 
that the kinetic energy is half the whole energy, we find that the 
enei^ transmitted in the unit time is to the greatest energy existing 
in the unit length as A : 2/i. It remains to find the connection be- 
tween h and ft. 

For this purpose it will be convenient to regard cos (jii — (cr) as the 
real part of «*^ e"*", and to inquire how k is affected, when n is given, 
by the introduction of friction. Now the effect of friction is represented 

in the differential equations of motitai by the substitution of -^ + A ^ 

in place of -p, or, since the whole motion is proportional to e'^, by 

substituting — n* + iAn for — »'. Hence the introduction of friction 
corresponds to an alteration of n from n to n~\ih (the square of A 

being neglected); and accordingly k is altered from « to K-\ih~. 

The solution thus becomes e "*" e^i*-"*, or, when the imaginary 
part is rejected, e ^* ooB{nt-Kx); so that >« = JA-j-, and 
A : 2/1 = -p . Tlie ratio of the energy transmitted in the unit time to 
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the energy existing in the unit length is therefore expressed bj 

-i- or *A — - 1 as was to be proved. 
die dit ' *" 

It has often been noticed, in parUcnlar cases of prc^ressive waves, 
that the potential and kinetic energies are equal ; but I do not call to 
mind any general treatment of the question. The theorem is not 
ueuallf true for the individual parts of the medium', but must be 
understood to refer either to an integral number of wave-lengths, or to 
a space so considerable that the outstanding fractional parts of waves 
may be left out of account. As an example well adapted to give in- 
dght into the question, I will take the case of a uniform stretched 
circular membrane ("Theory of Sound," § 200) vibrating with a given 
number of nodal circles and diameters The fundamental modes are 
not quite determinate in consequence of the symmetry, for any dia- 
meter may be made nodal. In order to get rid of this indeterminate- 
nesa, we may suppose the membrane to carry a small load attached to 
it anywhere except on a nodal circle. There are then two definite 
fundamental modes, in one of which the load lies on a nodal diameter, 
thus producing no effect, and in the other midway between nodal dia- 
meters, where it produces a maximum efibct ("Theory of Sound," 
§ 208). If vibrations of both mod«a are going on rimultaneouBly, the 
potential and kinetic energies of the whole motion may be calcnlated 
by rimple addition of those of the. components. Let us now, supposing 
the load to diminish without limit, imagine that the vibrations are of 
equal amplitude and differ in pha^e by a quarter of a period. The 
result is a progressive wave, whose potential and kinetic energies are 
tiie sums of those of the stationary waves of which it is composed. 
For the first component we have F, = ^coa'7K, T^ — £aji*nt} and 
for the second component, F, = ^sin*Bi, T, = S coa'nt; so that 
V^+ V,=' T, + T^= £, or the potential and kinetic energies of the 
progressive wave are equal, being the same as the whole energy of 
either of the components. The method of proof here employed appears 
to be sufficiently general, though it is rather difficult to express it in 
language which is appropriate to aU Muds of waves, 

■ Aerial woTes are an important exoeption. 
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Translated and edited by A. B. W. Kennedy, C.E., Professor of 
Civil and Mechanical Engineering, University College, London. 
With 450 Illustrations. Royal Svo. 2or. 

Routh AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
numerous Examples. By Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's Collie, Cambridge ; 
Esaminer in the University of I-ondon. Third Edition, enlai^ed, 
Svo. 2U. 

Tait and Steele.— dynamics of a particle. With 

mples. By Professor Tait and Mr. Steele. New 
Crown Svo. doth. lar. bd. 






" /» tkt ■aihoU range of modem mental activiiy and research, there 
'Perhaps nowkere to be found any suik amiruni of purdy scien- 
ter, free from all speculation whatever, as it to be found 
! drversified and masterly papers bh Ike nearly allied 
suijecls of eleclrtcity and magnetism. — Scotsman. 

Todhuntcr. — Works by L Todhunter, M.A., F.R.S., of 
St. John's College, Cambridge :— 

"Mr. Tadkunter is chiefly known to students of mathematics as the 

author of a scries of admirable mathematical text-hooks, lahicA 

possess ike rare qualities of being clear in style and absolutely free 

from mistakes, typographical or other." — Saturday Review, 

A TREATISE ON SPHERICAL TRIGONOMETRY. Third 

Edition, enlai^ed. Crown 8vo. cloth. 4J. dd. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fifth 
Edition. Crown Svo. ^s. 6rf. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples, Seventh Edition. Crown Svo. Iw. td. 
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Todhunter— ^^A»Krf. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Fouttb Edition, 

revised and enlarged. Crown Svo. cloth, iQr. bd. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 

DIMENSIONS. Third Edition, revised. Crown 8vo. doth. +i, 
A TREATISE ON ANALYTICAL STATICS. With nnmerons 

Examples. Third Edition, revised and enlarged. Crown 8vo. 

cloth. lOf. td. 
A HISTORY OF THE MATHEMATICAL THEORY OF 

PROBABILITY, from the Time of Pascal to that of Laplace. 

Svo. iS/. 
RESEARCHES IN THE CALCULUS OF VARIATIONS, 

Principally on the Theory of Discontinuous Solutions : An Essay 

to which the Adams' Prize was awarded in the Utiirersit;^ of 

Cambridge in \%'j\. 8vo. 6i. 
A HISTORY OF THE MATHEMATICAL THEORIES OF 

ATTRACTION, and the Figure of the Earth, from the time of 

Newton to that of Laplace. Two vole. Sva 241. 

" Probably nn man in £nglanti is so qualified to da jusliie ta tht 
thimc as Mr. Todhunter. To all malhanaikiaiu thai v^nus 



Wilson (W. P.)— A TREATISE ON DYNAMICS. By 
W. V. Wilson, M.A., FeUow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's Collie, BelfesL Svo. 
gj. W. 

Wolstenholme. — a book of MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some 
time Fellow of St, John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown Svo. cloth. &s. 6d. 



sion Bridges. _^ 

London, and Member of Ibe Institution of Civil Engineers. 

Ji. 6d. 

"Ah excdltnl eombiMaHoa of IhtoriHcal vtithods of finding strains 
in beams and structures, ai modified by firactieal experience. Tkt 
reasBniag is clear, and the equations are simple enough, and do not 
require mart than a tmnalaigc of elementary algebra and trigvno- 
metrv Jor their solution. The diagrams are especially datr." — 
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Aiiy (G. B.)— POPULAR astronomy. With illustrations. 
By Sir G. B. Airy, K.C.B., Astronomer Rojal. Eighth Edition. 
iSmo. cloth. 4c. bd. 

Bastian. — works by H. Charlton Bastian, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, London, 
&c, :— 
THE BEGINNINGS OF LIFE; Being some Account of the Nature, 
Modes of Origin, and Transfonnations of Lower Organisms. In 
Two Volumes. With upwards of 100 Illustrations. Crown 8vo. aSi. 
" It is a bonk thai cannot be ignored, and must inevitably lead to 
renewed discussions and repeated observations, and through these to 
the establishment of truth.'— A. R. Wallace in Nature. 
EVOLUTION AND THE ORIGIN OF LIFE. Crown 8vo. 
6s. 6d. 

"Abounds in information of interest to the student of biologieal 
science." —'Da^Y News. 

Blake.— ASTRONOMICAL MYTHS. Based on Flammarion's 
"The Heavens.'; By John. F. BuKB. With numerous Illuslra- 
tions. Crown 8vo. gj. 

Blanford {H. F.) — rudiments of physical GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS. By 
H. F. Blanfokd, F'.G.S. With numerous Illustrations and 
Glossary of Technical Terms employed. New Edition. Globe 
Svo. 2f. 6d. 

Blanford (W^. T.)— GEOLOGY AND ZOOLOGY OF 

ABYSSINIA. By W. T. Blanford. Svo. i\s. 

With Coloured Illustrations and Geological Map. "The result of 

kis labours," the Academy says, " is an important contribution 

to the ttalta-al history of the country." 

Bosanquet AN elementary TREATISE ON MUSICAL 

INTERVALS AND TEMPERAMENT. With an Account of 
an Enharmonic Hannonium exhibited in the Loan Collection of 
Scientific Instruments, South Kensin^on, 1876 ; also of an Enhar- 
monic Organ exhibited to the Musical Association of London, 
May, 1875^ By R. H. Bosanquet, Fellow of St. John's CoUege, 
Oxford. Svo. &. 
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Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Third Edition, revised and coirecled. Crown 8vo.- its. 

Cooke (M. C.)— HANDBOOK OF BRITISH FUNGI, 
with full descriptions of all the Species, and Illustrations of tbe 
Genera. By M. C. Cooke, M.A. Two vols, crown 8vo. 2+!. 
" Will matrtlttin its place as the standard EnglisA book, oh t&t 
subject of which it treats, for many years to came." — Standard. 

Dawkins.— CAVE-HUNTING: Researches on the Evidence of 
Caves respecling the Early Inhabilanls of Europe. By W. BoYD 
Dawkins, F.R.S., &c., Lecturer in Geology at Owens College, 
Manchester. With Coloured Plate and Woodcuts. Svo. tls. 
" The mass of information he has brought togdher, viith tht judicious 

use he has made of his materials, ■will be found to imiesl his booh. 

■a/ili much eftiew and singular value." — Saturday Review. 

Dawson (J. W.)— ACADIAN GEOLOGY. The Geologic 
Struclure, O^anic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
William Dawson, M.A,, LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor of M'Gill College and University, Montreal, &c. 
Second Edition, revised and enlarged. With a Geolc^ical Map 
and numerous Illnstrations. Svo. 181. 

' ' Tlie book will doubtless find a place in the library, not only of 
the scientific geologist. Hit also of all who are desirous of the tn- 
dustrial progress and commercial prosperity of the Acadian pro- 
vinces." — Mining Journal. 

Forbes,— THE TRANSIT OF VENUS. By George Forbes, 
B.A., Professor of Natural Philosophy in the Andersonian Univer- 
sity of Glasgow. With numerous Illustrations. Crown Svo. y. dd. 
^'Professor Porbis has done his work admirably." — Popular Science 
Review. "A compact sketch of the whole matter in all its as- 
pects." — Saturday Review. 

Foster and Balfour. — elements OF embryology. 
By Michael Foster, M.D., F.R.S., andF. M. Balfour, M.A., 
Fellow of Trinity College, Cambridge. With numerous Illustra- 
tions. Part I. Second Edition. Crown Svo. 71. dd. 

Gallon. — Works by Francis Galton, F.R.S. -.— 

METEOROGRAPHICA, or Methods of Mapping the Weather. 
Illustrated by npiyards of 600 Printed Lith^raphic Diapams. 
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Gait on— cOHttmud. 

HEREDITARY GENIUS : An Inquiry into its Uws and Con- 
sequences. Demy 8vo. (2i. 

The Times ^aUs it "a must able and most tnterating book;" and 
Mr. Darwin, i« his " Dacmt of Man" {vol. \. p. rii), says, " Wi 
kiurw, through the adntirabU labotirs of Mr. Gallon, that Genius 
tends to be inherit^" 
ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vi>. 81. hd. 
" The book is certainly one af very great infefKH'. "^Nature. 

Geikie.— ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. Willi numerous Illustrations. By Archib.'VLD 
Geikie, LL.D., F.R S., Murchison Professor of Geology and 
Mineralogy at Edinburgh. lEmo. 4^. (>d. 

Gordon. — an ELEMENTARY BOOK ON HEAT. By J. E. 
H. GuKDON, B.A., Gonville and Caius College, Cambridge. 
Crown 8vo. ai. 

Guillemin.— THE FORCES OF NATURE. A Popular Intro- 
duction to the Study of Physical Phenomena. By AM^fia 
GuiLLSMiN. Translated from the French by Mrs. Nokhak 
LocKVER ; and Edited, with Additions and Notes, liy J. Norman 
LocKYER, F.R.S. IlIuslTBted by 455 Woodcuts. Cheap Edition, 
in 18 Monthly Parts, price is. each. (Part 1 in Majr.) 
" Translator and Editor have done Justice to their trust. The 
text has all the force and flow of original writing, combining 
faithfulness le the author's meaning with purity and independence 
in r^arel to idifisi ; while the historical precision and accuracy 
pervading the work throughout, speak of the watchful ^itoriai 
supervision which has been given to every scientifle detail. f/otAing 
can mell exceed the clearness and delicacy of the illustrative wood- 
cuts. Altogether, the work may be said le have no parallel, either 
in point of fulness or attraction, as a popular manual of physical 
science. .... iVhat we fed, hmuever, bound to say, and 
what vte say Tniik pleasure, is, thai among v/orks of its class no 
publication can stand comparison either in literary completeness or 
in ai-tistic grace with it." — Saturday Review. 
THE APPLICATIONS OF PHYSICAL FORCES. Bv A. 



GVILLEMIN. TrMislated from the French by Mrs. Lockver, and 

Edited with Notes and Additions by T. N. Lockver, F.R.S. 

With Coloured Plates and numerous Illustrations, Imperial 8vo. 

doth, extra gilt 361. 

" A book which we can heartily recommend, both on account of the 
■width and soundness of its contents, and also because of the excd- 
lenee of its print, its iHustratians, and external appearance." — 
Westminsler Review. 
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Hanbury .^SCIENCE papers : chiefly Phannaco1o0ial said 
Botanical. By Daniel Hanburv, F.R.S, Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engraved by C. H. 
J BENS. Svo. 14J. 

Henslow.— THE theory of evolution of living 

THINGS, and Application of the Principles of Evolution lo 
Religion considered as Illustrative of the Wisdom and BeneG- 
cence of the Almighty. By the Rev. Gkokge Henslow, 
M.A., F.L.S. Crown 8vo. 61. 

"/■ (me thing Mr. Henslow hai dom great good: he has sAtnm 
Hot it ii consiilent tvitk a full degwiatic iehtf to hold opimioiu 
vtry different from those taught at Natural Theology tot^ haJf- 
eenlury ago." — Nature. 

Hooker.— Works by J. D. HooKBK, C.B., M.D., D.C.L., 
President of the Royal Society : — 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 
Second Edition, revised. Globe 8vo. loi. td. 
The eijeet 0/ this wort is to supply students and fidd-botanisls with a 
fidler account of the Plants of the British Islands than the manuals 
hitherto in use aim at giving, " Certainly the Jullest and most 
accurate manual of the kind thai has yet appeared. Dr. Hooker 
has shown his characteristic industry and ability in the care and 
skill which he has thrown into the characleri of the plants. These 
are to a great extent original, and are really admirailefitr their 
eomUnation of clearness, bra/ily, and completeness." — Pall Mall 
Gazette. 

iSmo. u. New 

Huxley and Martin.— a COURSE of practical IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D., Sec. R.S., assisted by H. N. Martin, B.A., 
M.B,, D.Sc, Fellow of Christ's College, Cambridge. Crown Svo. 
(ij. 
" Tliis is the most thoroughly valuable boott to teachers and students 

of biology which has ever appeared in the English tongue" — 

London Quatteriy Review. 

Huxley (Professor).- lay sermons, addresses, 

AND reviews. By T. H. Huxley, LL.D., F.R S. New 

and Cheaper Edition. Crovvn Svo. ^s. W. 

fourteen Discourses en thefidlowine tubjeets: — ( I ) On the Advisable- 
ness of Imprmnng Natural rtmnoia^;— (2) Emancipatien — 
Black and White : — {3) A Liieral Edueaiion, and where to find 
((.■—(4) Scientific Education :^^ On the Educatiinal Value of 
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Huxley (Professor) — conHnued. 

thi Natural History Jtimrer:— (6) Qn the Study of ZoUogy:— 
'{7) Ontht Physkal Basil 0/ Lifi:—(%) The Sdmhfif AsfaU of 
Posiiknsm:—{g) Oh a Pia-e of Chalk:— {id) Geological Centem- 
peranrity and Persistoit Types of Life : — (ll) Geological Reform : — 
(la) The Origin of Sfixies .—{13) Criticisms on the " Origin 0/ 
Species:" — (14) On Descartei " Discourse lovching the Method of 
ttang Oni s Reason rightly and of seekittg Scientific Truth." 
feSSAYS SELECTED FROM "LAY SERMONS, AD- 
DRESSES, AND REVIEWS." Second Edition. Crown Svo. 

CRITIQUES AND ADDRESSES. 8vo. lOr. bd. 

Contents :— 'I, Administrative Nihiiism. % The School Boards: 
what they can do, artd what ihty may do. ^ On Medical Edtt- 
cation. 4. Yeast. 5. On the Pormation tf Coat. 6. On Coral 
and Coral Reefs. 7, On the Methods and Results of Ethnology. 
8. On some Fixed Points in British Ethnology. 9. Pal<eontology 
laid the Doctrine of Evolution. la Biogenesis and Abiogerusis. 
H. Mr. Banein's Critics. 13. The Genealogy of Amnials. 
13. Bishop Berkeley ott the Metaphysics of Sensation. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition. l8mo. clotli. 4J. 6d. 
This hook dacribes and explains, in a series of graduated lessons, the 
principles ef Human Physiology, or the Structure and Functions 
of the Human Body. "Pure gold throughout," — Guardian. 
" Unquestionably thcclearest and most complete elementary treatise 
an this subjat that we possess in any language." — WestminsCW 

L Lecture on the Study of 

Jelict (John H., B.D.) — A TREATISE ON THE 
THEORY OF FRICTION. By John H. Jbllet, B.D., 
Senior Fellow of Trinity College, DubUn; President of the Royal 
Irish Academy. ■ 8vo. is. 6d. 

" The book supplies a want luhick has hitherto esasted in the science 
of pure mechanics." — Engineer. 

Jones.— THE OWENS COLLEGE JUNIOR COURSE OF 



Professor RoscoB. New EJiti 

Kingsley. — glaucus ; or, the wonders of the 

SHORE. By Chakles Kihgslev, Canon of WestmiMter. 
New Edition, revised and corrected, with numerous Coloured 
Plates. Crown Svo. St. 
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Kirchhoff ^G.)— researches ON THE SOLAR SPEC 
TRUM, and the Spectra of Ihe Chemioa Elements. By G. 
Kirchhoff, Piofessor of Physics in Ihe University of Heidelberg. 
Second Part Translated, with the Author's Sanction, from the 
Transacliom of the Berlin Academy for 1861, by Hehry R. 
RoSCOE, B.A., Ph-D., F.R.S., Professor of Chemistry in Owens' 
Collie, Manchester. Pait II. 4to. y. 

Lockyer (J. N.)— Works by J. Norman Lockver, F.R.S.— 
ELEMENTARY LESSONS IN ASTRONOMY. With no- 
merous Illustrations. New Edili<»i. iSmo. 51. 6d. 
^'Tht book u full, clear, lound, andtimlky ofatttnlion, notonlyai 
a fopidar exposition, but as a idailific 'IndeX.' " — Athenaenm. 
" 7%e most /ascinating of eletitertlary iooii on lie Sdataj." — 
Nonconformist. 
THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 
NoftUAN LoCKVER, F.R.S, With Coloured Plate and numerous 
Illustrations. Second Edition. Crown Svo. y. fid. 
CONTRIBUTIONS TO SOLAR PHYSICS. By |. Norman 
Lockyer, F.R.S. J. A Popular Account of Inquiries into the 
Physical Constitution of the Sun, with especial reference to Recent 
Spectroscopic Researches. II, Communications to the Royal 
Society of London and the French Academy of Sciences, with 
Notea. lUustraled by 7 Coloured Lithographic Plates and 175 
Woodcuts. Royal Svo. cloth, extra gilt, price 311. f>d. 
"The first fiart 0/ t/it wort, ptestniing the reader with a contitmous 
sketch ef ihe history oj the jiarious inquiries into the physical con- 
slitutioa of the sun, cannot fail to be of interest to all who care for 
the revelations of modern science ; and the iatertst vrill be eniancid 
by the excellence of the mimeroits illustrations bywlack ititactom' 
fanied."- Atbenseum. " 7'he book may be taien as an authentic 
exposition of the preient state of science in connection loith the im- 
portant suSject of sfeclreicopic analysis. . . . Even Ihe unscientific 
public may dcrtTie-much infonaation from it." — D^ly News. 

Lubbock Works by Sir ' John Lubbock, M.P., F.R.S., 

D.C.L. :~ 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With Numerous Itluctralions. Second Edition. Crown Svo. 31. bcL 
"As a summary of the phenomena of insect metamorphoses his little 
booh is of great value, and TuUl be read with interest and profit 
by all stuatHts of natural history. The tuhole chapter on the 
origin ef insects is most interesting and valuable. The iilustra- 
ftOHS are numerous anrfjwrf."— Westminster Review. 
ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. Witli Numerous Illustrations. Second 
Edition. Crown Svo. 41. 6d. 
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Macmillan (Rev. Hugh). — For other Works by the same 

Author, see THEOLOGICAL CATALOGUE. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents in 
search of Alpine Plants. Globe 8vo. cloth. 6j. 
"One of the most charming books of its kind tvtr ■writtm." — 
Literary Churchman. "Mr. Maamltatis Rawing pictures of 
Scandtnai/ian scaiay." — Saturday Review. 
FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlai^ed, with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. dr. 

The first edition of this boot was published under the name of 
" Footnotes from the Page of Nature; or. First Forms of Vigtla- 
tioH." This edition contains upwards of lOO ftirej of new 
matter and deven new illustrations. " Probably the best popular 
guide to the study of mosses, lichens, and fungi ever tarUten. Its 
practical value as a help to the student and collector cannot be 
exaggerated." — Manchester Enaminer. 

Mansfield (C. B.) — Works by the late C. B. Mansfield :— 
A THEORY OF SALTS, A Treatise on the Constitution of 

Bipolar (two-menibered) Chemical Compounds. Crown Svo. 141, 
AERIAL NAVIGATION, The Problem, with Hints for its 

Solution. Edited by R. B. Mansfield. With a PrefacebyJ. 

M. Ludlow, With Illustrations. Crown Svo. 101. (>d 

Miller.— THE romance OF ASTRONOMY, By R. Kalley 
MiLLEK, M.A,, Fellow and Assistant Tutor of St. Peter's Col- 
lege, Cambridge. Second Edition, revised and enlai^ied. Crown 
8yo. 31. bd. 

Mivart (St. Geoige).— Works by St. George Miv art, F.R.S., 
&c., Lecturer in Comparative Anatomy at Si, Mary's Hospital; — 
ON THE GENESIS OF SPECIES. Crown 8vo. Second 
Edition, to which notes have been added in reference and reply to 
Darwin's *' Descent of Man," With numerous Illustrations, pp. 
XV. 296. 91. 
"In no work in the English language has this great controversy 

ieen treated at once with ihr same broad and vigorous grasp of 

facts, and the same liberal and candid temper." — Saturday 

Review. 
THE COMMON FROG. With Numerous Illustrations. Crown 
8vo,,3j. erf, (Nature Series.) 
" It is an able monogram of the Frog, and something mare. It 

throws valuable crosstighls over wide pia-tions of animated nature. 

. Would that such viorks were more ^enliful." — Quarterly Journal 

of Science. 
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Murphy.— Works by Joseph John Murphy:— 
HABIT AND INTELLIGENCE, in Comieclion with the Laws of 
Matter and Force : A Series of Scientilic Essays. New Edition. 
[/(I lAi Ih-ess. 
THE SCIENTIFIC BASES OF FAITH. 8vo, I4r. 

Nature.— A weekly illustrated journal of 

SCIENCE. Published every Thursday. Pnce 4rf. MontUy 
Farts, 11.4/f.and is.Zd.; Half-yearly Volumes, las.td. Caseslbr 

binding Vols. 11. 6d. 

" TTas able and vi^-rdUtd Jcmmai, which toils vp Ike seiatct of 
the day promptly, and pnmtisis to be of ngnal service to studenlt 
andsa'vants. .... Scarcely any expressions that isie ean employ 
mould exaggerate mr sense of the moral and theological valtu of 
the iBork, — British Quarterly Review. 

Oliver.— Works by Daniel Olives, F.R.S., F.L.S., Vrofeasornf 
Botany in University College, London, and Keeper of the Herba- 
rium and LJbrary of the Royal Gardeiu, Kew ; — 
LESSONS IN ELEMENTARY BOTANY. With nearly Two 
Hundred Illustrations. New £ditioTL iSmo clolb. 4J'. 6</. 
This book is design^ to teach the elements of Botany on Professor 
Hemlow'splan of selected Types anil by the use of Schedules. The 
earlier chapters^ enlacing the elements of Structural and Physio- 
logical Botany, introduce us to the methodical study of the Ordinal 
Types. The concluding chapters are entitled, " Now to Dry 
Plants " and " How to Dtscrioe Plants. " A valuable Glossary is 
appended to the volume. In the preparation of this work free use 
has been made of the manuscript materials of the late Professor 
Hfnslmu. 
FIRST BOOK OF INDIAN BOTANY. With numerous 
Illustrations. Extra fcap. 8va 6r. fid, 

"It contains a well-digested summary of all essential knowled^ 
pertaining to Indian Botany, wrought out in aceordance vrith the 
best principles of scientific arrangement." — Allen's Indian MoiL 

Penrose (F. C.)— on a method of predicting by 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Togeiher with more rigorous methods 
for the Accurate Calculation of Longitude. By F. C. PE[»ROSe, 
F.R.A.S. With Charts, Tables, &c. 4to. I2J. 

Perry.— AN elementary treatise on steam. By 

John PKRRY,B.E.,Whitworth Scholar, &c., late Lecturer in Physics 
at Clifton College. With numerous Woodcuts, Numerical Examples, 
and Exercises. iSmo. \s. 6d. 
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Perry — centinutd. 

"Mr. Perry hai in His compact t^le voltimt brought together an 
immense amattnt of information, new told, regatSing tieam and 
its applicatism, naf fie least of its meritt being that it is suited to 
the cafaeities alike of the tyro in engineering saence or the iOler 
grade of artisan." — Iron, 
Pickering.— ELEMENTS OF physical manipulation. 
By E. C. Pickering, Thayer Professor of Phj^ics in the Massa- 
chusetts Institute of TechnaWy. Part I., medium Svo. i<u. (>d. 
Part n„ loi. 6d. 

" fVe shall look -oiitk interest for the appearance of the Second volume, 
and ivhen finished 'Physical Manipulation' vrill tur dottbt be 
considered the best and most complete lext-bock on the subject of 
vihieA it treats. " — ^Nature. 

Preatwich — the past and future of .^eology. 

An Inaugural Lecture, by 
Profeisor of Geology, Oxfon 

Rendu.— THE theory of the glaciers of savoy. 

By M. LE Chanoine Rendu. Translated by A. Wells, Q.C, 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait aod Rus- 
KiN. Edited with Intreductoiyremarlts by George Forbes, B.A., 
Professor of Natural Philosf^hy in the Andeisonian Univerwty, 
Glasgonr. 8vo. Jr. 6d. 
Roscoe — Works by Henry E. Roscoe, F.R.S., Professor of 
Chemistry in Owens College, Manchester : — 
LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous lUustralions and Chtomo- 
litho of the Solar Spectrum, and of the Alkalies and Alkaline 
Earths. New Edition. i8mo. clolh. 4J. 6d. 
CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorpe. Fifth Edition, with Key. 2t. 

" We nnhisitatin^y pronounce it the best of all our elementary 
treatises on Chemistry." — Medical Times. 
SPECTRUM ANALYSIS. Six Lectures, with Appendices, En- 
gravings, Maps, and ChromoUthographs. Royal 8vo. 2ir. 
A TTt&d Edition of these papular /jctures, containing all the most 
recent discoveries and several additional illustrations. "The 
lectures themselves furnish a most admirable elementary IraiHie 
on the subject, whilst by the insertion in appendices to each lecture 
of extracts from the most important published memoirs, the author 
has rendered it emally laluable as a lexl-booi for advanced 
students." — Westminster Review. 

Roscoe and Schorlemmer.— a treatise on che- 
mistry. By Professors Roscoe and Schorlemmer. With 
numerons Illustrations. Vol. I. Medium Svo. [Nearly ready. 
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Rumford (Count).— THE life and complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notices of his Daughter. By Gborge Ellis. With PortraiL 
Five Vols. 8vo. jt4 l+i. W. 

Schorlemmer.— A manual of the chemistry of 

THECARBON COMPOUNDS OR ORGANICCHEMISTRV. 
By C. ScHORLBMMEK, F.R.S., Lecturer in Orgaoic Chemistcy in 
Owens College, Manchester. 8vo. 141. 
"// appear! la us la be as comfliU a manual of the mitamorfhiats of 

carbon aseottld be at pristnt produced, andtl must prove eminently 

useful to the chemicid student.''— KVaaixaia. 

Smith.— HISTORIA FILICUM : An Exposition of the N:.ture, 
Number, and Organ<^ntphy of Fems, and Review of the Prin- 
ciples upon which Genen are founded, and the Syflems of Classifi- 
Cfliion of the principal Authors, with a new General AtrangemeDt, 
&c By T. Smith. A.^.S., ex-Curator of the Royal Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. Fitch, 
F.I.S. Crown 810. ilr. 6rf. 

"No one anxiims to work up a thorough kitmuUdge of Jems can 
afford to do without It," — Gardener's Chronicle. 

SpOttiswOOde.— POLARIZATION OF LIGHT. By W. 

Spottiswoode, F.R.S. With numerous Illustrations. Second 

Edition. Crown 8vo. 31. 6d. (Nature Series.) 

" Tie iiluslralioits are exceedingly well adapted to assist in making 

the text comprehensible." — Alhenfeum. "A clear, trustworthy 

ma niial, " — S tandard . 

Stewart (B.) — Works by Balfour Stewart, F.R.S. , Professor 
of Natural Philosophy in Owens College, Manchester :— 
LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra, of the Sun, Stars, 
and Nebula;. New Edilion. iSmo. 41. 6d. 

The Educational Times rails this the beau-id/al of a scientific text- 
book, clear, accurate, and thorough." 
PRIMER OF PHYSICS. With lUustrations. New Edilion, with 
Questions. iSmo. is. 

Stewart and Tait. — THE UNSEEN UNIVERSE: or. 

Physical Speculations on a Future State. By Balfoor Stewart, 

F.R.S., and P. G. Tait, M.A. Sixth Edition. Crown 8vo. 6s. 

" Ike book is one which wdt deserves the attention of thoughljul and 

rdigiOHt readers. . . . It is a perfectly sober inquiry, on scientific 

grounds, into the possibilities of a future existence." — Guardian. 
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Tait. — LECTURES ON SOME RECENT ADVA^'CES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A., Professor of 
Philosophy in llie University of Edinbut^h. Second edition, 
revised and enlarged, with the Lecture on Force delivered before 
the British Association. Crown Svo. 9;. 

Taylor.— SOUND and music : a Non-Mathematicil Trea- 
tise on the Phyiical Constitution of Mudcal Sounds and Harmony, 
includinj; the Chief Acoustical Discoveries of Professor Helm- 
holli. By Sedi^v Taylor, M.A., late Fellow of Trinity Col- 
ledge, Cambridge. Large crown Svo. %s. 6rf. 
"/« noprmious scientific treatise do we remembrr so rxJiauslivi and 

so rkhly illaslraled a dcscHptuin of forms of vibration and of 

wave-molioa in fluids."— Musical Standard. 

Thomson. — Works by Sir Wyville Thomson, K.C.B., F.R.S. 
THE DEPTHS OF THE SEA: An Account of the General 
Results of the Dredging Cruises of H.M.SS. •' Porcupine" ami 
" Lightning " during the Summers of 1868-69 ^"'l 7*. under the 
scientific direction of Dr. Carpenter, F.R.S,, J. Gwyn JefTreys, 
F.R.S., and Sit WyviUe Thomson, F.R.S. With nearly 100 
Illustrations and 8 culoured Maps and Plans. Second Edition. 
Royal Svo. cloth, gilt. \ls. bd. 

T/ie Athenteum says: " Tht book is full of interesting matter, and 
is 'iorjtten by a master of the art cj pofalar exfosilion. It is 
excelleittly illustrated, both coloured maps and mooilcuts possessing 
bigk merit. Those who have already become interested in dredging 
ofvrations will of eourse make a point of reading this work ; those 
who wish to be plaisanlly introduced to the subfett, and rightly 
to appreciate the news which arrives from time ta time from the 
' Challenger,' should not fail to seek instruction from it." 

THE VOYAGE OF THE "CHALLENGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Voyages of H.M.S. 
"Challenger," during the year 1873 and the early part of 1876. 
With numerous lUustratLons, Coloured Maps and Charts, and Por- 
trait of the Author, engraved by C. H. Jeens. 2 Vols. Medium 
Svo. Uniform with " Depths of (he Sea." [JVmrly ready. 

Thudichum and Dupre.— a treatise ON THE 
ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnol<^. By J. L. 
W. Thudichum, M.D., and August DuPRfi, Ph.D., Lecturer on 
Chemistry at Westminster Hospital. Medium Svo. clothgilt. 251. 
"A treatise almost unique for its usefulness either to the wine-grower, 
jhe vendor, or the consumer of wine. The analyses of wine are 
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Thudichum and Dupri— fiin/i«»frf, 

the mast compute we have ytt seen, exhUiHitg at a glance the 
comtitutut principles o/ nearly all Iki wiius tnown'in tkisamntry. " 
—Wine Trade Review. 

Wallace (A. R.) — Works by Alfked Russei. Wali^ce. 
CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. Nev EdilioD, with 
Carreclions and Additions. Crown Svo. %s. 6d. 
Dr. Hooker, in his address to the BrVish Asmciatinn, sfoke thus 
of the author: "Of Mr. IVallace and his many contributiens 
to philosophical biology it is not easy to spmi without enthu- 
siasm ; for, putting aside Iheir grail merits, he, tkroii^uml his 
writings, with a modesty as rare as I ielieve it la it uneon- 
scioMs, forgets hit man unquestioned claim to the honour of 
having originated independently of Mr. Darwin, the theories 
which he to ably defends." The Saturfaji Review says: "He 
has combined an abundance of fresh and original fads with a 
Ikieliaess and sagacity of reasoning -which are not often dis^ayai 
so effectively on so small a stale." 
THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
wiih a study of the Relations of Living and Extinct Faunas us 
Elucidating the Past Changes of the Earth's Surface, a vols. Svo, 
with Maps, and numeroos Illustrations by Zwecker, 4ZI. 
The Times says : ' ' Altogether it is a wonderful and fascinating 
story, whatever objections may be taken to theories founded upon 
it. Mr. (Valiace has not attempted la add to its interest by any 
adornments of style ; he has given a simple and clear statement of 
intrinsically interesting facts, and what he considers to be legiti- 
mate indsKtions from them. Naturalists ought to be graiejui to 
him for having undertaken so toilsome a task. The work, tndeed, 
is a credit to all concerned — the author, the publishers, the artist — 
unfortunately now no more — of the attractive Ulustratians — last 
but by no means least, Mr. Stanford's maf-designer." 

Warington.— THE week of creation; or. the 

COSMOGONY of GENESIS CONSIDERFD IN ITS 
RELATION TO MODERN SCIENCE. Hy Georhb Wab- 
INGTON, Author of "The Historic Charatter ol' the I'entaleuch 
Vindicated." Crown Svo. 4J. 6rf. 

Wilson.— Works by the late Geohgb W1LS.ON, M.D„ F.R.S.E., 

Regius Professor of Technology in the University of Edinburgh : — 
RELIGIO CHEMICl. With a Vignette beautifully engraved after 
a design by Sir Noel Paton. Crown Svo. &. 6d. 
"A more fascinating volume," the Spectator Jrtfj, " has seldom 
fallen into our hands. " 
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Wilson— c«(;(»i«rf. 

THE PROGRESS OF THE TELEGRAPH. Fcap. Svo. u. 

" WhSe a complete vine of the progress of the greatest of human 
invenlams is oblaitud, all Us suggaiions are brought out with a 
rare thaughtfutnesi, a genial humour, and an ixcudin^ beauty of 
utterance.''^ — NoDconformist. 

Wilson (Daniel.)— CALIBAN : THE MISSING LINK. By 
Baniel Wilson, LL. D., Professor of Histoi^ and English Litera- 
ture in Univeislty College, Toronto. 8vo, loi. 61/. 
" The luhoU vobtau is most rick in the doquetue of thought and 
imagination as vietl as of ■words. It is a choire contriiutian ai 
once to seienee, theology, religion, and literature.'" — British 
Quarterly Review. 

Winslow.— FORCE AND NATURE : ATTRACTION AND 
REPULSION. The Radical Principles of Energy graphically 
discussed in their Relations to Physical and Molphotc^cal De- 
velopment, By C. F. WiKSLOW, M.D. Svo. 14J, 
' 'Deserves thoughtful and comeientitms study." — Saturday Review. 

Wurtz.— A HISTORY OF CHEMICAL THEORY, from the 

Age of Lavoisier down to the present lime. By Ad. Wurtz. 

Translated by Henky Watts,' F.R.S. Crown 8vo. 6j, 

" The discourse, as a resume of chemical theory and research, unites 

singular luminousness and grasp. A frai judicious notes are added 

by the translator. "—VaU Mall Gazette. " The treatment of the 

subject is admirable, and the translator has evidently done his duty 

most efficiently." — Westminster Review. 



W^ORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle.— AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M, Cope, Trinity College, Cambridge. Svo. 141. 
'ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Tqanslation and Notes by Edward Poste, 
M.A,, Fellow of Oriel College, Oxford. Svo. 8/. bd. 

Birks Works by the Rev. T. R. Btbks, Professor of Moral Philo- 

sophy, Cambridge : — 

FIRST PRINCIPLES OF MORAL SCIENCE; or, a First 
Course of Lectures delivered in the University of Cambridge^ 
I Crown Svo. Sj. 61/. 
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Birks— ^M>A'»u>/. 

" This mark Irtats ef tkree lofic! all preliminary la the direct exposi- 
tion of Moral Philosophy. These are the Certainty and D^nily 
of Moral Science, its Spiritual Geography, or relation to other 
main subjects of human thought, and its Forntative Priaeiples, Br 
some elementary Irvlhs on lehich its ttihole devclopmait must 
depend. 

MODERN UTILITARIANISM; ot. The Sysleins ol Paley, 
Benlham, and Mill, Examined and Compared. Crown 8vo. &r. f>d. 

MODERN PHYSICAL FATALISM, AND THE DOCTRINE 
OF EVOLUTION ; including an Examination of Herbert Spen- 
cer's First Principles. Crown 8vo. 6j. 

Boole. — AN INVESTIGATION OF THE LAWS OF 
THOUGHT. ON WHICH ARE FOUNDED THE 
MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By Geoige Boole, LL.D., Professor of 
Mathematics in the Queen's University, Ireland, &c 8vo. 14J. 

Butler.— LECTURES ON THE HISTORY OF ANCIENT 
PHILOSOPHY. By W. Archer Butler, late Professor of 
Moral Philosophy in the University of Dublin. Edited from the 
Author's MSS., with Notes, by Wiluam HErwoRTH Thomp- 
son, M.A., Master of Trinity College, and Regius Professor of 
Greek in the University of Cambridge. New and Cheaper Edition, 
revised by the Editor. Svo. izt. 

Calderwood. — Works by the Rev, Henry Calderwood, M.A., 
LL.D., Professor of Moral Philosophy in the University of Edin- 

PHILOSOPHY OF THE INFINITE: 

Knowledge of the Inlinite Being, in ansi 

and Dr. Mansel. Cheaper Edition. Svo. -js. xia. 

"A book of great ability .... mritlen in a clear style, and may 

be easily understood by even those who are not versed in such 

discmsums." — Britbh Quarterly Review. 



"A compact and useful work, goia^ overa great deal of ground 
in a manner adapted to sug^st and facilitate further study, . . , 
His book will be an assistance to many students Mtside his emm 
Onivertily 0/ Edinburgh," — Guardian. 
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Fiste. — OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
FlSKB, M.A., LL.a, formerly Lecturer on Philosophy at 
Harvard Univereity. z vols. 8vo. 251. 

" The Ttiork cimititula a very elective mcy^lofiaiiia 0/ tke evolalioH- 
ary philosophy, and is well ■worth the study of all who wish to set 
at once the entire scope and purport of thi sHerU^c dogmatism of 
the day." — Saturday Reyien'. 

Green (J. H.) — spiritual philosophy: Founded on 
the Teaching of the late Samubl Taylor Couuiidge. By the 
late Joseph Henry Green, F.R.S., D.C.L. Edited, wiih a 
Memoir of the Author's Life, by John Simon, F.R.S., Medical 
Officer of Her Majesty's Privy Council, and Surgeon to St. 
Thomas's Hospital Two Vols. 8vo. 25^. 

Jardine.— THE ELEMENTS OF THE psychology OF 

COGNITION. By Robert Jabdine, B.D., D.Sc, Principal of 
the General Assembly's College, Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown 8vo. 6j. fid. 

Jevons. — Works by W. Stanley Jevohs, M.A., Professpt of 
Logic in Owens CoUege, Manchester. 
THE SUBSTITUTION OF SIMILARS, Ihe True Princijile of 
Reasoning. Derived from a Modification of Aristotle's Dictum, 
Fcap. 8vo, 2!. dd. 

' 'Mr. fevons' booh is very clear and intelHgiilr, and quitt worth eoit- 
suiting. " — Guardian . 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method, 2 vols, 8vo. i^s. 

" We belieBe thai this luillie recognised in t/u future as one of the most 
valuable philosophical works of our time." — Manchester Examiner. 

Maccoll. — THE GREEK SCEPTICS, from Pyrrho (o Sexlus. 
An Essay which obtained the Hare Prize in the year 1868. By 
Norman Maccoll, B.A., Scholar of Downing College, Cam- 
bridge, Crown Svo. 3j. 6d. 

M'Cosh Works by James MTosH, LL.D,, Presidentof Princeton 

CoUege, New Jerwy, U,S, 

" ffe certainly shews himself skil^l in that application of logic to 
psychology, in thai uuW/mc seienec of the human mind which is 
the fine side of English philosophy. His philosophy as a whole is 
worthy of aitention." — Revue de Deux Mondes, 
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M ' Co sh — cotOitmed. 

"This woriii dhtir^idshed from olhir litmiar una by iti M»g 
based upon a thorough study of phyikai sdttue, and ait accurati 
knewUdgi of its preieni condition, and by its entering in a 
deeper and more unfettered mann^ than its predecessors ttfon the dis- 
lussian of the appropriate psyihologicai, etkiioi, and theological qua- 
lions. Thi author keeps aloof at once front the k ^nonidealtsm and 
dreamimss of Cerniaa tpcaiiatiea sirtce Sckdling, and from the 
onesidldness and narrowness of the empiricism and positivistn 
which have so prevaiitd in England." — Di, Ulrici, in "Zeitschrift 
fiir Pliiloaopliie." 
THE INTUITIONS OF THE MIND. A New Edition. 8vo. 

cloth, loi. td. 

"The undertaking to adjust the claims of the sensational and in- 
tuitional philosophies, and of the k posteriori and k priori methods, 
is accomplished in this woriwith a great amount of success." — 
Westminster Review. "/ value it for its large acquaintance 
with English Philosophy, ■which has not led him to neglect the 
great German vmris. /admire the moderation and clearness, as 
■well as comprehensiveniss, of the author's virws" — Dr. Doraer, ol 
Berlin. 
AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 

Being a Defence of Fundamental Truth. Second edition, wilh 

additions, los. dd. 

"Such a work greatly netd^ to be done, and the author Teas the niau 
to do if. Thisvolume is important, not merely in reference to the 
views of Mr. Mill, but of the -whole scliool of writers, past and 
present, British and Continental, he so ably represents." — Princeton 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crown 8vo. 5/. 

" The amount of summarized information which it contains is very 

great; and it is the only work on the very important subject with 

which it deals. Never was such a work so much needed as in 

the present day." — London Quarterly Review. 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 

the Times on Natural Theology and Apologetics. Crown Svo. 

7j. W. 



Masson.— RECENT BRITISH PHILOSOPHY : A Re<9ew 
with Criticisms ; including some Comments on Mr. Mill's Answer 
to Sir William Hamilton. By David Masson, M.A., Professor 
of Rhetoric and Enylisli Literimre in Ihc University of Edinburgh. 
Crown Svo. ds. 
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